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Abstract

This paperintroducesa two-dimensionabeneralizatiorof the analytic
signal. This novel approactis basedon the Riesztransform,whichis used
insteadof the Hilbert transform. The combinationof a 2D signalwith the
Riesztransformedneyields a sophisticate@D analyticsignal,the mono-
genic signal. The approachis derved analytically from irrotational and
solenoidalvector elds. Basedon local amplitudeandlocal phase an ap-
propriatelocal signalrepresentatiofis presentedvhich preseresthe split
of identity, i.e., the invariance— equvariancepropertyof signaldecompo-
sition. This is one of the centralpropertiesof the 1D analytic signal that
decomposes signalinto structuraland enegetic information. We shav
that further propertiesof the analytic signal concerningsymmetry enegy;,
allpasgransferfunction,andorthogonalityarealsopresered,andwe com-
parethis to the behaior of otherapproaches$or a 2D analyticsignal. As
a centraltopic of this papey a geometricphasenterpretationis introduced
which is basedon the relationbetweenthe 1D analyticsignalandthe 2D
monogenicsignal establishedy the Radontransform. Possibleapplica-
tionsof thisrelationshiparesketchedandreferenceso otherapplicationsof
themonogenicsignalaregiven.

This reportis a revised version of the technicalreport2009[7], and
thereforesupercedet.
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1 Intr oduction

Theanalyticsignalis animportantcomple-valuedrepresentatiom one-dimen-
sionalsignalprocessingwhichis usedin variousapplicationdik e codinginfor-
mation(phaseandfrequeng modulation) radarbasedobjectdetection process-
ing of seismicdata[24], speechrecognition,airfoil design[33], etc. Someof
theseapplicationscanberelatedto problemsn imageprocessingwhichis based
on 2D signal processing.For example,the demodulatiorof 2D functionsis the
problemwe encounteif we wantto recover the shapeof a surfacefrom anin-
terferogran{28]. Furthermorethelocal frequeng canbetakenasa measurdor
local scale(i.e., the frequeny band)[18], structuressuchaslinesandedgescan
be distinguishedy the local phasg14], the local amplitudeandthe local phase
canbe usedfor edgedetection[19], andthe local phasecanbe usedto estimate
thedisparityof steredmageq16] or the o w in imagesequences.

From the viewpoint of image processingand recognition,the fundamental
propertyof theanalyticsignalis the split of identity. This meanghat,in its polar
representatiorthe modulusof the comple signalis identi ed asalocal quantita-
tive measuref a signal,calledlocal amplitude andthe argumentof the comple
signalis identi ed asalocal measurdor the qualitatve informationof a signal,
calledlocal phase Local amplitudeandlocal phaseful Il the propertiesof in-
varianceandequivariancg14]. This meanghatthelocal phasds invariantwith
respecto the local enepgy of the signalbut changesf the local structurevaries.
Thelocal amplitudeis invariantwith respecto the local structurebut represents
thelocal enegy. Enegy andstructureareindependeninformationcontainedn
a signalunlessthe signalis a combinationof partial signalswith differentlocal
phasesn differentscales.In the latter case to maintainthe invariance— equi-
arianceproperty the signalmustbe bandpasdtered in orderto remove the other
partial signals. Quadraturgmirror) lters arewell-known operatord14] which
deliverbandpasdtered amplitudeandphaseanformation.Sinceit is (atleastap-
proximately)possibleto separat¢hesignalinto its partialsignalsby usingnarrov
bandpasdters, we canthink of the polar representatiorof theanalyticsignalin
anarrov frequeny bandasanorthogonaldecompositiomf information. We will
usethe termsstructural informationandenegetic informationin the following.
This terminologyalsogiveshintsfor designingmethodgor automatidmageun-
derstandingsincethe maininformationis carriedby the phasgq27].

Theanalyticsignalfor the one-dimensionataseis well known, andfrom the
discussionabove we can say that a sophisticatedyeneralizatiorof the analytic
signalto two dimensionsshouldkeepthe ideaof the orthogonaldecomposition
of theinformation. Hence,it shouldhave a representatiomhich is invariantand
equiariantwith respecto enegeticandstructurainformation. The problemnow
is thata one-dimensionaheasurdik e thelocal phasecannotencode2D structure
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becausét doesnot have enoughdegreesof freedom.Indeed the commonlyused
generalizatiorwhichis obtainedoy calculatingthe Hilbert transformwith respect
to one of the axes of the image coordinatesystem(or an arbitrary preference
direction[14]) is not isotropic. Therefore,local phaseandlocal amplitudeare
effectedby asystemati@rrorwhichdependentheanglebetweertheaxes(or the
preferencalirection)andthe orientationof the signal. This problemis equialent
to the designof anisotropicodd 2D lIter (which is not possiblein the comple
domain[19]) or to the solutionof the 2D dispersionequation(which is alsonot
possible accordingto [1, 26]). In our opinion, the reasorfor the failure thusfar
in designingan appropriate2D analyticsignalis the restrictionto the algebraof
complex numberslin histhesis[4], Bulow chosehypercompl& algebrasn order
to designa local phaseconceptof 2D signals. Neverthelessthe local enegy of
his quaternionicanalyticsignalis in generalnot constanif the orientationof the
signalis changedj.e., it is notisotropic. Hence,the invariance— equvariance
propertyis not perfectlyful lled with respectto rotations. More detailsabout
theseapproachetor a2D analyticsignalwill begivenin thebeginningof section
3.

In this paperwe also make useof the quaternions.However, in contrastto
Bulow, we retaina one-dimensiongbhasebut addthe orientationinformationto
the quaternioniaepresentationf the signal. This yields an approactthattakes
thelocally strongesintrinsically one-dimensiongR1] structureandencodest in
the classicallD phase.lts orientationis encodedn a nev componentvhich we
call, accordingo localphaseandlocalamplitude thelocal orientation Sinceori-
entationis a geometricproperty we call this informationgeometricinformation
For intrinsically 2D signals,the propertiesof our new generalizationyhich we
call monaenicsignal will bediscussedh thecontext of therelationshigetween
the 1D phaseandthe monogenigphaseestablishedby the Radontransform.The
monogenicsignalis alsorelatedto the structuretensor(e.g.[14]), but in contrast
to thatit is linear. Actually, we derivedit startingfrom the structuretensor Our
resultcan be consideredas a combinationof the analytic signalwith the orien-
tation vectorwhich is obtainedfrom the structuretensor Therefore,in the rst
publishedresult[10], we usedtheterm structuremultivector', whichis now used
for anextendedapproach12].



2 Preliminaries

In this sectionwe give the mathematicaframework for whatfollows. Originally,
we derived the monogenicsignalusinggeometricalgebra(seee.g. [17, 30]) and
Clifford analysige.qg.[3]). Theformulationin geometricalgebras preferablebe-
causesomenotationalproblemsareavoidedandthe derivationis straightforvard
(see[8]). Neverthelesssincegeometricalgebrais lesswidely known, we for-
mulateour approachn vectornotation. The only exceptionsaresomeformulae
wherewe make useof thealgebraof quaternions.

Throughouthis paperwe usethefollowing notation:

The consideredreal) signals(or images)are 1D or 2D functions which
arecontinuouslydifferentiableandin  , sothatall mentionedransforms
canbeperformed.

While scalarsand quaternions(see below) are denotedby italic letters,
vectos in are representedby boldfaceletters

( indicatesthetranspose).The scalarproductis denotedby . In 2D,
onevectororthogonalko is . In 3D,
indicatesthe crossproduct.

The D Fourier transform( ) of is denotedoy

The algebraof quaternions is spannedoy and the product
is de ned by and . Furtherdetailsabout
quaternionsresummarizedh theappendix We sometimeswitchbetween
2D vectorsandquaterniondy andbetweer83D vectors
andquaterniondy . Theconjugateof aquaternion

isdenotedoy andits normby

TheHilbert transformis de ned by thetransferfunction
andthe transformedsignalis denoted [18]. The analytic signalis
givenby



3 The Hilbert Transform

As amotivationfor thefollowing sectionsyve recallsomepropertief theHilbert
transformandthe analyticsignalin 1D. We shav that someof theseproperties
arelostfor theknown 2D approached-urthermorewe presenaderivationof the
Hilbert transformfrom two-dimensionalector elds which will be generalized
to 2D in sectior4.1.

3.1 The Hilbert Transform and Analytic Signalin 1D and 2D

The Hilbert transformhassomeimportantpropertieswvhich areworth beingpre-
senedin its two-dimensionageneralization:

It is anti-symmetric:

It suppressethe DC component:

Its enegy is equalto onefor all non-zerdrequencies:
Accordingly, theanalyticsignalhasthefollowing properties:

Its enepy is two timesthe enegy of the original signal(if the DC compo-
nentis neglected) because and areorthogonal.

Theanalyticsignalperformsa split of identity (seesec.1).
The spectrunmof ananalyticsignalis one-sided:

Sincethe 2D Hilbert transformis a key to designinga 2D analytic signal,
we concentrateon approachesnvolving it. As far aswe know, the following
approachegor generalizingthe Hilbert transformto higher dimensionscan be
foundin theliterature(for amoreextensie discussionsee[4]).

Partial Hilbert transform. The Hilbert transformis performedwith respect
to a half-spacewhich is chosenby introducinga prefelencedirection[14]:

. The Hilbert transformperformedwith respecto
oneof the axesis a specialcaseof the partial Hilbert transform.The main
drawvbackis the missingisotropy of thetransform.

Total Hilbert transform.TheHilbert transformis performedwith respecto

both axes: (see[15]). This approachs not
avalid generalizatiorof the Hilbert transform,sinceit doesnot performa
phaseshift of



A combinationof partial Hilbert transformsandthetotal Hilbert transform
in the complex Fourierdomainyields a one-quadrananalyticsignal[15]:

. This approachis
neithercompletenor isotropic.

Combinedpartial andtotal Hilbert transformsin the quaternionicFourier
domain: Insteadof usingthe complex Fourier transform,the quaternionic
Fourier transform[6] is used. The resultis discussedn detailin [4]. As
alreadypointedoutin theintroduction this approachs notisotropiceither

Henceacommondravbackof all previousapproacheis themissingisotropy
which is necessaryo obtainthe invariance- equivarianceproperty Otherprop-
ertiesof the 1D Hilbert transformcan easily be checled by calculationand are
discussedhn detailin [4].

3.2 Derivation of the Hilbert Transform

TheHilbert transformof 1D signalsemegesfrom complex analysisbhy meansof
the Cauchyformula[15]. Thereforeijt is straightforvardto derive anappropriate
2D generalizatiorof the Hilbert transformby meansof the higherdimensional
generalizatiorof complex analysisknown asClifford analysis[3]. As with geo-
metric algebra,Clifford analysisis not widely known, sowe choosevector eld
theoryto performthe derivations. It is a well known factthatanalytic functions
correspondlirectly to 2D harmonic elds [20]. This generalizeso 3D suchthat
monaenicfunctiong correspondo 3D harmonic elds. Thisequivalences used
in sectiond.1to derive the Riesztransformasa 2D generalizatiorof the Hilbert
transform.The aim of this sectionis to derive the Hilbert transformby meansof
2D harmonic elds. We show thatthe Hilbert transformrelatesthe components
of suchavector eld oneveryline with arbitrarybut x ed

A harmonicpotential is asolutionof the Laplaceequation

where — — . Thegradienteld of yieldsthe harmonicpotential
eld . In this derivationwe restrictthe Laplace
equationto the opendomain , with the boundarycondition

(Dirichlet problemof thesecondkind) yielding thesolution dependingn
. The samesolutioncanbe obtainedby an appropriatechoicefor the boundary

1In mathematicsthesefunctionsarealsocalledholomorphic Suchfunctionsarecharacterized
by having alocal power seriesexpansionabouteachpoint[20].

2Q0riginally monogeniavasanothey somavhatarchaictermfor holomorphic[20]. In Clifford
analysiditeratureit wasreusedor expressinghe multidimensionatharacteof thefunctions.
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condition , andwe show that this boundaryconditionis given by the
Hilbert transformof : (seealso g. 1).

| ye | -

Figurel: Harmonicpotential for andits gradienteld onthebound-
ary , Which is given by the 1D function andits Hilbert transform

Theharmonicpotential eld is irrotationalandsolenoidalin the half-space

and 1)

(2)

where (1) follows from  beinga gradient eld and (2) follows from being
harmonic.If weidentify  with thecomple planeaccordingto

andembed as , theseequationsare the Cauchy-
Riemannequationsyhich aresolvedby analyticfunctions.
There are several ways to solve eqgs.(1) and (2). Oneis to take the par
tial derivativesof the fundamentakolutionof the 2D Laplaceequation(
). Sincewe areonly interestedn therelationshipbetween and it is
easierto performthe calculationsin the frequeng domainof , which means
thatwe applythe 1D Fouriertransform, . From(2) it followsthat

andby pluggingin (i.e.,using(1)),



This differentialequationis solvedfor by

where isindependendf . Thereforethecomponentsf thegradienteld
are

and

Since canbe consideredasan analyticfunction, |, thecomponent is the
harmonic-conjugatef andvice versa20], whichis anothemway to saythat
and areaHilbert pair:

Hence,for ary x ed , the Hilbert transformrelatesthe componentof a
harmonicpotential eld. Thisrelationshipalsoholdsfor thecontinuousextension
of for : . Applying the
inverseFouriertransformyields andtherefore

is consistentvith thede nition of theanalyticsignal. Hence we have established
afundamentatelationshipbetweer2D harmonicpotential elds andthe 1D ana-
lytic signal.



4 The new2D Analytic Signal

Our new 2D analyticsignalis basedon a 2D generalizatiorof the Hilbert trans-
form, the Riesztransform[31]3, which is derived in the next section. The com-
binationof the signalandthe Riesztransformedneforms our new 2D analytic
signal,themonogenicsignal,whichis de ned in section4.2 usinganembedding
in thealgebraof quaternions.

4.1 The RieszTransform

In the light of the previous section,we startwith a 3D harmonicpotential for
deriving theRiesztransform.The boundaryconditionof the 3D Laplaceequation
is a2D function,andhencethe choiceof dimensionis appropriatdor 2D signals.
As we show in section5.1, the additionaldegreeof freedomallows usto encode
thelocal orientationof the signal.

Accordingto the derivation of the Hilbert transform,we show thatthe three
boundaryconditionsof the 3D Laplaceequationarerelatedby the Riesztrans-
form (seealso[25]), and hencethe Riesztransformreplaceshe Hilbert trans-
form when proceedingfrom 2D to 3D. Denotingthe harmonicpotential eld

as (where is the 3D gradientoper
ator), the boundarycondition reads . The relation of
to the othertwo boundaryconditions and

yieldsthede nition of the Riesztransform.
Theharmonicpotential eld is irrotationalandsolenoidalin the half-space

and 3)
(4)

where(3) followsfrom beingagradienteld and(4) followsfrom beinghar

monic. As before,we do not solve the equationausingthe fundamentakolution
of the 3D Laplaceequation( ), but insteadperformthe calculations
in thefrequeny domainof and . This meanghatwe applythe 2D Fourier
transform . Accordingly, we getfrom (4) thedifferentialequation

3At this place,we wantto thankT. Bullow for alludingto the existenceof the Riesztransform
andfor giving usthereference$31, 25] which enabledusto identify thetransform(8) in [10] as
such.
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with . Solvingthis equatiorfor yields

where isindependendf . Consequentlywe obtainfor (i.e.,
applying(3)):
(5)
(6)
(7)
Finally, we gettherelationsbetween and
(8)
9)
Hence,for ary x ed , the component®of a harmonicpotential eld are

relatedby (8) and(9). This relationshipalsoholdsfor the continuousextension

of for and

. Setting
andde ning sothat , we getthe expressionof the Riesz
transformedsignalin thefrequeny domain,

— (10)
Thetransferfunctionof theRiesztransfornt, , constitutesa 2D generalization
of the Hilbert transform. In the following we usethe notation
since . Themultiplicationin the Fourierdomainin (10) correspondso the
following corvolutionin thespatialdomain

— (11)

where is obtainedoy applyingthe derivative theoremof the Fouriertransform
to [2] (seealso[31]). Hence,we have establishedhe Riesz
transformto be a appropriate2D generalizatiorof the Hilbert transformin the
contet of avector eld basedlerivation.

40ur de nition of the Riesztransformdiffersto thosein [31] by a minussign dueto
insteadof
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4.2 The MonogenicSignal

In section3, we usedtheanalogybetweer2D vector elds andcomple functions
to obtainthe comple-valuedanalytic signal I . The algebra
of complex numberss not sufcient to embeda generalized®D analyticsignal,
consistingof thesignal andits Riesztransformvector , sincewe have three
componentsiow. Actually, functiontheorycorrespondingo 3D (and D) vector
elds is givenby meansf Clifford analysi43]. If weembed intothesubspace
of  spannedby accordingto and
, theequationg4) and(3) areequialentto
thegeneralizedCauchy-Riemanequationgrom Clifford analysig3]. Functions
thatful Il theseequationsarecalled(left) monaenicfunctions.Accordingly, we
de ne themonaenicsignalusingthe sameembeddingy thetransferfunction

(12)

whichis equivalentto . Notethatwe have movedthe
imaginaryunits and to the left to obtaina compactexpression( is a skew
eld, i.e.,non-commutatie).

Now, having de ned the monogenicsignalasa 2D generalizatiorof the an-
alytic signal,we checkwhetherthe propertiesof the latterareful lled. Firstwe
look at somepropertiesof the Riesztransform:

It is anti-symmetricsince . Notein this context that
symmetryin 2D canbe with respectto a point or to a line. The choice
of symmetryis fundamentato designingthe generalizatiorof the Hilbert
transform(in 1D, thereis only onesymmetry).Obviously, the Riesztrans-
form correspondgo point-symmetry whereasthe approachin [4] corre-
sponddo line-symmetrywith respecto the coordinateaxesandthe partial
Hilbert transformcorrespondso line-symmetrywith respecto the prefer
encedirection.

It suppressethe DC component.We have a singularity at . If we
removeit by continuouslyextendingthetwo componentsf theRiesztrans-
form alongthelines (eq. (8)) and (eq. (9)), we immediately
get

Theenegy hasvalueonefor all non-zerdrequencies:
This follows directly from the de nition of in (10).

Thesepropertiecanbeveri ed by consideringhevector eld (seeg. 2).
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Figure2: Transferfunctionof theRiesztransformdisplayedasavector eld. The
axesarethefrequencies and . Thevector eld is givenby the normalized
frequeng vectors(see(10)) andby settingit to zeroatthe origin (seetext).

Accordingto the propertiesof the Riesztransform,andin comparisorto the
analyticsignal,themonogenicsignalhasthefollowing properties:

Its enepgy is two timestheenepy of theoriginal signalif theDC component
is neglected:

In polarcoordinatesthemonogenicsignalful lls thesplit of identity. Since
the enegy is only modi ed by a constantreal factorwe concludethatthe
amplitudeof the monogenicsignalis isotropic, which meansthat thereis
no dependencen the orientationof a signal(seealso g. 3). This canbe
comparedo theisotropy propertyof the structuretensor which ful lls the
invariance— equwariancepropertywith respectto enegy and orientation
(but notphase) Furtherdetailswill bediscussedhn section5.2.

The spectrunof the monogenicsignalis not one-sidedi.e., it includesre-
dundancieshut this propertyis irrelevantfor imagerecognition.Neverthe-
less,it is possibleto usea non-redundantepresentatiofiLO].
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Figure 3: Left: testimageshawing all evenandodd symmetriedor all orienta-
tions; right: the enegy of the correspondingnonogenicsignalis isotropicand
independentf thelocal symmetry

5 Inter pretation of the Monogenic Signal

In orderto obtainan appropriate2D analytic signal, we introducea phaseap-
proachfor themonogenicignalin thenext section.Therelationof thenew phase
to the 1D phasads thendiscussedh section5.2.

5.1 The Phaseof the MonogenicSignal

The phaseof a comple signalis a measureof the rotation of a real signalin
the comple plane. In 2D spacethe rotation axis is unique exceptfor the di-
rection of rotation. Therefore,the polar representatiorof a complex number
is uniquelyde ned by o , Where is given
by with . Thefactor
indicatesthe directionof rotation. If we usethis de nition the negative
realnumbersaresingular becaus¢hey have anangleof with respecto positive
and negative rotations.

In 3D spaceherotationaxisis representetdy a 3D unit vector The straight-
forward generalizatiorof a 2D angleis thenavectorwith thelengthcorrespond-
ing to therotationangleandthedirectioncorrespondingo therotationaxis. This
vectoris calledthe rotation vector. Consequentlywe de ne a new arctangent
functionby therotationvectorwhich representshe rotationof into
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(with , seealso g. 6):

— — (13)
where yieldsthedirectionof therotationvector Again,there
is a singularityif , but now it becomesnore obviouswhy this

is a singularity: the magnitudeof the rotationvectoris well de ned by , but
therotationaxisis arbitraryin the 2D subspacerthogonalto . Thereforeany
rotationvectorin thatsubspacés a solutionof (13).

If we have asmoothvector eld andwe wantto use(13) asade nition of the
phaseof the vector eld (aswe will doin the next paragraph)it is possibleto
extendthede nition: if we considerthevaluesof (13) in anopenspherewith ra-
dius aroundthesingularpointandlet tendto zerowhile averagingtherotation
directionswe getawell de ned rotationvectorbecausef thesmoothnessf the
vector eld. Thiscontinuousextensionof theorientationis usedin [9] for astable
orientationestimation.

Using(13) we areableto de ne the phaseof themonogenicsignal(abbrevia-
tion: monogenigphasepy

(14)
where isthevector eld suchthat . Therotationvector eld
representshe rotationof the real-valuedsignal
into the quaternionic-aluedsignal . Notethattherealcomponent
is the third componenbf the 3D vector
Therotationvector alwayslies in the planeorthogonalto since
, andhence . Comparabldo phasewrappingin 1D,

thereis a wrappingof the phasevectos of the monogenighase:if avectorin a
certaindirectionwould exceedtheamplitude , it is replacedyy the vectorminus
timesthe unit vectorin thatdirection,i.e., it pointsin the oppositedirection,
seeg. 4.
In section4.2we alreadyusedthe normof the quaterniondor calculatingthe
enepgy of a monogenicsignal. Indeed,the normis usedfor de ning the local
amplitudeof by

(15)

The choiceof de nitions for the local phase(14) and local amplitude (15)
establishes transformationto polar coodinates Giventhe local phase
andthelocalamplitude of amonogenicsignal,it canbereconstructedby

(16)
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Figure4: Monogenicphaseof onepartof g. 3, left (curvedline, displayedas
underlyinggrayscaldmage). The phases representetby the vector eld which
is obtainedaccordingto (14). Hence,the lengthindicatesthe rotationangleand
thedirectionindicatesherotationaxis. Notethe phase-wrapping.

To seethis, obsene thatfrom we get

and

Plugging(13)into (14)yields

In the previous section,the property "split of identity' was discussednly
with respecto theisotropy of the enegy (or amplitude). Now, having a de ni-
tion of the monogenighasewe recognizethat amplitudeand phaseareindeed
orthogonal.Thelocal amplitudeincludesenegeticinformationandthe phasen-
cludesstructuralinformation. In contrastto the 1D case the phasenow includes
additionalgeometricinformation The orthogonalityof structuralandgeometric
informationis discussedat the endof the next section.
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5.2 The Relationto the 1D Analytic Signal

Up to now, we have consideredhe 1D analytic signalandthe 2D monogenic
signalastwo approachesyhich areonly relatedby the factthatthe latteris the
generalizatiorof the former with respectto the dimensionof the domain. In
signaltheorythereis awell known relationbetweerlD and2D signalstheRadon
transform[29]. The Radontransform mapsa 2D signal onto an orientation
parameterizefmily of 1D signalsby integratingthe 2D signalontheline given
by the orientationparameter:

(17)
where is the Dirac deltaand is the normalvectorgiven
by the orientatior? . Geometrically the Radontransformprojects(or-

thogonally)the 2D signalonto a line with orientation . The Radontransform
is invertible, andthereare someimportanttheoremsaboutsignalsin the Radon
domain,suchastheFourierslicetheorem18]:

(18)

As a consequencef the slice theorem,the Radontransformrelatesthe Riesz
transformof a 2D signalto the Hilbert transformsf the 1D signalsobtainedrom

the Radontransforn?. Accordingly, we concludethat the interpretationof the
monogenighaseof intrinsically 1D signalsin 2D spacds the sameastheinter-

pretationof thecomplex phasdan 1D space However, for intrinsically 2D signals
we alsoobtainaninterpretationby decomposinghe signalinto its intrinsically
1D parts.Indeed the Radontransformis the connectindink betweerthe 1D and

2D approaches.

TheRadontransformof theRiesztransform , how embed-
dedin  accordingo (12), of a 2D signal is givenby the Hilbert transform
of the Radontransformof accordingto

(19)

This equivalencecaneasilybeshavnin the Fourierdomain,usingthelinearity of
theRadon Riesz Hilbert, andFouriertransforms:
(18)

SNotethedifferencebetweerdirectionandorientationin this context: a directioncorresponds
to avector, anorientationto a 1D subspace.

6Actually, this relationshipandalsothe Riesztransformarewell coveredby the resultsfrom
Caldebn-Zygmundheory[32], whichis not very accessibléo engineerandcomputerscientists
dueto its abstracimathematicaformulation. Therefore we think that calculus-basedervations
of theseresultsarehelpful.

17



Hence theRadontransformallows usto calculatethe Riesztransform(andthere-
fore alsothe monogenicsignal) by usingthe Hilbert transform(seealso g. 5).

spatial domain Radon domain
. Radon transform
signal Radon transformed
I L
S
@
3
@
£ S
O -
‘Z’ 3
& Hilbert Radon transformed
0 >
Q o
[n'd g-
=
=
=
=}
<
y
. Radon transform .
Riesz transformed Radon Riesz transformed

Figure5: TherelationbetweenRadon,Riesz,andHilbert transform. The Riesz
transformin the spatialdomain(left) is equialentto the Hilbert transformwith
subsequennultiplicationby the orientationvectorin the Radondomain(right).

This can be usedto circumwent applicationof the Riesz transformin the
Fourier domain (actually applicationin the spatialdomainis not very reason-
abledueto thein nite extentof the impulseresponsesee(11)). Especiallyin
applicationswherethe datais givenin the Radondomain(e.g. X-ray tomogra-
phy), it is advantageous$o have this equivalence By thefollowing algorithm,we
getthemonogenicsignaldirectly from datagivenin the Radondomain:

1. calculatethe Hilbert transform ,
2. multiply by and ,

3. calculatetheinverseRadontransformof , ,and

Having the monogenicsignal,we canapply otheralgorithmsfor estimatinglocal
propertiesdetectingreaturesetc. (seef9]).
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A secondapplicationof (19) is the designof spherical quadmature lter s
(SQFs)with nite spatialextent. As with a 1D quadraturelter (QF), which is
aHilbert pair of bandpasdters, anSQFis a Riesztriple of bandpasdters. Fil-
terswith nite extentcanonly be obtainedby anoptimizationasin the 1D case.
The following algorithmproduceoptimized lters usingoptimized1D QFsand
anoptimizedinverseRadontransform(seee.g.[18]):

1. chooseanoptimized1D QF with appropriatesize(this sizewill laterbethe
radiusof the SQF),

2. createthe RadonRiesztransformedsignal by multiplying the odd part of
the 1D QF with and ,

3. applythe(optimized)inverseRadontransform.

Thetriple of Iters obtainedby this procedurecanbe appliedto a 2D signal(im-
age)by convolutions, resultingin the bandpassitered monogenicsignalof the
image.

A third consequencef (19)is thatthe interpretatiorof the monogenighase
is givendirectly by the phaseof the analyticsignal,since

where is rotationabouttherealaxisby . Evaluatingthelastline for

gives , 1.e., the analytic signal of

For ary the Radontransformof the monogenicsignalis just the analytlc
signalof the Radontransformof the signalbut with theimaginaryunit rotated
by . Theimpactof this resulton theinterpreta-

tion of themonogenighaseis thatfor linear structureswith large support(lines,
edgesin images),the Radontransformis dominatedby this structure. Hence,
the monogenicphaseis given by the main orientation andthe 1D phaseof
. In theidealizedcase(i.e., the signalis constantin onedirection),

the Radontransformis non-zeroonly for the main orientation. Accordingly, the
in (19) is constaniequals ) andthe Riesztransformis given by

. Thus, (19)is simpli ed to
theoreml in [13]. In contrastio theidealizedcase (19) alsoprovidesa sensible

interpretatiorfor non-perfecsignals.

For anintrinsically 1D signalwe getthefollowing decompositiorof thephase
vector(14) while keepingthe local phaseof the underlying1D signal: therota-
tion vector is orthogonato thelocal orientation(i.e., the orientationof the
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Dirac line in the Fourier domain)of the 2D signaland repre-
sentsthelocal 1D phaseof the 2D signal(seealso g. 6). Theseinterpretations
are consistentwith the former de nition of local phaseandlocal orientationin
[10].

real axis

Figure6: Phaseepresentationsingarotationvector . Firsttherealvalue is
rotatedaboutthe secondaxis( -axis)by , andsecondaboutthethird axis (real
axis)by . Therotationvectoris orthogonato the planespannedy therealaxis
andthe vector . lIts lengthis given by the anglebetweenthe real axisand .
Although the rotationvectoris unique,the decompositioris not. Therearetwo
possibilities:1. and2.

Note that thesede nitions do not yield a uniqguephaserepresentationsince
a rotation of the signalby yields the sameorientationand a negatedphase.
This ambiguitycanbe visualizedby two differentdecompositionsf the rotation
vector (see g. 6). The sameproblemalso occursin the context of oriented
quadraturelters (see[14]), whereGranlundandKnutssonclaim thatthereis no
local way to getthe directionfrom the orientation. In the papers[5] and[22],
it is proposedo apply anunwrappingof the orientation(modulo ) in orderto
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obtaina consistenphaserepresentationTheapplicationin bothpaperss the2D
demodulatiomeededor interferogranprocessing.

If the monogenigphasas decomposethto local orientationandlocal phase,
the split of identity (the third propertyof the analytic signal)is also presered
with respecto geometricandstructuralinformation. Thelocal phasds invariant
to change®f thelocal orientationandthelocal orientationis invariantto changes
of thelocal structure(up to theambiguityexplainedabove). If we canrecoverthe
correctlocal directionfrom thelocal orientationwe have anidealsplit of identity
with respecto enegetic,geometricandstructurainformation. The problemwith
thecorrectlocal directionis thatthereis no absolutesolution,only arelative one.
This relative solution can be obtainedby constraintson the smoothnes®f the
phaseandorientation.
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6 Conclusions

In the presenipaperwe have analyticallyderivedthe monogenicsignal,a gener
alizationof the analytic signalto two dimensions.This new 2D analytic signal
is basedon the Riesztransformand preseresthe propertiesof the 1D analytic
signal. In contrastto previous approachet is isotropic,andtherefore performs
a split of identity. The informationincludedin the signalis orthogonallyde-
composednto enegetic, structuralandgeometrianformationby meansof local
amplitude,local phase,andlocal orientation. We have establishedan equality
which directly relatesthe 1D analyticsignalandthe 2D monogenicsignal. The
Radontransformwasshown to bethe appropriategool for shifting the 1D Hilbert
transformto 2D.

Onecanimagineawide eld of possibleapplicationf themonogenicignal.
Up to now, several applicationshave beenrealized. For example: estimationof
thelocal orientation,contrastindependenédgedetection(seebothin [9]), Moiré
interferogramg22, 5], texture analysig[13], imagedenoising[11], curvaturees-
timationandcornerdetection12], andstereocorrespondence.

Both the monogenicsignalandits applicationsareeasieito formulatein geo-
metricalgebra.lt is evenpossibleto generalizehe approacho arbitrarydimen-
sions[8]. Neverthelessywe chosethe vectornotationsinceit is more common.
It was only necessaryo formulate somedetails using quaterniongwhich is a
speci ¢ geometricalgebra)in orderto have thetoolsfor geometriccomputations
available. For applicationshowever, it is not necessaryo make useof geometric
algebra. The monogenicsignalis obtainedby ordinaryreal-valuedconvolution
kernels.

Acknowledgments

The authorswould like to thank N. Kruigerfor mary fruitful discussions.This
work hasbeensupportedby GermanNational Merit Foundationand by DFG
Graduiertenklleg No. 357 (M. Felsbeg), and by DFG Grant So-320-2-2(G.
Sommer).

22



Appendix

The algebraof quaternionss not well known. Therefore we give a shortintro-
ductionin thisappendix.n section2 we de ned thequaterniongo bethealgebra
onthereal4D vectorspacespannedy (i.e.,aquaternioris of theform
) with the algebraproductde ned by and
. From thesetwo ruleswe canderive all otherproductsof base
elementssince , ,and . Addition
andsubtractiorof quaternionss givenby vectoraddition( )

andmultiplicationwith arealnumber by eld multiplication

The multiplication of two arbitrary quaterniongs obtainedby associatrity and
distributivity

The conjugateof a quaternion is de ned by , Sothat
thenormof is o . Additionally, the quaternions
area division algebra which meansthat the inverseof a quaternionis uniquely
givenby . The exponentialfunction of a quaternion is de ned by

— (which corvergessince cornverges),andary linear
combinationof and with unit magnitudecanbe substitutedor theimaginary
unitin the Eulerformula:

Hence the only fundamentatlifferenceto working with complex numberds that
the baseelements do not commute. For a more detailedintroduction of
quaternionseee.g.[23].
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