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Abstract

In this paperwe present newn approactio scale-spacehichis derived
from the 3D Laplaceequationinsteadof the heatequation. The resulting
lowpassandbandpasdters arediscusse@ndthey arerelatedto themono-
genicsignal. As anapplication,we presenta scaleadaptve Itering which
is usedfor denoisingmages.Theadaptvity is basedn thelocal enegy of
sphericalguadraturelters andcanalsobeusedfor sparsaepresentationf
images.
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1 Intr oduction

In this paper we presenta new approachto scale-spaceln the classicalcase,
the heatequationleadsto a homogeneou$inear scale-spacevhich is basedon
convolutionswith Gaussiaowpasslters [11]. This methodhasbeenextended
into severaldirections,in orderto obtainmorecapablemethoddor low level vi-
sion. PeronaandMalik introducea diffusionconstaniwhich variesin the spatial
domaincontrolling the gradeof smoothing[12]. In his approachWeickert sub-
stitutesthe scalarproductin the controllingterm by the outerproductyielding a
methodfor anisotropicdiffusion[15]. Socheret. al. chosea moregeneralpoint
of view by consideringthe imageintensity asa manifold [13] wherethe metric
tensorcontrolsthe diffusion. This list is far from being complete,but what is
importantin this contet is that all mentionedapproachesave threethingsin
common.At rst, they areall basedon the heatequationwhich canbe seenasa
heuristicchoicefrom a physicalmodel. In [16] however, severalapproaches$or
deriving the Gaussiarscale-spacas the uniquesolution of somebasicaxioms
arepresented Fromour point of view, thereis at leastone PDE besideghe dif-
fusion equationthat alsogenerates linear scale-space Secondall approaches
try to controlthe diffusion by someinformationobtainedfrom the imagewhich
aremostlyrelatedto partialderivativesanda measurdor edges.Thereforestruc-
tureswith evenandoddsymmetriesarenotweightedin thesameway. Thirdly, all
mentionediffusionshave theoreticallyin nite durationwhichmeanghatthedif-
fusion hasto be stoppedat a speci ¢ time. The stoppingof the diffusionprocess
is crucialfor theresult.

Our new methoddiffers with respectto all threeaspectdrom the classical
ones. At rst, it is basedon the 3D Laplaceequationwhich yields besidesa
smoothingkernelthemonogenicignal,a 2D generalizatiorof theanalyticsignal
[6]. Extendingthe propertiesof the analyticsignalto 2D, the monogenicsignal
is well suitedfor estimatingthelocal enepgy of a structureindependentlyf it has
anevenor oddsymmetry Hence,if the smoothings controlledby the enepy, it
is independenof thelocal symmetry The enegy of alocal structuredifferswith
theconsideredcaleandin generait hassererallocal maxima.Theseocal max-
ima correspondo the partial local structureswhich form the whole considered
structure.Our approachdoesnot control the smoothingprocesstself but builds
up alinearscale-spacandappliesanappropriatgost-processingdependingon
the application,a coarsesscaleand a minimal local enegy are chosen,which
determineanappropriate2D surfacein the 3D scale-space.

10ur new approachful lls all axiomsof lijima [16] (seesection3) which meansthat there
mustbeanerrorin the proof of lijima.



2 Theory

In this paperimagesareconsiderecs2D realsignals , Whereaghescale-
spaces a 3D functionde ned over the spatialcoordinates and andthescale
parameter . The commonlyusedsignalmodelof scale-spacés a stackof im-

ages,or from the physicalpoint of view, a heatdistribution at a speci c time.

Our modelis quite differentandit is motivatedby two pointsof view. Ontheone
hand,1D signalprocessin@ndespeciallytheHilbert transformarecloselyrelated
to complec analysisandholomorphicfunctions.On the otherhand,holomorphic
functionscanbeidenti ed with harmonicvector elds, i.e., zero-dvergencegra-
dient elds. Indeed,the Hilbert transformemegesfrom postulatingsucha eld

in the positive half-plane andby consideringherelationbetweerthe com-
ponentsof the eld ontherealline [7]. Motivatedby this fact, we introducethe
following signalmodel(seeFig. 1). In the3D space , thesignalis embed-
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Figurel: Signalmodelfor 2D signals,the scale-spaceandthe generalizecana-
lytic signal. Thesignal is givenby the -derivative of the harmonicpotential .
The othertwo derivatives( and ) arethe generalized
Hilbert transformsof

dedasthe -componentf a3D zero-dvemgencegradienteld in theplane

For the -components givenby smoothedrersionsof the original image,
sothatthe -componentorrespondso the classicalscale-spaceFor the
othertwo componentgurn out to be the 2D equivalentof the Hilbert transform
[7] andfor they arethe generalizedHilbert transformsof the smoothed
image.Hence themostfundamentafunctionin thisembeddings theunderlying
harmonicpotential ,i.e., fullls theLaplace-equatiofseebelov). Dueto the
embeddingthe Fouriertransformis alwaysperformedwrt. and only, with the



correspondindrequencies and . Accordingly, convolutionsarealsoperformed
wrt. and only.

As alreadymentionedn the introductionandaccordingto the signalmodel,
we derive the non-Gaussiadinear scale-spacdérom the 3D Laplaceequation

( indicatingthe 3D Laplaceoperator)

1)
Thefundamentasolutionis givenby (theNewton
potential)[3] where is aconstanthatwe chooseo be . Sincederiative
operatorscommute the partial derivatives of are also solutionsof (1)

(comparabldo thefactthatthe realpartandtheimaginarypartof a holomorphic
functionareharmonicfunctions). Therefore we obtainthe (conjugatedPoisson
kernelsasfurthersolutions[14]

— (2)
— 3)
— (4)
By taking the limit , Is the delta-impulse (representing
the identity operator)and arethe kernelsof the Riesztransforms,so
that is the monogenicsignalof therealsignal [6]. Quitemore
interestingn this context is thefactthatfor isthemonogenic
signal of the lowpass Itered signal . This follows immediatelyfrom the
transferfunctionscorrespondingo (2—4)( ):
)
(6)

(7)
Thederivationof thetransferfunctionscanbefoundin theappendix Besidesthe
Laplaceequation1) canalsosolvedby separating and givingtwo factors:

oneis thekernelof the 2D Fouriertransform andtheother
oneis see[8]. Hence,insteadof forming the scalarvaluedscale-space
by , we build avector eld

(8)

whichis notonly afamily of monogenicignals(for differentvaluesof ) butalso
a solenoidalandirrotational eld (which meanghatdivergenceandrotationare
bothzero),or, in termsof GeometricAlgebra,a monogenidunction[5] (mono-
genic: nD generalizatiorof holomorphic).

4



f(x,y) L F(u,v)

— low passg
----- Gaussian

Figure2: Upperleft: impulseresponsef lowpassliter (solidline) andimpulse
responsef Gaussiariowpass lter (dottedline). Upperright: transferfunction
of thedifferenceof two lowpasslters for differentscales and (solidline) and
transferfunctionof thelognormalbandpasgdottedline). Bottom: lowpasslters
appliedto a stepedge

3 A NewlLinear Scale-Space

Now, gettingfrom the mathematicabackgroundo interpretationwe rstly con-
sider the shapeof the derved lowpass Iter  and the transferfunction of the
differenceof two lowpass lters with differentvaluesof , seeFig. 2. All four
Iters are isotropic and hence,they are plotted wrt. to the radial coordinate
andthe radial frequengy , respectrely. The impulseresponse
of hasasharpeipeakthanthe oneof the Gaussiaowpass.On the otherhand,
it decreaseslowerwith increasing . Accordingly, stepsn theimagearechanged
accordingto Fig. 2 (right). While the cunvatureis smootheiin the caseof the |-
ter , the slopeof the edgeis morereducedoy the Gaussianlter . Adoptingthe
ideaof the Laplacianpyramid[4], we usethe differenceof two lowpasslters to
obtaina bandpasdter . It hasazeroDC componentindis similar to thelognor
mal bandpasshut it hasa singularityin the rst dervative for 2. Hence,

2Notethatthis is not valid for the transferfunctions(6) and(7).
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low frequenciesare not dampedas muchasin the lognormalcase,but for high
frequenciesthetransferfunction decreasefaster

Consideringheuncertaintyrelation,thelowpasslter s slightly worsethan
the Gaussiarowpass(factor ~ , seeappendix)which meanghatthe localiza-
tion in phasespaceis not far from beingoptimal. In contrastto the lognormal
bandpasdter , the spatialrepresentationf the nev bandpasdter is givenana-
lytically, sothatit canbe constructedn the spatialdomainmoreeasily Whatis
evenmoreimportant,is thatthelinearcombinatiorof lowpassltered monogenic
signalsis againamonogenicsignal. Therefore the differenceof two of thesesig-
nalsis a sphericalquadmture Iter (seealso[5]). The lastpropertyof the nen
lowpasg bandpasdters whichis importantin thefollowing, is theenegy. The
DC-componenbf thelowpasslter is oneby de nition (5). The bandpasdters
for amulti-banddecompositiorareconstructedccordingto

(9)

where indicatestherelatve bandwidth, indicatesthe coarsesscale,
and IN indicatesthe octare. The maximalenegy of the bandpasslter is
independenof

Whatis left to shaw is thatthe Poissonkernel(2) really establishes linear
scale-spaceAccordingto [16], lijima de nesin [9] alinearscale-spacby ve
axioms:

1. Thegeneratingernelof alinearscale-spaces linear.
2. Thekernelis shiftinvariant

3. Thekernelful lls thesemigobupproperty.

4. Thekernelis scaleinvariant

5. Thekernelpreservepositivity.

lijima shovedthatthe Gaussiarkernelis the uniquesolutionof the previous ax-
ioms. Neverthelesspne canshowv that the Poissonkernelalso ful lls all ve
axioms:

1. ThePoissorkernelis alinear, shift-invariantoperator
2. Seeabove.

3. Thisaxiomis easilyveri ed in the Frequeng domain:

hence



4. Thescaleinvariances checledin the spatialdomain( R ):

where is theJacobian.

5. ThePoissorkernelis positiity preservingsinceit is positive for all
R .

Both scale-spacapproachesthe Gaussianscale-spacand the Poissonscale-
spacegcanbecomparedy meanf two mpeg videoswhichareprovidedtogether
with this paper

4 ScaleAdaptiveFilters

Thedescribedcale-spacapproacltanbeusedo denoisemagesor to reducehe

numberof featuredn animage(to spasifyit). Ouralgorithmbehaesasfollows:

thescale-spaces calculatedup to amaximalsmoothing  whichis sufcient to

remove nearlyall the noise. For eachscale,the monogenicsignalis calculated
andanindex functionis de ned by the nest scalewith alocal maximumof the

local magnitude

(10)

wherethecoarsesscale ischosenf themaximalenegy is lowerthanathresh-
old . Usingthisindex function,adenoisedmageis constructedwhereateach
positionthe lowpassis chosenby the index. The algorithmis motivatedby the
factthattheresponsef the monogenicsignalshowvs local maximawhenit is ap-
plied in the "correct' scale,wherein generalwe have morethanone maximum.
Sinceit is notreasonabléo consideitheimageon arbitrarycoarsescaleqe.g. av-

eragingof onequarterof theimage),the rangeof scaleis reducecandwe mostly
have only onemaximum,seeFig. 3. Thethresholdof theenegy atthe maximum



suppressesveak textures by settingthe index function to maximal smoothing.
Additionally, we apply median Iters to theindex functions,in orderto denoise
thelatter. It is notreasonabléo have anarbitrarily changingscaleindex sincethe
scaleis dependingnthelocal neighborhood.
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Figure3: Testimage(left). Theenegy of themonogenicsignalat four positions
(indicatedin theleft image)for varyingscalecanbefoundin the plot ontheright

In our rst experiment,we appliedthe algorithmto the testimagesin Fig. 3
andFig. 4. Theimageswerebothprocessewith thesamethresholdandthesame
maximalscale.In bothcasesa 3x3 median lter wasappliedto the scaleindex
obtainedfrom (10). The dark shadevs at the top andleft borderof the smoothed
house-imagare artifactsresultingfrom performingthe convolutionsin the fre-
gueny domain. Obviously, textureswith low enegy areremoved while edges
andotherstructuresvith high enegy arepresered. If a structureis preseredor
not depend®n the choiceof the parameter . In the caseof noisyimagesthis
enegy thresholdcanbe estimatedaccordingto a Rayleighdistribution (se€[10]).

In oursecondexperimentwe addedGaussiamoiseto theimagein Fig. 3 (see
Fig. 5, left) andappliedthe standardnethodof isotropicGaussiardiffusionto it.
Theresultcanbe foundin the middleimagein Fig. 5. The typical behaior of
Gaussiardiffusioncanbe seenwell: nearthe edgeghenoiseis still presentOur
approactresultsin the imageon the right in the same gure. Exceptfor some
singular points the noise hasbeenremoved completely The enegy threshold
was chosenby the methodmentionedin the previous paragraph.In contrastto
the diffusion algorithm, our methodtendsto over-smoothslightly thoseregion
boundariesvheretheenegy of theedgeis lowerthanthe enegy of thenoise(see
upperleft corner).

The algorithm canalso be usedto sparsifyimages. Insteadof constructing
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Figure4: Upperrow, left to right: scaleindex for rst testimageandsmoothed
image. Centerrow, left to right: secondtestimageand correspondingscalein-
dex. Bottomrow: smoothedmageandrelative differencebetweenoriginal and

smoothedrersion.



Figure5: Testimagewith noise(left), variance: . Isotropicdiffusion (pa-
rameterscontrast , hoisescale , timestep , and50iterations)
yieldstheresultin the middle, variance: . Theimageontheright shavs
theresultof our approachyariance:

thedenoisedmagefrom lowpassltered versionsusingthe scaleindex, the Iter
responseof the monogenicsignalis kept for local maximaof the enegy only.
That meansthat for the "else’ casein (10) the resultis setto zero (nothingis
stored). The amountof the remaininginformationcanbe estimatedoy the dark
areasn theindex imagesn Fig. 4. Therepresentatiowhichis obtainedncludes
informationof themonogenicsignalonly at positionswith highlocalenegy atan
appropriatescale.

5 Conclusion

We have presentea new approacho scale-spacehich is not basedon the heat
equatiorbut onthe3D Laplaceequation We have shavn thatourapproachul lls
the axiomsof lijima andhence the Poissorkernelbuilds up a linear scale-space
in the strongsense.Theresultinglowpassandbandpasdters have beenshavn
to work properlyanda relationto sphericalquadraturelters andthe monogenic
signalhasbeenestablishedUsingthe enegy of the monogenicsignalfor differ-
entscalesascaleadaptve denoisingalgorithmhasbeenpresentedavhich canalso
be adoptedor a sparsaepresentationf features.The resultsarecomparabldo
thoseof isotropicGaussiardiffusion. The denoisingbasedon the Laplaceequa-
tion shaws lessnoisein the neighborhooaf edgeshut low-enegy edgesarenot
preseredaswell asin the Gaussiarcase.Thoughit is by de nition anisotropic
method,the new approacttaneasilybe extendedtio anisotropicdenoisingby in-
troducinga scalingmatrixinsteadof therealscaleparameter. Thebehaior
for low-enepgy edgess supposedo be betterin thatcase.
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A Appendix

A.1 Fourier Transform of the PoissonK ernel

for
Accordingto thetableof Hankel transformsn [1],

Substituting : andapplyingtheaf ne theorenyields

By setting and multiplying with the Fourier transform
of the Poissorkernelis obtained.

A.2 Fourier Transform of the Conjugate PoissonKernel

for
Accordingto thetableof Hankel transformsn [1],

andby substituting ( )

Hence,

Applying thederwvative theorenyields

andby multiplying with — the Fouriertransformof the rst conjugatePoisson
kernelis obtained.

is derivedaccordingly
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A.3 Uncertainty of the PoissonKernel

Thespreadn the spatialdomainreads

changeo polarcoordinates

wheretheintegralsareevaluatedaccordingo[2] 19.5.1.3ntegral63and71. The
spreadn thefrequeny domainis obtainedas

changeo polarcoordinates

wheretheintegralsareevaluatedaccordingto [2] 19.6.1lintegral 1. Hence

whichmeanghattheuncertaintyis slightly worsethanfor the2D Gaussiarkernel
(factor ).
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