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Invariant Theory
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10.1 Introduction

In this chapter we present a geometric approach for the computation of
shape and motion using projective invariants in the geometric algebra
framework [6, 7].

In the last years researchers have developed diverse methods to compute
projective invariants using n uncalibrated cameras [1, 2, 4, 8]. Different
approaches for projective reconstruction have utilized the projective depth
(13, 14], projective invariants [4] and factorization methods [11, 15, 16].
The factorization methods require the projective depth. The contribution
of this paper is the application of projective invariants depending on the
fundamental matrix or trifocal tensor to compute the projective depths.
Using these projective depths we initialize the projective reconstruction
procedure to compute shape and motion. We also illustrate the application
of algebra of incidence for the development of geometric inference rules to
complete the 3D data. The experimental part shows projective reconstruc-
tion of shape and motion using both simulated and real images.

The organization of the chapter is as follows: section two explains the
generation and computation of projective invariants using two and three
uncalibrated cameras. We test their performance using both simulated and
real images. Section three presents the computation of the projective depth
using projective invariants in terms of the trifocal tensor. The treatment
of projective reconstruction and the role of the algebra of incidence to
complete the 3—D shape is given in section four. The conclusion part follows.
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10.2 3-D Projective Invariants from Multiple Views

This section presents the point and line projective invariants computable
by means of n uncalibrated cameras. We begin with the generation of geo-
metric invariants using the Pliicker—-Grassmann quadratic relation. We give
a geometric interpretation of the cross—ratio in the 3-D space and in the
image plane. We compute then projective invariants using two and three
cameras.

10.2.1 Generation of geometric projective invariants

We choose for the visual projective space P3 the geometric algebra G 3
and for the image or projective plane P? the geometric algebra G3.0,0- Any
3D point is written in G; 30 as X,, = X711 + Yov2 + Znys + Wpys and its
projected image point in Gz 0,0 as ®, = T,01 + Yn02 + 2,03, where z, =
Xn/Why Yn = Y /Wh, 2o = Z,/W,. The 3-D projective basis consists of
four basis points and a fifth one for normalization: X; = [1,0,0,0]7, X, =
[0,1,0,0]7, X3 = [0,0,1,0], X4 =[0,0,0,1]T, X5 = [1,1,1,1]7 and the
2-D projective basis comprises three basis points and one for normalization:
x, = [1,0,0]7, x5 = [0,1,0]7, 3 = [0,0,1]7, &4 = [1,1,1]7. Using them we
can express in terms of brackets the 3D projective coordinates X,,, Y, Z,
for any 3D point, as well as its 2D projected coordinates z,,, yn

Xn  [234n][1235] Y, _ [134n][1235] Z,  [124n][1235] 5 i
W,  [2345][123n]° W,  [1345][123n]° W,  [1245][123n] (2.1)
Tn _ [23n][124]  y. _ [13n][124] (2.2)
wn 234][12n]" w, [134][12n] |

These equations are projective invariants relations and they can be used
for example, to compute the position of a moving camera.

The projective structure and its projection on the 2-D image is related
according to the following geometric constraint

0 wsYs —ysZs (ys —ws)Ws

wsXs 0 —x5Z5 (x5— ws)Ws
0 weYs —YeZe (T5— ws)Ws
0 weYs —YeZe (Y6 —ws)Ws X5!
we Xe 0 —x6Z¢ (z6 — we)Ws Yo =0 93
0 wrYr —yrZ: (y7 —wr)We Zit N 2:3)
wr X7 0 —z72Z7 (27 — w7)W5 Wo—l

where X, Yy, Zg Wy are the coordinates of the view point. Since the matrix
1s of rank < 4, any determinant of four rows becomes a zero. Considering
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(Xs, Ys, Z5 W5s) ='(1,1,1,1) as a normalizing point and taking the deter-
minant formed by the first four rows of equation (2.3) we get the geometric
constraint equation involving six points pointed out by Quan [12]

(wsye — Tsye) XeZe + (z5ys — Tswb) XeWe + (zswe — Ysw6) XeYe +

+(ysze — wsx6)YeZe + (Yswe — ys526)YsWe +

+('w5x5 — wsys)ZGWG = ) (2.4)

Carlsson [3] showed that the equation (2.4) can be also derived using the
Pliicker—Grassmann relations. This can be computed as the Laplace ez-

pansion of the 4x8 rectangular matrix involving the same six points as
above

(X1, X3, X3, Xa, X5, X5, Xs, X7] = [X0, X1, X2, Xa]  (25)
(X 4, X3, Xo, X7] — [ X0, X1, X2, X4][Xs, X5, X6, X7] +

H[X o, X1, X2, X35][X3, X4, X6, X7] — [Xo, X1, X2, X
(X3, Xa, X5, X7] + [Xo, X1, X2, X7][X3, X4, X5, X6] = 0.

Using four functions like equation (2.5) in terms of the permutations of six
points as indicated by their sub—indices in the table below

(X | X1 | X2 | X3 | Xa| X5 | X6 | X7

oty | O
[ I Nl I R e
Wlw|w|w
S
SO

1
1
1
1

o|lo|lo )| O
W N

we get an expression where the brackets that have two identical points
vanish

[0152][1345] — [0153](1245] + [0154][1235] = O,
(0216][2346] — [0236][1246] + [0246][1236] = O,
(0315][2345] + [0325][1345] + [0345][1235] = 0,

(0416][2346] + [0426][1346] — [0436][1246] = 0. (2.6)

It is easy to show that the brackets of image points can be written in the
form [x;z;xK] = wiw;wi[K][XoX:X ;X k] , where [K] is the matrix of
the intrinsic parameters [10]. Now if we express in equations (2.6) all the
brackets which have the point X in terms of the brackets of image points
and organize all the bracket products as a 4x4 matrix we get the singular
matrix

0 [125][1345] [135
[216][2346] 0 (236
(315](2345] [325][1345] 0 [345][1235]
416][2346]  [426][1346] [436][1246] 0.

[1245] [145](1235]
[1246] [246][1236]
[

——

(2.7)




















































