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This article presents the formulation of the robot manipulator kinematics in the
geometric algebra framework. In this algebraic system the three-dimensional Eu-
clidean motion of points, lines, and planes can be advantageously represented using
the algebra of motors. The computational complexity of the direct and indirect
kinematics and other problems concerning robot manipulators depend on their de-
grees of freedom as well as on their geometric characteristics. Our approach makes
possible a direct algebraic formulation of the problem in such a way that it reflects the
underlying geometric structure. This is achieved by switching where necessary 0 a
description of parts of the problem based on motor representations of points, lines,
and planes. This article presents the formulation and computation of closed-form
solutions of the direct and indirect kinematics of standard robot manipulators and a
simple example of a grasping task. The flexible method presented here is new, and it
widens the current standard point or line representation-based approaches for the
treatment of problems related to robot manipulators. @ 2000 John Wiley & Sons, Inc.
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1. INTRODUCTION

In the literature we find a variety of mathematical
approaches for solving problems in robotics which
we will review now briefly. Denavit and Harten-
berg! introduced the kinematic notation used most
for lower pair mechanisms based on matrix algebra,
Walker? used the epsilon algebra for the treatment
of the manipulator kinematics, Gu and Luh’ uti-
lized dual-matrices for computing the Jacobians
useful for kinematics and robot dynamics, and Pen-
nock and Yang® derived closed-form solutions for
the inverse kinematics problem for various types of
robot manipulators employing dual-matrices. The
dual form of the Jacobian for the analysis of multi-
links was used similarly by McCarthy.* Finally,
Funda and Paul® gave a detailed computational
analysis of the use of screw transformations in
robotics. These authors explained that since the dual
quaternion can represent the rotation and transla-
tion transformations simultaneously, it is more ef-
fective for dealing with the kinematics of robot
chains than the unit quaternion formalism. Using
dual quaternions Kim and Kumar’ computed a
closed-form solution of the inverse kinematics of a
6-degree of freedom robot manipulator in terms of
line transformations. Aspragathos and Dimitros®
confirmed once again that the uses of dual quater-
nion and Lie algebra in robotics were overseen so
far and that their use helps to reduce the number of
representation parameters.

In all these mathematical approaches the au-
thors take into account basically two key aspects:
the obvious use of dual numbers and the represen-
tation of the screw transformations in terms of ma-
trices or dual quaternions. In this article we are
concerned with the extension of the representation
capabilities of the dual numbers, considering partic-
ularly the case of using the motor algebra beside the
point and line representation to enable the modeling
of the motion of planes. This widens the possibili-
ties for the modeling of the motion of the basic
geometric objects, that are referred to frames at-
tached to the robot manipulator which, according to
the circumstances, simplifies the complexity of the
problem, preserving the underlying geometry. After
giving the modeling of prismatic and revolute
transformations of a robot manipulator using points,
lines, and planes, we solve the direct and inverse
kinematics of robot manipulators. Using the motion
of points, lines, and planes in terms of motors we
present constraints for a simple grasping task. The
article clearly shows the advantages of the use of

representations in motor algebra for solving prob-
lems related to robot manipulators.

The organization of the article is as follows:
section 2 gives an introduction to the geometric
algebra and section 3 to the motor algebra; section 4
is dedicated to the representation of points, lines,
and planes; section 5 involves the modeling of the
motion of points, lines, and planes; section 6 de-
scribes the prismatic and revolute transformations
of robot manipulators in the motor algebra frame-
work; section 7 deals with the computation of the
direct kinematics of robot manipulators; section 8 is
dedicated to the solution of the inverse kinematics
of one standard robot manipulator, and finally, sec-
tion 9 presents the conclusions.

In this article multivectors are presented in bold
italic type, scalars in italic, and matrices in bold.
Lower case letters denote vectors in & and upper
case letters denote bivectors in R*.

2. GEOMETRIC ALGEBRA

Clifford algebra is a coordinate-free approach to
geometry based on the algebras of Grassmann® and
Clifford." The approach to Clifford algebra we
adopt here was pioneered in the 1960s by David
Hestenes'! and later, with Garret Sobczyk, was de-
veloped into a unified language for mathematics
and physics.”*® Some preliminary applications of
geometric algebra to the field of computer vision
and neural computing have already been given.'*~!°

2.1. Basic Definitions

Let ¥, denote the geometric algebra of n-dimen-
sions. The geometric or Clifford product of two vec-
tors a and b is written ab and can be expressed as
a sum of its symmetric and antisymmetric parts

ab=a-b+aAb, (6))

where the inner product a-b and the outer product
a A b are defined by

a-b=3(ab+ba) (2)
anb=3(ab—ba) (3)
The inner product of two vectors is the standard
scalar or dot product and produces a scalar. The

outer or wedge product of two vectors is a new
quantity which we call a bivector. We think of a
































































