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Abstract.

In this paper we apply the Clifford geometric algebra for solving problems of visually guided robotics.

In particular, using the algebra of motors we model the 3D rigid motion transformation of points, lines and planes
useful for computer vision and robotics. The effectiveness of the Clifford algebra representation is illustrated by the
example of the hand-eye calibration. It is shown that the problem of the hand-eye calibration is equivalent to
the estimation of motion of lines. The authors developed a new linear algorithm which estimates simultaneously

translation and rotation as components of rigid motion.
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1. Introduction

The goal of this paper is basically to set up the necessary
mathematics for dealing with the 3D kinematics useful
as a general frame for the fields of computer vision
and robotics. For that the authors choose the algebra of
motors in the geometric algebra framework.

In the literature we can find various ways of rep-
resenting the 3D kinematics. They will be briefly re-
viewed emphasizing the screw transformations which
we follow in this paper. The foundations of the screw
theory can be traced back to the contributions of
Chasles and Poinsot in the early 1830s, see e.g. [2], as
well as the dual quaternions introduced by Clifford in
his seminal paper Preliminary sketch of bi-quaternions
[9] and later on the work of Study [38] who utilized the
dual numbers to represent the relative position of two
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skew lines in space. In an amenable article Rooney [34]
compared the different representations of the general
spatial screw. The twist or infinitesimal generator of
the Euclidean group is the Lie algebra matrix approach
to describe rigid 3D motions, see Murray et al. [30].
It is worth to mention the work of Chevalier [7] who
presented a geometrical formulation of the dual quater-
nions in the Lie algebra framework.

In the area of robotics for the treatment of the mani-
pulator kinematics Gu and Luh [14] used the dual
number transformations and Pennock and Yang em-
ploying dual matrices [31] presented closed-form
solutions for various types of robot manipulators.
MacCarthy [29] analyzed multilinks and similar as Gu
and Luh [14] he computed the dual form of the Jacobian
of a manipulator again using dual orthogonal matri-
ces. Funda and Paul [13] carried out a computational
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analysis of screw transformations in robotics. They
showed that the dual quaternions represent simultane-
ously rotation and translation transformations for deal-
ing with the kinematics of robot chains more efficiently
than any other approach. Kim and Kumar [23] using
the dual quaternion formalism as a line transformation
operator solved the inverse kinematics of a 6 degree of
freedom robot manipulator. Aspragathos and Dimitros
[1] confirmed that the homogeneous transformation is
the approach commonly used in robotics tasks and the
approaches of dual quaternions and Lie algebra were
overseen so far, although their advantages with respect
to the reduction of the number of representation para-
meters result in practical benefits.

In the field of computer vision we can find simi-
lar representation formalisms in various types of ap-
plications like motion estimation, pose and 3D struc-
ture recognition. In most of the methods the rotation
and translation transtormations were represented sep-
arately using either matrices or quaternions, see the
survey of Sabata and Aggarwal [35]. The disadvantage
of representing separately these components is that for
solving the problems nonlinear methods are often re-
quired. In the case of the so called hand-eye calibration
problem which we treat in this paper as an example
for the application of the motor algebra several authors
considered for the computation the rotation axis and an-
gle [36, 39]. the use of quaternions [8] and a canonical
matrix representation [25]. Chen [6] using the matrix
screw theory found the key invariant of the screw be-
tween two 3D axes which means the rotation angle and
the translation along the screw axis remain constant. In
other applications the authors applied successfully dual
quaternions like Walker et al. [41] for estimating 3D
location, and twists and exponential maps like Bregler
and Malik [5] for tracking the kinematic chains of
moving objects or persons.

Summarizing, in these mathematical approaches so
far we can clearly identify two key aspects the use of
dual numbers and the representation of screw transfor-
mations in terms of matrices or quaternions. In regard
to these aspects we should choose an algebraic system
that on the one hand allows representations in terms
of dual numbers and on the other hand offers an alter-
native to the matrix representations which often have
redundant entries.

In this paper we present an isomorphic approach to
screws called motors [3, 9] which offers computational
advantages with respect to dual quaternions. These are
based on the fact that motors represent spinors which

can be defined in spaces of any dimension and in the
case of kinematic chains they obey the group proper-
ties. The term motor was introduced by Clifford [9], but
he died before he could show us its embedding in the
special Clifford algebra. It is also important to mention
that the engineering literature does not show a sub-
stantial progress so far in the use of line geometry for
computer vision and robotics. In this paper we stress
the role of the line or bivector algebra for the modelling
of the motion of points, lines and planes. This can be
certainly used as a common framework advantageous
in a variety of computer vision and kinematics tasks.

The particular case of study to illustrate our mathe-
matical approach is the hand-eye calibration, simplified
as a problem of motion of lines. In the above men-
tioned publications many approaches came up with a
decoupled computation of the motion parameters of
the hand-eye calibration problem. Exploring this prob-
lem in the geometric algebra framework we end up
with an approach that simultaneously computes trans-
lation and rotation without resorting to nonlinear min-
imization algorithms. This application illustrates the
important case that some nonlinear problems treated in
higher dimensional geometric algebras become linear
ones. The virtue of computing in the geometric algebra
framework is thus strongly confirmed by the hand-eye
calibration problem.

The paper is organized as follows. In section two
an outline of the geometric algebra is given. The third
section presents the Euclidean 3D geometric algebra,
rotors and their properties and the modelling of the
3D motion of points, lines and planes using this al-
gebraic system, The fourth section introduces the 4D
motor algebra and shows its use for the modelling of
the 3D motion of points, lines and planes. Section five
describes the hand-eye problem and its solution. We
formulate the solution of the hand-eye calibration in
the geometric algebra framework. Then itis shown that
this formulation leads to the first hand-eye calibration
algorithm that simultaneously estimates the translation
and rotation without applying nonlinear minimization.
Finally, section six is dedicated to the experimental
results and section seven to the conclusions.

2. Geometric Algebra: An Outline

Geometric algebra is a coordinate-free approach to
geometry based on the algebras of Grassmann [15] and
Clifford [10]. The geometric approach to Clifford alge-
bra adopted in this paper was pioneered in the 1960’s by
































































