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Abstract. A central task of computer vision is to automatically recognize objects in real-world scenes. The

parameters defining image and object spaces can vary due
position. It is therefore desirable to look for geometric

to lighting conditions, camera calibration and viewing
properties of the object which remain invariant under

such changes in the observation parameters. The study of such geometric invariance is a field of active research.
This paper presents the theory and computation of projective invariants formed from points and lines using the

geometric algebra framework. This work shows that geo
projective invariants using n views. The paper compares proj

metric algebra is a very elegant language for expressing
ective invariants involving two and three cameras using

simulated and real images. Illustrations of the application of such projective invariants in visual guided grasping,
camera self-localization and reconstruction of shape and motion complement the experimental part.
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1. Introduction

The concept of invariance has been of interest in many
areas of computer vision. The scope of geometric in-
variance was captured in the volume [25]. Invariance
has been widely used for object recognition, matching
and reconstruction [24, 28]. Indeed, the currently fash-
ionable topic of camera self-calibration can be cast in
terms of looking for entities which are invariant under
the class of similitudes. Thus, the study of invariants
remains one of fundamental interest in computer Vi-
sion. In this paper we will outline the use of geometric
algebra (GA) in establishing a framework in which in-
variants can be derived and calculated. An important
point to note here is that the same framework and ap-
proach can be used for extensions such as differential

invariants, Lie algebra approaches, etc., although only
projective invariants from points in 1, 2 and 3D will be
discussed here.

Geometric algebra is a coordinate-free approach to
geometry based on the algebras of Grassmann [10]
and Clifford [7]. The algebra is defined on a space
whose elements are called multivectors; a multivector
is a linear combination of objects of different type, e.g.
scalars and vectors. It has an associative and fully in-
vertible product called the geometric or Clifford prod-
uct. The existence of such a product and the calculus
associated with the geometric algebra give the system
tremendous power. Some preliminary applications of
geometric algebra in the field of computer vision have
already been given. [2, 16, 19]. and here we would
like to extend the discussion of geometric invariance




132 Bayro-Corrochano and Banarer

given in [3, 17, 20, 21]. Geometric algebra provides
a very natural language for projective geometry and
has all the necessary equipment for the tasks which the
Grassmann-Cayley algebra is currently used for. The
Grassmann-Cayley or double algebra [1. 5] is as system
for computations with subspaces of finite-dimensional
vector spaces. While it expresses the ideas of projec-
tive geometry, such as the meet and join, very elegantly,
it lacks an inner (regressive) product (and indeed often
goes to great lengths to ‘create’ an inner product) and
some other key concepts which we will discuss later.

The paper explains the geometric meaning of in-
variants in terms of areas and volumes, and using the
projective split, it relates the projective invariants of
the 3D projective space to the invariants of the image
plane. This is the proper way to show that what is mea-
sured is not what it is projected; the paper clarifies this
issue. In our opinion, this matter was not satisfacto-
rily explained by Carlsson and Csurka [5, 9]. Another
contribution of the paper is to extend the computation
of the projective invariants for the cases of three and
four uncalibrated cameras. This has been done so far
only using two views [35, 9]. The use of the projective
split is crucial in this kind of computation and it is one
essential difference of the geometric, algebra approach
to the approaches based on Grassmann-Cayley or dou-
ble algebras [5, 9]. Unfortunately, using Grassmann-
Cayley or double algebras it is not possible to resort to
the projective split for various promising applications.
Another contribution of the paper is the extension of the
computation of the projective depth done by Triggs [31]
who used only two cameras; in this paper we present a
method of using invariants involving three uncalibrated
cameras. The geometric interpretation of the projec-
tive invariants as invariant relation of areas or volumes
appears very useful for tasks of object manipulation
or robot navigation where we can compute the invari-
ants using three uncalibrated cameras. In this regard
the paper extends the work of Rotwel et al [28]. and
Colios and Trahanias [8], who presented nicely how in-
variants using monocular vision can be helpful for 3D
object recognition, manipulation and robot navigation.
The same work can be done using our approach, with
the difference that now we can use invariants involving
three or four cameras. This is a much robuster method,
as our experimental part in Section 8 shows: the effi-
ciency of the projective invariants increases when more
camera views are involved.

The organization of the papers is as follows: section
two presents a brief introduction in geometric algebra,

section three outlines the projective geometry and the
protective split and section four algebra of incidence,
Section five explains the geometry of two and three un-
calibrated views. Sections six and seven are devoted
to the derivation of projective invariants using one, two
and three cameras respectively. Section eight com-
pares experimentally these projective invariants using
simulated and real images. Section nine presents th::
applications: visual guided grasping and camera self-
localization. Section ten shows the computing of pro-
jective depth and section eleven the computation of 3D
shape and motion. Finally, section twelve presents the
conclusions. In this paper vectors will be bold quan-
tities (except for basis vectors) and multivectors will
not be bold. Lower case is used to denote vectors in
3D Euclidean space and upper case to denote vectors
in 4D projective space.

2. Geometric Algebra: An Outline

The algebras of Clifford and Grassmann are well
known to pure mathematicians, but were long ago aban-
doned by physicists in favour of the vector algebra of
Gibbs—which is still most commonly used today. The
approach to Clifford algebra we adopt here was pio-
neered in the 1960’s by David Hestenes who has, since
then, worked on developing his version of Clifford
algebra—which will be referred to as geometric alge-
bra (GA)—into a unifying language for mathematics
and physics [14].

2.1. The Geometric Product and Multivectors

Let G, denote the geometric algebra of n-dimensions—
this is a graded linear space. As well as vector
addition and scalar multiplication we have a non-
commutative product which is associative and distribu-
tive over addition—this is the geometric or Clifford
product. A further distinguishing feature of the alge-
bra is that any vector squares to give a scalar. The
geometric product of two vectors @ and b is written ab
and can be expressed as a sum of its symmetric and
antisymmetric parts

ab=a-b+anrhb, (1)

where the inner product @ -b and the outer producta A b
are defined by

| |
a-bzi(ab—i—ba) af\b=§(ab-—ba}. (2)






































































