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Abstract

This paperintroducesa two-dimensionalgeneralizationof the analytic
signal. This novel approachis basedon theRiesztransform,which is used
insteadof theHilbert transform.The combinationof a 2D signalwith the
Riesztransformedoneyieldsa sophisticated2D analyticsignal,themono-
genic signal. The approachis derived analytically from irrotational and
solenoidalvector�elds. Basedon local amplitudeandlocal phase,an ap-
propriatelocal signalrepresentationis presentedwhich preserves the split
of identity, i.e., the invariance– equivariancepropertyof signaldecompo-
sition. This is oneof the centralpropertiesof the 1D analyticsignal that
decomposesa signal into structuraland energetic information. We show
that furtherpropertiesof the analyticsignalconcerningsymmetry, energy,
allpasstransferfunction,andorthogonalityarealsopreserved,andwecom-
parethis to the behavior of otherapproachesfor a 2D analyticsignal. As
a centraltopic of this paper, a geometricphaseinterpretationis introduced
which is basedon the relationbetweenthe 1D analyticsignalandthe 2D
monogenicsignal establishedby the Radontransform. Possibleapplica-
tionsof thisrelationshiparesketchedandreferencesto otherapplicationsof
themonogenicsignalaregiven.

This report is a revised versionof the technicalreport 2009 [7], and
thereforesupercedesit.
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1 Intr oduction

Theanalyticsignalis animportantcomplex-valuedrepresentationin one-dimen-
sionalsignalprocessing,which is usedin variousapplicationslike codinginfor-
mation(phaseandfrequency modulation),radar-basedobjectdetection,process-
ing of seismicdata[24], speechrecognition,airfoil design[33], etc. Someof
theseapplicationscanberelatedto problemsin imageprocessing,which is based
on 2D signalprocessing.For example,the demodulationof 2D functionsis the
problemwe encounterif we want to recover the shapeof a surfacefrom an in-
terferogram[28]. Furthermore,thelocal frequency canbetakenasa measurefor
local scale(i.e., the frequency band)[18], structuressuchaslinesandedgescan
bedistinguishedby the local phase[14], the local amplitudeandthe local phase
canbeusedfor edgedetection[19], andthe local phasecanbeusedto estimate
thedisparityof stereoimages[16] or the�o w in imagesequences.

From the viewpoint of imageprocessingand recognition,the fundamental
propertyof theanalyticsignalis thesplit of identity. This meansthat,in its polar
representation,themodulusof thecomplex signalis identi�ed asa localquantita-
tivemeasureof asignal,calledlocal amplitude, andtheargumentof thecomplex
signalis identi�ed asa local measurefor thequalitative informationof a signal,
calledlocal phase. Local amplitudeandlocal phaseful�ll the propertiesof in-
varianceandequivariance[14]. This meansthatthelocal phaseis invariantwith
respectto the local energy of thesignalbut changesif the local structurevaries.
The local amplitudeis invariantwith respectto the local structurebut represents
the local energy. Energy andstructureareindependentinformationcontainedin
a signalunlessthe signal is a combinationof partial signalswith differentlocal
phaseson differentscales.In the lattercase,to maintainthe invariance– equiv-
arianceproperty, thesignalmustbebandpass�ltered in orderto removetheother
partial signals. Quadrature(mirror) �lters arewell-known operators[14] which
deliverbandpass�ltered amplitudeandphaseinformation.Sinceit is (at leastap-
proximately)possibleto separatethesignalinto its partialsignalsby usingnarrow
bandpass�lters, wecanthink of thepolar representationof theanalyticsignalin
anarrow frequency bandasanorthogonaldecompositionof information.Wewill
usethe termsstructural informationandenergetic informationin the following.
This terminologyalsogiveshintsfor designingmethodsfor automaticimageun-
derstanding,sincethemaininformationis carriedby thephase[27].

Theanalyticsignalfor theone-dimensionalcaseis well known, andfrom the
discussionabove we can say that a sophisticatedgeneralizationof the analytic
signal to two dimensionsshouldkeepthe ideaof the orthogonaldecomposition
of theinformation.Hence,it shouldhave a representationwhich is invariantand
equivariantwith respectto energeticandstructuralinformation.Theproblemnow
is thataone-dimensionalmeasurelikethelocalphasecannotencode2D structure
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becauseit doesnothaveenoughdegreesof freedom.Indeed,thecommonlyused
generalizationwhich is obtainedby calculatingtheHilbert transformwith respect
to one of the axes of the imagecoordinatesystem(or an arbitrary preference
direction [14]) is not isotropic. Therefore,local phaseand local amplitudeare
effectedby asystematicerrorwhichdependsontheanglebetweentheaxes(or the
preferencedirection)andtheorientationof thesignal.Thisproblemis equivalent
to thedesignof an isotropicodd2D �lter (which is not possiblein the complex
domain[19]) or to thesolutionof the2D dispersionequation(which is alsonot
possible,accordingto [1, 26]). In our opinion,thereasonfor thefailure thusfar
in designinganappropriate2D analyticsignalis therestrictionto thealgebraof
complex numbers.In his thesis[4], Bülow chosehypercomplex algebrasin order
to designa local phaseconceptof 2D signals.Nevertheless,the local energy of
his quaternionicanalyticsignalis in generalnot constantif theorientationof the
signal is changed,i.e., it is not isotropic. Hence,the invariance– equivariance
propertyis not perfectly ful�lled with respectto rotations. More detailsabout
theseapproachesfor a2D analyticsignalwill begivenin thebeginningof section
3.

In this paperwe alsomake useof the quaternions.However, in contrastto
Bülow, we retaina one-dimensionalphasebut addtheorientationinformationto
the quaternionicrepresentationof the signal. This yields an approachthat takes
thelocally strongestintrinsically one-dimensional[21] structureandencodesit in
theclassical1D phase.Its orientationis encodedin a new componentwhich we
call, accordingto localphaseandlocalamplitude,thelocal orientation. Sinceori-
entationis a geometricproperty, we call this informationgeometricinformation.
For intrinsically 2D signals,the propertiesof our new generalization,which we
call monogenicsignal, will bediscussedin thecontext of therelationshipbetween
the1D phaseandthemonogenicphaseestablishedby theRadontransform.The
monogenicsignalis alsorelatedto thestructuretensor(e.g. [14]), but in contrast
to that it is linear. Actually, we derivedit startingfrom thestructuretensor. Our
resultcanbe consideredasa combinationof the analyticsignalwith the orien-
tation vectorwhich is obtainedfrom the structuretensor. Therefore,in the �rst
publishedresult[10], weusedtheterm`structuremultivector',which is now used
for anextendedapproach[12].
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2 Preliminaries

In this sectionwe give themathematicalframework for whatfollows. Originally,
we derivedthemonogenicsignalusinggeometricalgebra(seee.g. [17, 30]) and
Clif ford analysis(e.g.[3]). Theformulationin geometricalgebrais preferablebe-
causesomenotationalproblemsareavoidedandthederivationis straightforward
(see[8]). Nevertheless,sincegeometricalgebrais lesswidely known, we for-
mulateour approachin vectornotation. Theonly exceptionsaresomeformulae
wherewemakeuseof thealgebraof quaternions.
Throughoutthispaper, weusethefollowing notation:

� Theconsidered(real) signals(or images)are1D or 2D functions
�

which
arecontinuouslydifferentiableandin ��� , so thatall mentionedtransforms
canbeperformed.

� While scalarsand quaternions(seebelow) are denotedby italic letters,
vectors in � ��� are representedby boldfaceletters 	�
 ��
�����


�

����������
������

( � indicatesthetranspose).Thescalarproductis denotedby � �!���#" . In 2D,
onevectororthogonalto 	$
%�&
���� 


�

�
� is 	�'(
%�&


�

��)�
*���
� . In 3D, 	,+.-

indicatesthecrossproduct.

� The / D Fourier transform( /0
213�54 ) of
�

��	6� is denotedby

7

�98:�;
=<>�@?

�

��	6�5AB


CED F@G

�

�&	6�EH5IEJK��)>LM4ON��&	P�Q8:"R�TSU	V�

� The algebraof quaternions� W is spannedby ?X1U��L��MYU�5Z[A and the product
is de�ned by L

�

\Y

�

 )]1 and L!Y=
 )^Y�L_
`Z . Furtherdetailsabout

quaternionsaresummarizedin theappendix.Wesometimesswitchbetween
2D vectorsandquaternionsby �&L��MYa�b	c
d
���LTef


�

Y andbetween3D vectors
andquaternionsby �gL��hYU��1i�b	c
=
kjlem
*��L�en


�

Y . Theconjugateof aquaternion
o is denotedby p

o andits normby q

o

q .

� TheHilbert transformis de�ned by thetransferfunction rs�t�&uv�P
dL�w�xzyU{��&u��

and the transformedsignal is denoted
�U|

�&
v� [18]. The analytic signal is
givenby

�O}

��
v�;


�

�&
v�~)$L

�•|

�&
v� .

5



3 The Hilbert Transform

As amotivationfor thefollowingsections,werecallsomepropertiesof theHilbert
transformandthe analyticsignal in 1D. We show that someof theseproperties
arelost for theknown 2D approaches.Furthermore,wepresentaderivationof the
Hilbert transformfrom two-dimensionalvector�elds which will be generalized
to 2D in section4.1.

3.1 The Hilbert Transform and Analytic Signal in 1D and 2D

TheHilbert transformhassomeimportantpropertieswhich areworth beingpre-
servedin its two-dimensionalgeneralization:

� It is anti-symmetric:r_�t��)>uv�;
2) r �t�&uv� .

� It suppressestheDC component:r �l�

�

�P


�

.

� Its energy is equalto onefor all non-zerofrequencies:q rs�t�&uv�iqO
21��vu�� 


�

.

Accordingly, theanalyticsignalhasthefollowing properties:

� Its energy is two timestheenergy of theoriginal signal(if theDC compo-
nentis neglected),because

�

and
�U|

areorthogonal.

� Theanalyticsignalperformsasplit of identity (seesec.1).

� Thespectrumof ananalyticsignalis one-sided:rs�t�&u��P


�

�vu��

�

.

Sincethe 2D Hilbert transformis a key to designinga 2D analytic signal,
we concentrateon approachesinvolving it. As far as we know, the following
approachesfor generalizingthe Hilbert transformto higher dimensionscan be
foundin theliterature(for amoreextensivediscussion,see[4]).

� Partial Hilbert transform.TheHilbert transformis performedwith respect
to a half-spacewhich is chosenby introducinga preferencedirection[14]:

r	�;�98:�n
�L�w x!yU{*��� 8;��
:"R� . TheHilbert transformperformedwith respectto
oneof theaxesis a specialcaseof thepartialHilbert transform.Themain
drawbackis themissingisotropy of thetransform.

� TotalHilbert transform.TheHilbert transformis performedwith respectto
both axes: r
�~�98:�]
 )cw�xzyU{��gu*� �Ew x!yU{*�gu

�

� (see[15]). This approachis not
a valid generalizationof theHilbert transform,sinceit doesnot performa
phaseshift of N��34 .
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� A combinationof partialHilbert transformsandthetotal Hilbert transform
in the complex Fourier domainyieldsa one-quadrantanalyticsignal[15]:

r��;�98:�c
 LR�gw x!yU{*�gu*� � e w�x!y3{K�gu

�

� e w�xzyU{K�&u*� �Ew�xzyU{K�&u

�

��� . This approachis
neithercompletenor isotropic.

� Combinedpartial andtotal Hilbert transformsin the quaternionicFourier
domain: Insteadof usingthe complex Fourier transform,the quaternionic
Fourier transform[6] is used. The result is discussedin detail in [4]. As
alreadypointedout in theintroduction,thisapproachis not isotropiceither.

Hence,acommondrawbackof all previousapproachesis themissingisotropy
which is necessaryto obtainthe invariance– equivarianceproperty. Otherprop-
ertiesof the 1D Hilbert transformcaneasilybe checked by calculationandare
discussedin detail in [4].

3.2 Derivation of the Hilbert Transform

TheHilbert transformof 1D signalsemergesfrom complex analysisby meansof
theCauchyformula[15]. Therefore,it is straightforwardto deriveanappropriate
2D generalizationof the Hilbert transformby meansof the higherdimensional
generalizationof complex analysisknown asClif ford analysis[3]. As with geo-
metricalgebra,Clif ford analysisis not widely known, sowe choosevector�eld
theoryto performthederivations.It is a well known fact thatanalytic functions1

corresponddirectly to 2D harmonic�elds [20]. This generalizesto 3D suchthat
monogenicfunctions2 correspondto 3D harmonic�elds. Thisequivalenceis used
in section4.1 to derive theRiesztransformasa 2D generalizationof theHilbert
transform.Theaim of this sectionis to derive theHilbert transformby meansof
2D harmonic�elds. We show that theHilbert transformrelatesthe components
of suchavector�eld on every line with arbitrarybut �x ed 


�

.
A harmonicpotential� is asolutionof theLaplaceequation

�

�_
 ���s��� "��_


�

where � 
 �	�

��

�

���

��
��

� � . The gradient�eld of � yields the harmonicpotential
�eld �P��	6� 
����X�t�&	6�5���

�

�&	6� �
�


����6��	6� . In this derivationwe restricttheLaplace
equationto the opendomain 


�

�

�

, with the boundarycondition �

�

�&
*���

�

� 


�

�&
*��� (Dirichlet problemof thesecondkind) yieldingthesolution� dependingon
�

. Thesamesolutioncanbeobtainedby anappropriatechoicefor theboundary
1In mathematics,thesefunctionsarealsocalledholomorphic. Suchfunctionsarecharacterized

by having a localpowerseriesexpansionabouteachpoint [20].
2Originally monogenicwasanother, somewhatarchaictermfor holomorphic[20]. In Clifford

analysisliteratureit wasreusedfor expressingthemultidimensionalcharacterof thefunctions.

7



condition �a�l��
*�5�

�

� , and we show that this boundarycondition is given by the
Hilbert transformof

�

:
�3|

�&
*���;
 �X�t�&
*���

�

� (seealso�g. 1).

�������	��


line
�
�����

����� � 


������� � 


����� � 


�������	��


����� � 


�

����


� �

�
�

Figure1: Harmonicpotential�6�&	�� for 


�

�

�

andits gradient�eld on thebound-
ary 


�




�

, which is given by the 1D function
�

��
�� � andits Hilbert transform
�•|

��
*� � .

Theharmonicpotential�eld � is irrotationalandsolenoidalin thehalf-space



�

�

�

:

�����

�P��	6�;
 ���s� �P��	6�

'

" 


�

�

�

��	6�

�


*�

)

�

�a�l��	6�

�




�




�

and (1)

�

x! �P��	6�;
 ���s� �P��	6��";


�

�X�l�&	��

�


*�

e

�

�

�

��	6�

�




�




�

� (2)

where(1) follows from � being a gradient�eld and (2) follows from � being
harmonic.If we identify � �

� with thecomplex planeaccordingto
"


 �&L���1i�M	.
 


�

e L9
*�

and embed � as � # 
 �b) L ��1i� � 
 �

�

) L �a� , theseequationsare the Cauchy-
Riemannequations,whicharesolvedby analyticfunctions.

Thereare several ways to solve eqs.(1) and (2). One is to take the par-
tial derivativesof the fundamentalsolutionof the 2D Laplaceequation(�6�&	��]


$

�

ynq 	^q ). Sincewe areonly interestedin the relationshipbetween�T� and �

�

, it is
easierto performthe calculationsin the frequency domainof 
6� , which means
thatweapplythe1D Fouriertransform,< � . From(2) it follows that

<m�Q?

�

x% �P�&	��5A@�gu*�b��
=LM4ON*uK�'& �l�&uK�R��


�

�Ke

�

�




�

&

�

�gu*�5��


�

�P


�

�

andby pluggingin �0
 ��� (i.e.,using(1)),

))(•N

�

u

�

�+*

�&u*�Q��


�

�Ke

�

�

�




�

�

*

�gu*�Q� 


�

�;


�

�
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Thisdifferentialequationis solvedfor 


�

�

�

by

*

�&uK�R��


�

�P
�� �gu*� �EH5IEJK� 4ON q u*��q 


�

�

where� �guK��� is independentof 


�

. Therefore,thecomponentsof thegradient�eld
are

& �l�gu*�5��


�

�;
=LM4ONKu*�

*

�gu*�5� 


�

� and

&

�

�gu*�5��


�

�;
 4ON q u*� q

*

�&u*�Q��


�

� �

Since � canbe consideredasan analytic function, � # , the component�a� is the
harmonic-conjugateof �

�

andviceversa[20], which is anotherway to saythat �E�

and �

�

areaHilbert pair:

& �t�&uK�Q��


�

�P
 L�w�xzyU{K�&u*� ��&

�

�gu*�5� 


�

�P
 r �t�gu*� �+&

�

�&uK�R��


�

�(�

Hence,for any �x ed 


�

�

�

, the Hilbert transformrelatesthe componentsof a
harmonicpotential�eld. This relationshipalsoholdsfor thecontinuousextension
of � for 


�

�

)

�

: & �l�&u*�5�

�

� 
 r �t�gu*� �+&

�

�gu*�5�

�

�^
2r �t�gu*� �

7

�&u*��� . Applying the
inverseFouriertransformyields

�U|

�&
*���P
 �X�t�&
*���

�

� andtherefore

�O}

�&
*���;
 � #���
*���

�

�

is consistentwith thede�nition of theanalyticsignal.Hence,wehaveestablished
a fundamentalrelationshipbetween2D harmonicpotential�elds andthe1D ana-
lytic signal.
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4 The new2D Analytic Signal

Our new 2D analyticsignalis basedon a 2D generalizationof theHilbert trans-
form, the Riesztransform[31]3, which is derived in the next section.Thecom-
binationof thesignalandtheRiesztransformedoneformsour new 2D analytic
signal,themonogenicsignal,which is de�ned in section4.2usinganembedding
in thealgebraof quaternions.

4.1 The RieszTransform

In the light of the previous section,we startwith a 3D harmonicpotential� for
deriving theRiesztransform.Theboundaryconditionof the3D Laplaceequation
is a2D function,andhencethechoiceof dimensionis appropriatefor 2D signals.
As we show in section5.1, theadditionaldegreeof freedomallows usto encode
thelocal orientationof thesignal.

Accordingto the derivationof the Hilbert transform,we show that the three
boundaryconditionsof the 3D Laplaceequationarerelatedby the Riesztrans-
form (seealso [25]), andhencethe Riesztransformreplacesthe Hilbert trans-
form when proceedingfrom 2D to 3D. Denoting the harmonicpotential �eld
as � �&	6� 
 ���a���&	6�5���

�

�&	6�5���3j �&	6� � � 
 � �6�&	6� (where � is the 3D gradientoper-
ator), the boundarycondition reads ��jO��
*�5��


�

�

�

� 


�

��
*�5��


�

� . The relation of
�3jO��
*�5��


�

�

�

� to the othertwo boundaryconditions�E�t��
*����


�

�

�

� and �

�

��
*����


�

�

�

�

yieldsthede�nition of theRiesztransform.
Theharmonicpotential�eld � is irrotationalandsolenoidalin thehalf-space


[j �

�

:

�����

�P��	6� 
 �V+ � �&	6� 


�

and (3)
�

x! �P��	6� 
 ���s� �P��	6��" 


�

� (4)

where(3) follows from � beinga gradient�eld and(4) follows from � beinghar-
monic. As before,we do not solve theequationsusingthefundamentalsolution
of the3D Laplaceequation(�6��	6�B
\q 	 q��

� ), but insteadperformthecalculations
in thefrequency domainof 
�� and 


�

. This meansthatwe apply the2D Fourier
transform<

�

. Accordingly, wegetfrom (4) thedifferentialequation
�

�

�




�

j

*

�gu*�5�Ru

�

� 
[j���
 (3N

�

o

�

*

�gu*�5�Ru

�

��
[j��

3At this place,we wantto thankT. Bülow for alludingto theexistenceof theRiesztransform
andfor giving usthereferences[31, 25] which enabledusto identify thetransform(8) in [10] as
such.
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with o




�

u

�

�

e u

�

�

. Solvingthisequationfor 
kj �

�

yields

*

�gu*�Q�Ru

�

� 
[j5�;
 � �gu*�5�Ru

�

�EH5IEJ]�94ON

o


[j5� �

where � �guK�Q�Ru

�

� is independentof 
kj . Consequently, we obtainfor �c
�� � (i.e.,
applying(3)):

& �t�&uK�Q�Ru

�

��
[j5� 
 Lh4ONKu*�

*

�gu*�5�Ru

�

� 
[j�� (5)

&

�

�&uK�Q�Ru

�

��
[j5� 
 Lh4ONKu

�

*

�gu*�5�Ru

�

� 
[j�� (6)

&mji�&uK�Q�Ru

�

��
[j5� 
 4ON

o

*

�gu*�Q��u

�

��
[j5�(� (7)

Finally, wegettherelationsbetween& ��� &

�

and &mj ,

& �t�&u*�5�Ru

�

��
[j5� 
 L9u*� �

o

&mji�gu*�5�Ru

�

��
[j�� (8)

&

�

�&u*�5�Ru

�

��
[j5� 
 L9u

�

�

o

&mji�gu*�5�Ru

�

��
[j��(� (9)

Hence,for any �x ed 
kj �

�

, the componentsof a harmonicpotential�eld are
relatedby (8) and(9). This relationshipalsoholdsfor the continuousextension
of � for 
[j

�

)

�

: & �l�&u*�5�Ru

�

�

�

� 
 L u*� �

o

&mji�&uK�Q�Ru

�

�

�

�n
%L9u*� �

o

7

�gu*�Q�Ru

�

� and
&

�

�&uK�Q�Ru

�

�

�

�P
dL u

�

�

o

7

�gu*�5��u

�

� . Setting

���

�gu*�5�Ru

�

�;
2� & �l�gu*�Q�Ru

�

�

�

��� &

�

�&uK�R�Ru

�

�

�

� �

�

andde�ning 8 
 �guK�5�Ru

�

��� so that o


 q 8 q , we get the expressionof the Riesz
transformedsignalin thefrequency domain,

���

�g8~�;


L 8

q 8�q

7

�g8~�����	� 
�


�

�98:�

7

�98:�(� (10)

Thetransferfunctionof theRiesztransform4, 


�

, constitutesa2D generalization
of the Hilbert transform. In the following we usethe notation 	 
 �&
6����


�

���

since
[j 


�

. Themultiplicationin theFourierdomainin (10)correspondsto the
following convolution in thespatialdomain

�

�

�&	���
 )

	

4ON^q 	 q

j�


�

��	6�
�����


��

�

��	6�




�

�&	6� � (11)

where �

�

is obtainedby applyingthederivative theoremof theFouriertransform
to <

�

?�q 	 q �

�

A_
 q 8 q �

� [2] (seealso[31]). Hence,we have establishedtheRiesz
transformto be a appropriate2D generalizationof the Hilbert transformin the
context of avector�eld basedderivation.

4Our de�nition of theRiesztransformdiffers to thosein [31] by a minussigndueto �������

insteadof ������� .
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4.2 The MonogenicSignal

In section3,weusedtheanalogybetween2D vector�elds andcomplex functions
to obtain the complex-valuedanalyticsignal

�3}

�&
*���s
 � #��&
*���

�

� . The algebra
of complex numbersis not suf�cient to embeda generalized2D analyticsignal,
consistingof thesignal

�

andits Riesztransformvector
�

�

, sincewe have three
componentsnow. Actually, functiontheorycorrespondingto 3D (and / D) vector
�elds is givenby meansof Clif fordanalysis[3]. If weembed� �

j into thesubspace
of � W spannedby ?X1U�RL��hY�A accordingto o
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 �3j ) �X�bL~) �

�

Y , theequations(4) and(3) areequivalentto
thegeneralizedCauchy-Riemannequationsfrom Clif ford analysis[3]. Functions
thatful�ll theseequationsarecalled(left) monogenicfunctions.Accordingly, we
de�ne themonogenicsignalusingthesameembeddingby thetransferfunction
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which is equivalentto
�

�

�&	��P


�

�&	��6) �&L��MYa�

�

�

��	6� . Notethatwehavemovedthe
imaginaryunits L and Y to the left to obtaina compactexpression( � W is a skew
�eld, i.e.,non-commutative).

Now, having de�ned themonogenicsignalasa 2D generalizationof the an-
alytic signal,we checkwhetherthepropertiesof the latterareful�lled. First we
look at somepropertiesof theRiesztransform:

� It is anti-symmetricsince 


�

�b) 8:� 
 ) 


�

�g8~� . Note in this context that
symmetryin 2D can be with respectto a point or to a line. The choice
of symmetryis fundamentalto designingthe generalizationof the Hilbert
transform(in 1D, thereis only onesymmetry).Obviously, theRiesztrans-
form correspondsto point-symmetry, whereasthe approachin [4] corre-
spondsto line-symmetrywith respectto thecoordinateaxesandthepartial
Hilbert transformcorrespondsto line-symmetrywith respectto theprefer-
encedirection.

� It suppressesthe DC component.We have a singularityat 8 


�

. If we
removeit by continuouslyextendingthetwo componentsof theRiesztrans-
form alongthelines uK��


�

(eq. (8)) and u

�




�

(eq. (9)), we immediately
get 


�

�

�

�P


�

.

� Theenergy hasvalueonefor all non-zerofrequencies:q 


�

�g8~� q•
21 ��8 �


�

.
This followsdirectly from thede�nition of 


�

�98:� in (10).

Thesepropertiescanbeveri�ed by consideringthevector�eld 


�

(see�g. 2).
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Figure2: Transferfunctionof theRiesztransformdisplayedasavector�eld. The
axesarethe frequenciesu�� and u

�

. The vector�eld is given by the normalized
frequency vectors(see(10)) andby settingit to zeroat theorigin (seetext).

Accordingto thepropertiesof theRiesztransform,andin comparisonto the
analyticsignal,themonogenicsignalhasthefollowing properties:

� Its energy is two timestheenergy of theoriginalsignalif theDC component
is neglected:

C

q

�

�

�&	��iq

�

SU	c


C

�

�&	��

�

e q

�

�

��	6�iq

�

SU	c
 4

C

�

�&	��

�

SU	 �

� In polarcoordinates,themonogenicsignalful�lls thesplit of identity. Since
the energy is only modi�ed by a constantreal factorwe concludethat the
amplitudeof the monogenicsignal is isotropic, which meansthat thereis
no dependenceon theorientationof a signal(seealso�g. 3). This canbe
comparedto theisotropy propertyof thestructuretensor, which ful�lls the
invariance– equivariancepropertywith respectto energy andorientation
(but notphase).Furtherdetailswill bediscussedin section5.2.

� Thespectrumof themonogenicsignalis not one-sided,i.e., it includesre-
dundancies,but this propertyis irrelevantfor imagerecognition.Neverthe-
less,it is possibleto useanon-redundantrepresentation[10].
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Figure3: Left: testimageshowing all evenandoddsymmetriesfor all orienta-
tions; right: the energy of the correspondingmonogenicsignal is isotropicand
independentof thelocalsymmetry.

5 Inter pretation of the MonogenicSignal

In order to obtain an appropriate2D analytic signal, we introducea phaseap-
proachfor themonogenicsignalin thenext section.Therelationof thenew phase
to the1D phaseis thendiscussedin section5.2.

5.1 The Phaseof the MonogenicSignal

The phaseof a complex signal is a measureof the rotation of a real signal in
the complex plane. In 2D spacethe rotation axis is uniqueexcept for the di-
rection of rotation. Therefore,the polar representationof a complex number

"


 
 e L�� is uniquelyde�ned by ���i��� � 
%�

�

"

p

"

���

�

yk�

"

� � , where �

�

yk�

"

� is given
by �

�

yk�

"

�^
	�

�

�3{�4T���k��
v�;
 w�xzyU{��
�T���

�

�3{��5q ��q �i
v� with �

�

�•{K���#�
���

�

��N�� . Thefactor
w�x!y3{����E� indicatesthe directionof rotation. If we usethis de�nition the negative
realnumbersaresingular, becausethey haveanangleof N with respectto positive
andnegativerotations.

In 3D spacetherotationaxisis representedby a 3D unit vector. Thestraight-
forwardgeneralizationof a 2D angleis thena vectorwith thelengthcorrespond-
ing to therotationangleandthedirectioncorrespondingto therotationaxis.This
vector is called the rotation vector. Consequently, we de�ne a new arctangent
functionby therotationvectorwhich representstherotationof �

�

�

�

�3q 	^q �Q� into 	
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(with 	 �


�

, seealso�g. 6):
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where	�� 
 �

�

�

�

�l1i� � + 	 yieldsthedirectionof therotationvector. Again,there
is a singularityif 	 
 �

�

�

�

��) q 	 q ��� , but now it becomesmoreobviouswhy this
is a singularity: the magnitudeof the rotationvector is well de�ned by N , but
the rotationaxis is arbitraryin the2D subspaceorthogonalto 	 . Therefore,any
rotationvectorin thatsubspaceis asolutionof (13).

If wehaveasmoothvector�eld andwewantto use(13)asade�nition of the
phaseof the vector �eld (aswe will do in the next paragraph),it is possibleto
extendthede�nition: if we considerthevaluesof (13) in anopenspherewith ra-
dius � aroundthesingularpointandlet � tendto zerowhile averagingtherotation
directions,we geta well de�ned rotationvectorbecauseof thesmoothnessof the
vector�eld. Thiscontinuousextensionof theorientationis usedin [9] for astable
orientationestimation.

Using(13)weareableto de�ne thephaseof themonogenicsignal(abbrevia-
tion: monogenicphase)by
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where
�

�

is thevector�eld suchthat
�

�
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. Therotationvector�eld
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��	6�����:ji�&	���� � representsthe rotationof the real-valuedsignal
q

�

�

�&	6� q into thequaternionic-valuedsignal
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�

�&	6� . Notethattherealcomponent
is thethird componentof the3D vector.

The rotationvector 	 alwayslies in the planeorthogonalto �

�
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�

�l1i�

� since
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\�b)>


�

��
*�5�
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�
� , andhence�:j 


�

. Comparableto phasewrappingin 1D,
thereis a wrappingof thephasevectors of themonogenicphase:if a vectorin a
certaindirectionwouldexceedtheamplitudeN , it is replacedby thevectorminus

4ON timestheunit vectorin thatdirection,i.e., it pointsin theoppositedirection,
see�g. 4.

In section4.2we alreadyusedthenormof thequaternionsfor calculatingthe
energy of a monogenicsignal. Indeed,the norm is usedfor de�ning the local
amplitudeof

�
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�&	6� by

q

�

�

��	6�iq3
��

�

�

��	6�

p

�

�

�&	6�;


�

�

�

�&	��Ke q

�

�

�&	��iq

�

� (15)

The choiceof de�nitions for the local phase(14) and local amplitude(15)
establishesa transformationto polar coordinates. Given the local phase	

��	6�

andthelocalamplitude q

�

�

��	6�iq of amonogenicsignal,it canbereconstructedby
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Figure4: Monogenicphaseof onepart of �g. 3, left (curved line, displayedas
underlyinggrayscaleimage).Thephaseis representedby thevector�eld which
is obtainedaccordingto (14). Hence,the lengthindicatestherotationangleand
thedirectionindicatestherotationaxis.Notethephase-wrapping.
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In the previous section,the property`split of identity' was discussedonly
with respectto the isotropy of the energy (or amplitude).Now, having a de�ni-
tion of themonogenicphase,we recognizethat amplitudeandphaseareindeed
orthogonal.Thelocal amplitudeincludesenergeticinformationandthephasein-
cludesstructuralinformation. In contrastto the1D case,thephasenow includes
additionalgeometricinformation. Theorthogonalityof structuralandgeometric
informationis discussedat theendof thenext section.
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5.2 The Relation to the 1D Analytic Signal

Up to now, we have consideredthe 1D analytic signal and the 2D monogenic
signalastwo approaches,which areonly relatedby the fact that the latter is the
generalizationof the former with respectto the dimensionof the domain. In
signaltheorythereis awell known relationbetween1D and2D signals,theRadon
transform[29]. The Radontransform

�

mapsa 2D signalonto an orientation
parameterizedfamily of 1D signalsby integratingthe2D signalon theline given
by theorientationparameter:

�

?

�

A@���5���3��


C D F

�

�

�&	6�����O� �g	P��

	5" )�� �TSU	 � (17)

where ���O���#� is theDirac deltaand 
�	B
�� �

�

w
�@�Rw x!{��3� � is thenormalvectorgiven
by theorientation5 � � �

�

��N6� . Geometrically, theRadontransformprojects(or-
thogonally)the 2D signalonto a line with orientation � . The Radontransform
is invertible,andtherearesomeimportanttheoremsaboutsignalsin the Radon
domain,suchastheFourierslicetheorem[18]:
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As a consequenceof the slice theorem,the Radontransformrelatesthe Riesz
transformof a2D signalto theHilbert transformsof the1D signalsobtainedfrom
the Radontransform6. Accordingly, we concludethat the interpretationof the
monogenicphaseof intrinsically 1D signalsin 2D spaceis thesameastheinter-
pretationof thecomplex phasein 1D space.However, for intrinsically2D signals
we alsoobtainan interpretationby decomposingthe signal into its intrinsically
1D parts.Indeed,theRadontransformis theconnectinglink betweenthe1D and
2D approaches.

TheRadontransformof theRiesztransform
�
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��	6�P
 �gL �MYa�
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�&	6� , now embed-
dedin � W accordingto (12),of a 2D signal

�

�&	6� is givenby theHilbert transform
of theRadontransformof
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Thisequivalencecaneasilybeshown in theFourierdomain,usingthelinearityof
theRadon,Riesz,Hilbert, andFouriertransforms:
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5Notethedifferencebetweendirectionandorientationin thiscontext: adirectioncorresponds
to avector, anorientationto a1D subspace.

6Actually, this relationshipandalsotheRiesztransformarewell coveredby theresultsfrom
Caldeŕon-Zygmundtheory[32], which is not veryaccessibleto engineersandcomputerscientists
dueto its abstractmathematicalformulation.Therefore,we think thatcalculus-basedderivations
of theseresultsarehelpful.
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Hence,theRadontransformallowsusto calculatetheRiesztransform(andthere-
fore alsothemonogenicsignal)by usingtheHilbert transform(seealso�g. 5).

spatial domain Radon domain

signal Radon transformed

Riesz transformed

Hilbert Radon transformed

Radon Riesz transformed

Radon transform

Radon transform

R
ie

sz
 tr

an
sf

or
m

H
ilbert transform

x orientation v.

Figure5: The relationbetweenRadon,Riesz,andHilbert transform.TheRiesz
transformin the spatialdomain(left) is equivalentto the Hilbert transformwith
subsequentmultiplicationby theorientationvectorin theRadondomain(right).

This can be usedto circumvent applicationof the Riesz transformin the
Fourier domain(actually, applicationin the spatialdomainis not very reason-
abledueto the in�nite extent of the impulseresponse,see(11)). Especiallyin
applicationswherethe datais given in the Radondomain(e.g. X-ray tomogra-
phy), it is advantageousto have this equivalence.By thefollowing algorithm,we
getthemonogenicsignaldirectly from datagivenin theRadondomain:

1. calculatetheHilbert transform
�

?

�

A

|


 ���




�

?

�

A ,

2. multiply
�

?

�

A

|

by �

�

w
� and w�xz{ � ,

3. calculatetheinverseRadontransformof
�

?

�

A , �

�

w �

�

?

�

A

|

, and
w�xz{ �

�

?

�

A

|

.

Having themonogenicsignal,we canapplyotheralgorithmsfor estimatinglocal
properties,detectingfeaturesetc. (see[9]).
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A secondapplicationof (19) is the designof spherical quadrature �lter s
(SQFs)with �nite spatialextent. As with a 1D quadrature�lter (QF), which is
a Hilbert pair of bandpass�lters, anSQFis aRiesztriple of bandpass�lters. Fil-
terswith �nite extentcanonly beobtainedby anoptimizationasin the1D case.
Thefollowing algorithmproducesoptimized�lters usingoptimized1D QFsand
anoptimizedinverseRadontransform(seee.g.[18]):

1. chooseanoptimized1D QFwith appropriatesize(thissizewill laterbethe
radiusof theSQF),

2. createthe RadonRiesztransformedsignalby multiplying the odd part of
the1D QFwith �

�

w � and w x!{�� ,

3. applythe(optimized)inverseRadontransform.

Thetriple of �lters obtainedby this procedurecanbeappliedto a 2D signal(im-
age)by convolutions,resultingin the bandpass�ltered monogenicsignalof the
image.

A third consequenceof (19) is thattheinterpretationof themonogenicphase
is givendirectlyby thephaseof theanalyticsignal,since
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� �U� is rotationabouttherealaxisby � . Evaluatingthelast line for � 
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A@���5� �U� , i.e., the analyticsignalof
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For any � 
 � � theRadontransformof themonogenicsignalis just theanalytic
signalof theRadontransformof thesignalbut with the imaginaryunit L rotated
by � � : H5I@J6� Z � ���bL^
 �

�

w
� �QL�e w�xz{�� �bY . Theimpactof this resulton theinterpreta-
tion of themonogenicphaseis thatfor linearstructureswith largesupport(lines,
edgesin images),the Radontransformis dominatedby this structure. Hence,
the monogenicphaseis given by the main orientation � � and the 1D phaseof

�

?

�

A@���5� � ��� . In the idealizedcase(i.e., the signal is constantin onedirection),
theRadontransformis non-zeroonly for themainorientation.Accordingly, the

�gL��hY@� 
�	 in (19) is constant(equals �&L��MYa� 
 	�� ) andtheRiesztransformis givenby
�
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�

�&	�� . Thus,(19) is simpli�ed to
theorem1 in [13]. In contrastto the idealizedcase,(19) alsoprovidesa sensible
interpretationfor non-perfectsignals.

For anintrinsically1D signalwegetthefollowing decompositionof thephase
vector(14) while keepingthe local phaseof the underlying1D signal: the rota-
tion vector 	

�&	�� is orthogonalto thelocal orientation(i.e., theorientationof the
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Dirac line in the Fourier domain)of the 2D signaland )cw x!yU{K���^���iq

	

�&	6� q repre-
sentsthe local 1D phaseof the2D signal(seealso�g. 6). Theseinterpretations
areconsistentwith the former de�nition of local phaseandlocal orientationin
[10].

1

2

i-axis

-axis
j

real axis

j

2

2

2

rotation vectorq0

x

| |x

Figure6: Phaserepresentationusingarotationvector 	 . First therealvalue q 	 q is
rotatedaboutthesecondaxis (Y -axis)by � , andsecondaboutthethird axis (real
axis)by � � . Therotationvectoris orthogonalto theplanespannedby therealaxis
and the vector 	 . Its length is given by the anglebetweenthe real axis and 	 .
Although the rotationvectoris unique,the decompositionis not. Therearetwo
possibilities:1. � � ����� � and2. � � �~e N ��) �~� .

Note that thesede�nitions do not yield a uniquephaserepresentation,since
a rotation of the signal by N yields the sameorientationand a negatedphase.
This ambiguitycanbevisualizedby two differentdecompositionsof therotation
vector (see�g. 6). The sameproblemalso occursin the context of oriented
quadrature�lters (see[14]), whereGranlundandKnutssonclaim thatthereis no
local way to get the direction from the orientation. In the papers[5] and [22],
it is proposedto applyanunwrappingof theorientation(modulo 4ON ) in orderto
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obtainaconsistentphaserepresentation.Theapplicationin bothpapersis the2D
demodulationneededfor interferogramprocessing.

If themonogenicphaseis decomposedinto local orientationandlocal phase,
the split of identity (the third propertyof the analyticsignal) is alsopreserved
with respectto geometricandstructuralinformation.Thelocal phaseis invariant
to changesof thelocalorientationandthelocalorientationis invariantto changes
of thelocalstructure(upto theambiguityexplainedabove). If wecanrecover the
correctlocaldirectionfrom thelocalorientation,wehaveanidealsplit of identity
with respectto energetic,geometricandstructuralinformation.Theproblemwith
thecorrectlocal directionis thatthereis noabsolutesolution,only a relativeone.
This relative solution can be obtainedby constraintson the smoothnessof the
phaseandorientation.
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6 Conclusions

In thepresentpaperwe have analyticallyderivedthemonogenicsignal,a gener-
alizationof the analyticsignal to two dimensions.This new 2D analyticsignal
is basedon the Riesztransformandpreservesthe propertiesof the 1D analytic
signal. In contrastto previousapproachesit is isotropic,andtherefore,performs
a split of identity. The information includedin the signal is orthogonallyde-
composedinto energetic,structural,andgeometricinformationby meansof local
amplitude,local phase,and local orientation. We have establishedan equality
which directly relatesthe 1D analyticsignalandthe 2D monogenicsignal. The
Radontransformwasshown to betheappropriatetool for shifting the1D Hilbert
transformto 2D.

Onecanimagineawide�eld of possibleapplicationsof themonogenicsignal.
Up to now, several applicationshave beenrealized.For example: estimationof
thelocal orientation,contrastindependentedgedetection(seebothin [9]), Moiré
interferograms[22, 5], textureanalysis[13], imagedenoising[11], curvaturees-
timationandcornerdetection[12], andstereocorrespondence.

Both themonogenicsignalandits applicationsareeasierto formulatein geo-
metricalgebra.It is evenpossibleto generalizetheapproachto arbitrarydimen-
sions[8]. Nevertheless,we chosethe vectornotationsinceit is morecommon.
It was only necessaryto formulatesomedetailsusing quaternions(which is a
speci�c geometricalgebra)in orderto have thetoolsfor geometriccomputations
available.For applicationshowever, it is not necessaryto make useof geometric
algebra.The monogenicsignal is obtainedby ordinaryreal-valuedconvolution
kernels.
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Appendix

The algebraof quaternionsis not well known. Therefore,we give a shortintro-
ductionin thisappendix.In section2 wede�ned thequaternionsto bethealgebra
onthereal4D vectorspacespannedby ?X1U�RL��hYU�5ZkA (i.e.,aquaternionis of theform
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(which convergessince H�I@J:�5q

o

q � converges),andany linear
combinationof L and Y with unit magnitudecanbesubstitutedfor the imaginary
unit in theEulerformula:
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Hence,theonly fundamentaldifferenceto workingwith complex numbersis that
the baseelementsL��MYU�5Z do not commute. For a more detailedintroductionof
quaternionsseee.g.[23].
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Birkhäuser. to bepublished.

[13] FELSBERG, M., AND SOMMER, G. Structuremultivectorfor localanalysis
of images.In Multi-ImageAnalysis, R. Klette,T. Huang,andG. Gimel'farb,
Eds., vol. 2032 of Lecture Notesin ComputerScience. Springer-Verlag,
Berlin, 2001,pp.95–106.

[14] GRANLUND, G. H., AND KNUTSSON, H. SignalProcessingfor Computer
Vision. Kluwer AcademicPublishers,Dordrecht,1995.

[15] HAHN, S. L. Hilbert Transformsin Signal Processing. Artech House,
Boston,London,1996.

[16] HANSEN, M. Stereosehen- einverhaltensbasierterAnsatz. PhDthesis,Inst.
f. Inf. u. Prakt.Math.derChristian-Albrechts-UniversiẗatKiel, 1998.
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