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Abstract

The paper focus on the analysis and compuring of the

projective structure and motion using geometric invarianis.
This work relates current approaches in the geometric al-
gebra framework as a result the approach gains geomer-
ric transparency and elegance. The papers presents experi-
ments regarding projective reconstruction of shape and mo-

tion using both simulated and real images.

1 Introduction

In this paper we present a geometric approach for the
omputation of shape and motion using invariant theory
" in the geometric algebra framework. In the last years re-
 searchers have developed methods to compute projective in-
variants using n uncalibrated cameras [4, 3, 3, 1]. Projective
reconstruction has been done using the projective depth [7],
the kinematic depth [8], projective invariants [5] and factor-
1zation methods [9, 6, 10]. Since the projective factorization
methods require the scalar factor of projective depth, the use
projective invariants to compute these scalars can help to
ltialize the projective reconstruction of shape and motion.
g0 this paper we present a method to compute the projec-
Slive depth using projective invariants depending of the tri-
ocal tensor. With these projective depth we can initialize
‘_he Projective reconstruction of structure and motion. The
Paper presents experiments for projective reconstruction of
3'13-9«': and motion using both and simulated and real images.
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)

Computing Projective Invariant of Points
Using Two Uncalibrated Cameras

A 3D projective invariant can be formed from a set of six

points as follows

_ X XaXa X, (X X5 Xz X
KGR e G

In [3] it is shown that the bracket of these 4 points (in R*)

Inv

(1)

can be equated as

51334 — [Xngng] = [AUBUA{MIMB{L"M;‘ (2)

Expanding the bracket in equation (2) by expressing the in-
tersection points in terms of the A’s and B's (A = ;A
and B} = 3;;B;) and defining a matrix F such that

‘-L::.'j = [AOBUAtB;] (3)

and the vectors 234 (@1234,1, @1234,2, @1224,3) and
Bi23a = (Br234,1,P1234,2, B1234,3) We can write Sypgq =

(QT1234F51234)(O‘T-tSZﬁFJquzs)
(@T 1245 F Ba45) (T 3426 F B3426)

is therefore seen to be an invariant using two cameras. Note

(4)

Inv =

that equation (4) is invariant whatever values of the 44 com-
ponents of the vectors A;, B;, X; etc. are chosen. A confu-
sion arises if we attempt to express the Inv of Eq. (4) in
terms of what we actually observe, i.e. the 3D image co-
ordinates and the fundamental matrix calculated from these

image coordinates. In order to avoid that it is necessary to




transfer the computations of Eq. (4) carried out in R to 3D.
Let us explain now this procedure.
If we define I by

Frr = (Ag-va)(Brva) Fre, (5)

. : > : Al
then it follows using the relationships a; = 1—'315”- and
ira

_ Bl

.1'3,'3' = -B E‘J that

o FruBia = (AL 7a) (B4 (6)

Voix Fricir.

If F is estimated by some method then an F defined as in
equation (5) will also act as a fundamental matrix in R*.
Now let us look again at the invariant Inv. According to

the above, we can write the invariant as

(6T 1234 Fe1234) (07 as2s Feasas )Pr23a Pasae
(87 1245 F€1245) (0" 3426 F€3426 ) 1245 Paazs |

where d"pqrs (A:-_‘qr.q - "(4}(B! qrs ’Y-l)-
fore that the ratio of the terms 8° Fe which resembles the

(7

Invs =

We see there-

expression for the invariant in R*, but uses only the ob-
served coordinates and the estimated fundamental matrix,
will not be an invariant. Instead, we need to include the

factors 234 etc., which do not cancel. [t is relatively

easy to show [3] that these factors can be formed as fol-
lows. Since aj, ay and a},;, are collinear we can write
@las = pi2asay + (1 — pi23a)az. Then, by expressing
Al 534 as the intersection of the line joining A} and A; with
the plane through Ag, Az, A} we can use the projective split

and equale terms to give

L1245 (pt3428 — 1)

(Al2sq 7a)(Alszs 74) _
!I-tszzs(mzs-t —1)

r ' {8)
(AMEG "HJ(Ands "Y4)

The values of u are readily obtainable from the images.
The factors By, -
baas = A1234bj+(1—A1234)b] etc., the overall expression

4 are found in a similar way so that if

for the invariant becomes

(67 1234 Fe12a4) (07 asze F€asae) p12as (23426 — 1)
(87 1245 Fe1245) (87 3426 F€3426) Pras2e (1231 — 1)
A1245(A34ze — 1)

Aaso6(Ai2as — 1)

I';:

Inv; = Iz (9)

Concluding given the coordinates of a set of 6 corre-
sponding points in the two image planes (where these 6
points are projections from arbitrary world points but with
the assumption that they are not coplanar) we can form 3D
projective invariants provided we have some estimate of F'.

See [1] for a more detailed discussion on this issue.

Iapc =
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3 Projective Invariant of Points Using Three
Un—calibrated Cameras :

The technique used to form the 3D projective invariangg |
for two views can be straightforwardly extended to giye
expressions for invariants of three views. Consider foyr 3
world points, {X1,Xz2,X3,X4} (or two lines X; AX; anq ¥
X3 AXy) projected into three camera planes where we use
the same notation as in section 2. As before, we can write "
Xl AXy = (AU /\LAlg} Vv (B{)/\LBlz) and X3 f\Xq = g
(Ao AL?34) V (CoAL%34). Once again, we can combine
the above expressions to give an equation for the 4-vector 3
XiAXaAX3AX, +

X1 AX2AX3AKy
= [{J\QALAIQ} v (BUI\LBU

Al(AaAL? 34) V (CoALC 3y)) 2

= (AoAA1234) A[(BoALZ 12) V (Co AL 34)]. (10) B

Writing the lines L, and L, in terms of the line coordi- |
B LP and L = 1§, ;LY. Tthas g

been shown in section two that the components of the trilin- '-'.

nates we have LY, =1

ear tensor (which plays the role of the fundamental matrix

for 3 views), can be written in geometric algebra as

Tise = (AoAA)A[(BoALY) V(CoALE)]  (11)

so that equation (10) reduces to

X1 AX2AX3AXy = Tijeanazail®r2 0%k (12) §

The invariant Invs can then be expressed as

45,p)
(Torseei2as,olB 12 +1% 45, s W Teuvaaszs e1P 26,ulC34,0
(

(T;; k01234418 12,1344 )(Tennpaasoe,m 1P 26, 1€

Invy =

noting that the factoring must be done so that the same line
factorizations occur in both the numerator and denominator #
— as discussed in section 2. We therefore have an expres- 3
sion for invariants in three views which is a direct extension 3
of the invariants for 2 views. When we form the above in- §
variant from observed quantities we note, as before, Lhat’
some correction factors will be necessary — equation (13) 3
is given above in terms of R* quantities. Fortunately thisg
is quite straightforward. Regardmg the results of secu
2 we can simply consider the a's terms in equation (13
as not observable quantities, conversely the line terms liké3
!12 JI 34 & are indeed observed quantities. As a result, théj
expression has to be modified using partially the coefficient;
computed in section 3 and for the unique four combmauoﬂ! ;
of three cameras their invariant equations read '

(T‘-?fcalzu,-‘1312,j1034.k)(T,§,‘?fcr¢525 m1B26,n1C s, p) '

(TABC 245,918 12,0 1€ 45,4 ) (T4 5 € 03426,015 2, ul€34,0)

p1245 (p3g2e — 1)

Invape = Iasc ,
masze (1234 — 1)
















