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Abstract

In thispaper, wepresentanew approachto scale-spacewhich is derived
from the 3D Laplaceequationinsteadof the heatequation. The resulting
lowpassandbandpass�lters arediscussedandthey arerelatedto themono-
genicsignal. As anapplication,we presenta scaleadaptive �ltering which
is usedfor denoisingimages.Theadaptivity is basedon thelocal energy of
sphericalquadrature�lters andcanalsobeusedfor sparserepresentationof
images.
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1 Intr oduction

In this paper, we presenta new approachto scale-space.In the classicalcase,
the heatequationleadsto a homogeneouslinear scale-spacewhich is basedon
convolutionswith Gaussianlowpass�lters [11]. This methodhasbeenextended
into severaldirections,in orderto obtainmorecapablemethodsfor low level vi-
sion. PeronaandMalik introducea diffusionconstantwhich variesin thespatial
domaincontrolling thegradeof smoothing[12]. In his approach,Weickert sub-
stitutesthescalarproductin thecontrolling termby theouterproductyielding a
methodfor anisotropicdiffusion[15]. Sochenet. al. chosea moregeneralpoint
of view by consideringthe imageintensityasa manifold [13] wherethe metric
tensorcontrolsthe diffusion. This list is far from being complete,but what is
important in this context is that all mentionedapproacheshave threethings in
common.At �rst, they areall basedon theheatequationwhich canbeseenasa
heuristicchoicefrom a physicalmodel. In [16] however, severalapproachesfor
deriving the Gaussianscale-spaceas the uniquesolutionof somebasicaxioms
arepresented.Fromour point of view, thereis at leastonePDEbesidesthedif-
fusionequationthatalsogeneratesa linearscale-space1. Second,all approaches
try to control thediffusionby someinformationobtainedfrom the imagewhich
aremostlyrelatedto partialderivativesandameasurefor edges.Therefore,struc-
tureswith evenandoddsymmetriesarenotweightedin thesameway. Thirdly, all
mentioneddiffusionshavetheoreticallyin�nite durationwhichmeansthatthedif-
fusionhasto bestoppedat a speci�c time. Thestoppingof thediffusionprocess
is crucialfor theresult.

Our new methoddiffers with respectto all threeaspectsfrom the classical
ones. At �rst, it is basedon the 3D Laplaceequationwhich yields besidesa
smoothingkernelthemonogenicsignal,a2D generalizationof theanalyticsignal
[6]. Extendingthepropertiesof the analyticsignalto 2D, themonogenicsignal
is well suitedfor estimatingthelocal energy of astructureindependentlyif it has
anevenor oddsymmetry. Hence,if thesmoothingis controlledby theenergy, it
is independentof thelocal symmetry. Theenergy of a local structuredifferswith
theconsideredscaleandin generalit hasseverallocal maxima.Theselocalmax-
ima correspondto the partial local structureswhich form the whole considered
structure.Our approachdoesnot control thesmoothingprocessitself but builds
up a linearscale-spaceandappliesanappropriatepost-processing.Dependingon
the application,a coarsestscaleanda minimal local energy are chosen,which
determineanappropriate2D surfacein the3D scale-space.

1Our new approachful�lls all axiomsof Iijima [16] (seesection3) which meansthat there
mustbeanerrorin theproofof Iijima.
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2 Theory

In thispaper, imagesareconsideredas2D realsignals���������
	 , whereasthescale-
spaceis a 3D functionde�ned over thespatialcoordinates� and � andthescale
parameter� . The commonlyusedsignalmodelof scale-spaceis a stackof im-
ages,or from the physicalpoint of view, a heatdistribution at a speci�c time.
Ourmodelis quitedifferentandit is motivatedby two pointsof view. On theone
hand,1D signalprocessingandespeciallytheHilbert transformarecloselyrelated
to complex analysisandholomorphicfunctions.On theotherhand,holomorphic
functionscanbeidenti�ed with harmonicvector�elds, i.e., zero-divergencegra-
dient �elds. Indeed,theHilbert transformemergesfrom postulatingsucha �eld
in thepositivehalf-plane�
��� andby consideringtherelationbetweenthecom-
ponentsof the �eld on thereal line [7]. Motivatedby this fact,we introducethe
following signalmodel(seeFig. 1). In the3D space������������	 , thesignalis embed-
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Figure1: Signalmodelfor 2D signals,thescale-space,andthegeneralizedana-
lytic signal.Thesignal � is givenby the � -derivativeof theharmonicpotential� .
The othertwo derivatives( ������������� � and �!��"#�$�
"%��� ) arethegeneralized
Hilbert transformsof �

dedasthe � -componentof a3D zero-divergencegradient�eld in theplane�&�'� .
For �#�(� the � -componentis givenby smoothedversionsof theoriginal image,
so that the � -componentcorrespondsto the classicalscale-space.For �
��� the
othertwo componentsturn out to be the 2D equivalentof the Hilbert transform
[7] and for �)�*� they are the generalizedHilbert transformsof the smoothed
image.Hence,themostfundamentalfunctionin thisembeddingis theunderlying
harmonicpotential � , i.e., � ful�lls theLaplace-equation(seebelow). Dueto the
embedding,theFouriertransformis alwaysperformedwrt. � and � only, with the
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correspondingfrequencies� and � . Accordingly, convolutionsarealsoperformed
wrt. � and � only.

As alreadymentionedin the introductionandaccordingto thesignalmodel,
we derive the non-Gaussianlinear scale-spacefrom the 3D Laplaceequation
(
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�����

�
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"�	

���


 indicatingthe3D Laplaceoperator)
���

� ������������	 � ��� (1)

Thefundamentalsolutionis givenby ��������� ����	 ���!��� �
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� � 	������ � (theNewton
potential)[3] where� is aconstantthatwechooseto be � ����� 	���� . Sincederivative
operatorscommute,the partial derivativesof � ������������	 arealsosolutionsof (1)
(comparableto thefactthattherealpartandtheimaginarypartof a holomorphic
functionareharmonicfunctions).Therefore,we obtainthe(conjugated)Poisson
kernelsasfurthersolutions[14]
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By taking the limit �! � , � is the delta-impulse"$# ����	%"&# � �
	 (representing
the identity operator)and � ��� ���
" 	(' are the kernelsof the Riesztransforms,so
that �

�

� �������
" 	)' �%� is themonogenicsignalof therealsignal � [6]. Quitemore
interestingin thiscontext is thefactthatfor � � ���

�

� � �����
" 	
'

� � is themonogenic
signalof the lowpass�ltered signal �

� � . This follows immediatelyfrom the
transferfunctionscorrespondingto (2–4)( * �,+ �

�

	

�

�

):
-

�.���/� ����	 � 02143 �5�6���7* ��	 (5)
8

� �.���/� ����	 � �:9;�=<>*�0&1?3 �@�A���7*���	 (6)
8

" �.���/� ����	 � �:9;�?<>*�0&1?3 �@�A���7*���	B� (7)

Thederivationof thetransferfunctionscanbefoundin theappendix.Besides,the
Laplaceequation(1) canalsosolvedby separating�������
	 and � giving two factors:
oneis thekernelof the2D Fourier transform0&1?3 �@�:9(��� �.� �

	

� �
	�	 andtheother
oneis

-

�.���/� ����	 see[8]. Hence,insteadof forming thescalarvaluedscale-space
by �

������� ����	 � � ��������	 , webuild avector�eld C :

C ������� ����	 � �

�

������� ����	��
� � ������� � 	���" ������������	 	

'

� � � ������	 (8)

which is notonly afamily of monogenicsignals(for differentvaluesof � ) but also
a solenoidalandirrotational�eld (which meansthatdivergenceandrotationare
bothzero),or, in termsof GeometricAlgebra,a monogenicfunction [5] (mono-
genic:nD generalizationof holomorphic).
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Figure2: Upperleft: impulseresponseof lowpass�lter � (solid line) andimpulse
responseof Gaussianlowpass�lter (dottedline). Upperright: transferfunction
of thedifferenceof two lowpass�lters for differentscales� and ��� (solid line) and
transferfunctionof thelognormalbandpass(dottedline). Bottom: lowpass�lters
appliedto astepedge

3 A NewLinear Scale-Space

Now, gettingfrom themathematicalbackgroundto interpretation,we �rstly con-
sider the shapeof the derived lowpass�lter � and the transferfunction of the
differenceof two lowpass�lters with differentvaluesof � , seeFig. 2. All four
�lters are isotropic and hence,they are plotted wrt. to the radial coordinate
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�

and the radial frequency * , respectively. The impulseresponse
of � hasa sharperpeakthantheoneof theGaussianlowpass.On theotherhand,
it decreasesslowerwith increasing� . Accordingly, stepsin theimagearechanged
accordingto Fig. 2 (right). While thecurvatureis smootherin thecaseof the�l-
ter � , theslopeof theedgeis morereducedby theGaussian�lter . Adoptingthe
ideaof theLaplacianpyramid[4], we usethedifferenceof two lowpass�lters to
obtaina bandpass�lter . It hasa zeroDC componentandis similar to thelognor-
mal bandpass,but it hasa singularity in the �rst derivative for * �*�

2. Hence,

2Notethatthis is not valid for thetransferfunctions(6) and(7).
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low frequenciesarenot dampedasmuchasin the lognormalcase,but for high
frequencies,thetransferfunction

-

decreasesfaster.
Consideringtheuncertaintyrelation,thelowpass�lter � is slightly worsethan

theGaussianlowpass(factor +
� ��� , seeappendix)which meansthatthelocaliza-

tion in phasespaceis not far from beingoptimal. In contrastto the lognormal
bandpass�lter , thespatialrepresentationof thenew bandpass�lter is givenana-
lytically, so that it canbeconstructedin thespatialdomainmoreeasily. What is
evenmoreimportant,is thatthelinearcombinationof lowpass�ltered monogenic
signalsis againamonogenicsignal.Therefore,thedifferenceof two of thesesig-
nals is a sphericalquadrature �lter (seealso[5]). The last propertyof the new
lowpass/ bandpass�lters which is importantin thefollowing, is theenergy. The
DC-componentof thelowpass�lter is oneby de�nition (5). Thebandpass�lters
for a multi-banddecompositionareconstructedaccordingto
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where ����� �
	$��	 indicatestherelative bandwidth,��# indicatesthecoarsestscale,
and ��� IN indicatesthe octave. The maximalenergy of the bandpass�lter is
independentof � .

What is left to show is that the Poissonkernel(2) really establishesa linear
scale-space.Accordingto [16], Iijima de�nes in [9] a linearscale-spaceby � ve
axioms:

1. Thegeneratingkernelof a linearscale-spaceis linear.

2. Thekernelis shift invariant.

3. Thekernelful�lls thesemigroupproperty.

4. Thekernelis scaleinvariant.

5. Thekernelpreservespositivity.

Iijima showedthat theGaussiankernelis theuniquesolutionof thepreviousax-
ioms. Nevertheless,one can show that the Poissonkernel also ful�lls all � ve
axioms:

1. ThePoissonkernelis a linear, shift-invariantoperator.

2. Seeabove.

3. Thisaxiomis easilyveri�ed in theFrequency domain:
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4. Thescaleinvarianceis checkedin thespatialdomain( � � IR
�

):
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where � � � is theJacobian.

5. ThePoissonkernelis positivity preservingsinceit is positivefor all
�������
	(' � IR� .

Both scale-spaceapproaches,the Gaussianscale-spaceand the Poissonscale-
space,canbecomparedby meansof twompegvideoswhichareprovidedtogether
with thispaper.

4 ScaleAdaptiveFilters

Thedescribedscale-spaceapproachcanbeusedto denoiseimagesor to reducethe
numberof featuresin animage(to sparsify it). Ouralgorithmbehavesasfollows:
thescale-spaceis calculatedup to amaximalsmoothing�
� which is suf�cient to
remove nearlyall the noise. For eachscale,the monogenicsignal is calculated
andanindex functionis de�ned by the �nest scalewith a local maximumof the
local magnitude
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(10)

wherethecoarsestscale�%� is chosenif themaximalenergy is lowerthanathresh-
old .

'

. Usingthis index function,adenoisedimageis constructed,whereateach
positionthe lowpassis chosenby the index. The algorithmis motivatedby the
factthattheresponseof themonogenicsignalshows local maximawhenit is ap-
plied in the `correct' scale,wherein generalwe have morethanonemaximum.
Sinceit is not reasonableto considertheimageonarbitrarycoarsescales(e.g.av-
eragingof onequarterof theimage),therangeof scaleis reducedandwe mostly
haveonly onemaximum,seeFig. 3. Thethresholdof theenergy at themaximum
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suppressesweak texturesby settingthe index function to maximal smoothing.
Additionally, we applymedian�lters to the index functions,in orderto denoise
thelatter. It is not reasonableto haveanarbitrarilychangingscaleindex sincethe
scaleis dependingon thelocalneighborhood.
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Figure3: Testimage(left). Theenergy of themonogenicsignalat four positions
(indicatedin theleft image)for varyingscalecanbefoundin theplot on theright

In our �rst experiment,we appliedthealgorithmto the testimagesin Fig. 3
andFig.4. Theimageswerebothprocessedwith thesamethresholdandthesame
maximalscale.In bothcases,a 3x3 median�lter wasappliedto thescaleindex
obtainedfrom (10). Thedarkshadows at thetop andleft borderof thesmoothed
house-imageareartifactsresultingfrom performingthe convolutionsin the fre-
quency domain. Obviously, textureswith low energy areremoved while edges
andotherstructureswith high energy arepreserved. If a structureis preservedor
not dependson thechoiceof theparameter.

'

. In thecaseof noisyimages,this
energy thresholdcanbeestimatedaccordingto aRayleighdistribution(see[10]).

In oursecondexperiment,weaddedGaussiannoiseto theimagein Fig.3 (see
Fig. 5, left) andappliedthestandardmethodof isotropicGaussiandiffusionto it.
The resultcanbe found in the middle imagein Fig. 5. The typical behavior of
Gaussiandiffusioncanbeseenwell: neartheedgesthenoiseis still present.Our
approachresultsin the imageon the right in the same�gure. Exceptfor some
singularpoints the noisehasbeenremoved completely. The energy threshold
waschosenby the methodmentionedin the previous paragraph.In contrastto
the diffusion algorithm, our methodtendsto over-smoothslightly thoseregion
boundarieswheretheenergy of theedgeis lowerthantheenergy of thenoise(see
upperleft corner).

The algorithmcanalsobe usedto sparsifyimages. Insteadof constructing
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Figure4: Upperrow, left to right: scaleindex for �rst testimageandsmoothed
image. Centerrow, left to right: secondtest imageandcorrespondingscalein-
dex. Bottomrow: smoothedimageandrelative differencebetweenoriginal and
smoothedversion.
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Figure5: Testimagewith noise(left), variance: ���

	��

. Isotropicdiffusion(pa-
rameters:contrast� �

�

, noisescale� � � , timestep
���

� �4� � , and50iterations)
yieldstheresultin themiddle,variance:� � �	�

	
�

. Theimageon theright shows
theresultof ourapproach,variance:

�

���	�

	��

thedenoisedimagefrom lowpass�ltered versionsusingthescaleindex, the�lter
responseof the monogenicsignal is kept for local maximaof the energy only.
That meansthat for the `else' casein (10) the result is set to zero (nothing is
stored).The amountof the remaininginformationcanbe estimatedby the dark
areasin theindex imagesin Fig. 4. Therepresentationwhich is obtainedincludes
informationof themonogenicsignalonly atpositionswith highlocalenergy atan
appropriatescale.

5 Conclusion

We have presenteda new approachto scale-spacewhich is not basedon theheat
equationbutonthe3DLaplaceequation.Wehaveshownthatourapproachful�lls
theaxiomsof Iijima andhence,thePoissonkernelbuilds up a linearscale-space
in thestrongsense.Theresultinglowpassandbandpass�lters have beenshown
to work properlyanda relationto sphericalquadrature�lters andthemonogenic
signalhasbeenestablished.Usingtheenergy of themonogenicsignalfor differ-
entscales,ascaleadaptivedenoisingalgorithmhasbeenpresentedwhichcanalso
beadoptedfor a sparserepresentationof features.Theresultsarecomparableto
thoseof isotropicGaussiandiffusion. Thedenoisingbasedon theLaplaceequa-
tion shows lessnoisein theneighborhoodof edges,but low-energy edgesarenot
preservedaswell asin theGaussiancase.Thoughit is by de�nition anisotropic
method,thenew approachcaneasilybeextendedto anisotropicdenoisingby in-
troducinga �
�6� scalingmatrix insteadof therealscaleparameter� . Thebehavior
for low-energy edgesis supposedto bebetterin thatcase.
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A Appendix

A.1 Fourier Transform of the PoissonKernel
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A.2 Fourier Transform of the ConjugatePoissonKernel
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A.3 Uncertainty of the PoissonKernel

Thespreadin thespatialdomainreads
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wheretheintegralsareevaluatedaccordingto [2] 19.5.1.3integral63and71. The
spreadin thefrequency domainis obtainedas
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whichmeansthattheuncertaintyis slightly worsethanfor the2D Gaussiankernel
(factor + � � � ).
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