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Abstract. A new metho d for describing the equiv alence of catadiop-

tric and stereographic pro jections is presen ted. This metho d pro duces a

simple pro jection usable in all cen tral catadioptric systems. A pro jectiv e

mo del for the sphere is constructed in suc h a w a y that it allo ws the e�ec-

tiv e use of Cli�ord algebra in the description of the geometrical en tities

on the spherical surface.

1 In tro duction

Catadioptric cameras allo w for a v ery large �eld of vision. This, in comparison to

pinhole cameras, enables the system to p erceiv e more visual information with one

single image. The non-Euclidean geometry of the image enables more e�cien t

self-calibration of the camera and reduces the complexit y of algorithms needed

to complete this task [5].

The mathematics used to mo del catadioptric cameras is sligh tly more compli-

cated than for pinhole cameras. The main problem in the application of Cli�ord

algebra to this mo deling task is the lo cal nature of the v ector space structure on

a curv ed manifold. This problem is solv ed in the follo wing sections for cen tral

(single viewp oin t) catadioptric systems, i.e. cameras with mirrors whose cross-

sections are conic sections [1]. A pro jectiv e mo del for parab olic, h yp erb olic and

elliptic mirrors is constructed taking the sphere as the unifying geometry . This

mo del allo ws us to dev elop mathematical to ols using Cli�ord algebra that are

applicable to all these mirror geometries and w orks as a basis for our future

researc h.

Cli�ord algebra has pro v en to b e a p o w erfull to ol in 2D-3D p ose estimation

(for example in [11],[12]). Using the mo del presen ted in this pap er w e hop e these

b ene�ts gained in the Euclidean case of pinhole cameras will also b e a v ailable in

the omnidirectional vision using catadioptric cameras.

2 Uni�ed mirror geometries

In [5] Gey er and Daniilidis presen t a uni�ed mo del for single viewp oin t catadiop-

tric systems. In this mo del the w orld is �rst pro jected to the surface of a sphere
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with pro jectiv e lines emerging from the cen ter of the sphere. Stereographic pro-

jection from this spherical surface corresp onds to the orthogonal pro jection from

a parab olic mirror. Mo ving the pro jection p oin t from the north p ole of the sphere

one ma y presen t p ersp ectiv e pro jections from the surfaces of elliptical and h y-

b erb olical mirrors. F ollo wing the elegan t description for the equiv alence of the

stereographic pro jection and orthogonal pro jection from a parab ola b y P enrose

and Rindler [9], the uni�ed mo del for single viewp oin t catadioptric systems is

reconstructed using a di�eren t mathematical metho d. This leads to simple pro-

jections for the di�eren t mirror geometries with a clear corresp ondence to the

p oin ts on the sphere.

2.1 Mo di�ed Stereographic Pro jection

The stereographic pro jection is a one-to-one mapping b et w een a sphere and a

plane. Usually the sphere is de�ned along with the concept of ball:

De�nition 1. A n -b al l of r adius r c enter e d at the origin is the set B (0; r ) =
f x 2 Rn +1 j x2 � r 2g.

The surface S2 = f x 2 IRn +1 j x2 = 1 g of the unit 2-ball, is called the sphere.

Instead of using this more common concept of sphere as a subset of IR3
the

sphere is no w formed in the 4-dimensional Mink o wski space IR3;1
, i.e. v ector

space with the signature (-,+,+,+). This is done in order to sta y consisten t with

the reference [9] and it o�ers the p ossibilit y to induce mo v emen t of p oin ts on

the sphere b y using Loren tz transformations whic h are kno wn to b e lo cally angle

preserving.

The v ectors x 2 IR3;1
with x2 = 0 form a cone called the n ull cone. Let

the v ectors in IR3;1
ha v e the co ordinates (t,x,y ,z). The in tersection of the n ull

cone and the plane t = 1 forms a sphere. In stereographic pro jection a p oin t

P(1; x; y; z) on this surface is pro jected to a plane T with z = 0 and t = 1 (see

�gure 1). The pro jectiv e line is the line passing thru the north p ole N and the

p oin t P . The in tersection of this line and the plane T giv es the co ordinates of

the pro jected p oin t. T o a v oid inconsistencies in the pro jection of the p oin t N
the plane T has to b e complex. This also enables the description of the pro jected

p oin t with just t w o parameters. P oin t A in �gure 1 corresp onds to the complex

n um b er x + iy . The x and y co ordinates tell the p osition of the p oin t P 0
in the

complex plane and this is describ ed b y the complex n um b er � = x0+ iy 0
. As the

phase angle of the complex n um b er � = x0 + iy 0
is the azim uthal angle of the

p oin t ( P0
has the same direction from p oin t C as p oin t A ) P(1; x; y; z) on the

sphere one has

A = hP 0 i:e x + iy = h�; (1)

where h is a real co e�cien t. The v alue of h is b y geometric deduction (see �gure

1)

h =
CA
CP0 =

NP
NP 0 =

NB
NC

= 1 � z: (2)



Using spherical co ordinates (0 � � � 2�; 0 < �; � ) to parameterise the sphere

one gets

� =
x + iy
1 � z

= ei� cot
�
2

: (3)

As in the mo del b y Gey er and Daniilidis the connection of di�eren t mirror

geometries and the sphere is ac hiev ed b y the mo v emen t of the pro jection p oin t

N . W e start b y mo ving the pro jection p oin t N along the z direction whic h

c hanges equation (2) to

h =
CA
CP0 =

NP
NP 0 =

NB
NC

=
� � z

�
= 1 � � � 1z; (4)

and equation (3) to

� =
x + iy
1 � �z

= ei� sin�
1 � � cos�

; where � = � � 1: (5)

Fig. 1. Stereographic pro jection from sphere S to plane T . Only half of the Sphere S
is dra wn.

2.2 Connection to Conic Sections

This mo v emen t of the pro jection p oin t is related to di�eren t conic sections in

the follo wing w a y . Let a n ull cone in IR3;1
b e in tersected b y the plane t � z = 1 .

This in tersection forms a parab ola. Let Q b e a p oin t of in tersection of that plane

and a line from the v ertex of the cone to the p oin t P giv en b y q = up , where

0 � u � 1, q is the v ector p oin ting at the p oin t Q and p is the v ector p oin ting

at P (this is illustrated in the righ t part of �gure 2). Solving the in tersection of



the line de�ned b y p and the plane t � z = 1 giv es u = 1
1� z . Th us p oin t Q has

the co ordinates

Q =
�

1
1 � z

;
x

1 � z
;

y
1 � z

;
z

1 � z

�
; (6)

from whic h the co ordinates in the x � y -plane giv en b y orthogonal pro jection

are

P0(X 0; Y 0) =
�

x
1 � z

;
y

1 � z

�
: (7)

Lab eling the p oin ts in the (x � y) -plane with complex n um b ers the p oin t Q is

pro jected to a p oin t � = x + iy
1� z as in (3). This equiv alency of the stereographic

pro jection from a sphere and the orthogonal pro jection from a parab ola can b e

sho wn b y in tersecting planes. Let plane t = 1 in tersect the n ull cone with v ertex

O . This in tersection is the spherical surface S2
. Let the north p ole N of the

sphere b e at (1; 0; 0; 1) and p oin t Q b e the in tersection of the n ull line from O to

P and the plane t � z = 1 . The p oin ts O; Q; P; P0
and N are coplanar and the

p oin ts P; P0
and N are collinear [9]. Th us the p oin t P0

is also the stereographic

pro jection from the sphere S to the (x � y) -plane (see �gure 2 represen ting the

situation in one dimensional case).

Fig. 2. Orthogonal pro jection from parab ola and stereographic pro jection from circle.

The parab ola is formed b y the in tersection of the cone and the (non-transparen t)

t � z = 1 plane.

Tilting the t � z = 1 plane to the plane t � �z = 1 c hanges the co ordinates

of Q to

Q =
�

1
1 � �z

;
x

1 � �z
;

y
1 � �z

;
z

1 � �z

�
; (8)

and the co ordinates of the pro jected p oin t to

P0(X 0; Y 0) =
�

x
1 � �z

;
y

1 � �z

�
; (9)



where � is the eccen tricit y of the conic section. Exactly as in (1) the pro jected

p oin t has the co ordinates

� =
x + iy
1 � �z

: (10)

Mo ving the pro jection p oin t N in the x direction in the stereographic pro jection

corresp onds to k eeping the p oin ts O; P; P0; Q and N coplanar. This is illustrated

in �gure 3.

Fig. 3. Mo ving the p oin t N k eeps the p oin ts O; P; P 0; Q and N coplanar for di�eren t

conic sections (cen ter of the conic O not seen in image). The image on left sho ws the

h yb erb olic case and the image on righ t the elliptic case.

In order to use the equation (10) in elliptic and h yp erb olic cases the orthog-

onal pro jection has to b e c hanged to a p ersp ectiv e pro jection [2]. Let c b e the

distance b et w een the fo ci and d the distance of the image plane from the second

fo cal p oin t. Then the p oin t � will b e pro jected to the p oin t

� 0 = �
d
c

� (11)

in the h yp erb olic case and

� 0 =
d
c

� (12)

in the elliptic case.

With this construction the pro jections from di�eren t conic sections ha v e sim-

ple equations whic h are easy to implemen t in applications.

3 Spherical space and Cli�ord algebra

In this section a pro jectiv e mo del for the sphere is constructed in suc h a w a y that

it allo ws the description of geometrical en tities on the sphere with simple alge-

braic expressions. In con trast to the previous section the sphere is no w em b edded

to IR3
as usual. This means that w e consider only the subspace (1; x; y; z) of IM 4



and this subspace has the same structure as IR3
. In this subspace the sphere can

b e describ ed with the set of v ectors r (�; � ) = sin( � ) cos(� )e1 + sin( � ) sin(� )e2 +
cos(� )e3 .

3.1 Cli�ord algebra in parameter space

Let (V; g) b e a v ector space V equipp ed with a symmetric bilinear form (i.e. inner

pro duct) g. Algebra A o v er a ring R is compatible with the inner pro duct space

(V; g) if V is a subspace of A and for eac h x 2 V , x2 = g(x; x ) . Cli�ord algebra

Gp;q;r is the compatible algebra for IRp;q;r
[8], where p; q; r are the n um b ers of

unit v ectors with p ositiv e, negativ e and n ull signature.

Let f e1; e2; : : : ; en g b e an orthonormal basis for IRn
. Then the Cli�ord al-

gebra Gn has dimension 2n
and basis f e� 1

1 e� 2
2 : : : e� n

n j� i = 0 ; 1g. F or example the

Cli�ord algebra G3 of IR3
has the basis f 1; e1; e2; e3; e1e2; e1e3; e2e3; e1e2e3g

In practice it is useful to separate the ge ometric pr o duct of Cli�ord algebra

in it's symmetric and an tisymmetric parts: xy = 1
2 (xy + yx) + 1

2 (xy � yx) =
x�y+ x^ y , where (�) is the inner pro duct and (^ ) is the outer pro duct ([6] con tains

a go o d in tro duction to the geometric pro duct from a practical viewp oin t).

Cli�ord algebra has pro v en to b e a helpful to ol in man y applications with

strong relation to geometry . Geometric transformations can b e presen ted with

simple geometric pro ducts and the inner and outer pro duct n ull spaces are a

simple w a y to presen t geometric en tities of an y dimension [10].

With the usual de�nition 1 of the sphere these b ene�ts are lost as the inner

and outer pro duct n ull spaces describ e the geometrical en tities of the em b edding

space instead of the sphere itself. F or example a line in IRn
has at most t w o p oin ts

common with the sphere. A conformal mo del for spherical geometry applying

this kind of em b edding can b e found in [7]. Another p ossibilit y w ould b e to use

the Cli�ord algebra in the tangen t spaces of S2
, whic h is rather useless b ecause

it can only describ e in�nitesimal en tities on the manifold.

A sphere can b e parameterized in a n um b er of w a ys. P arameterization with

the least amoun t of am biguities is the stereographic pro jection to the complex

plane describ ed in the previous section. In this pro jection the geo desic curv es are

mapp ed to curv es in the complex plane, a fact whic h complicates their descrip-

tion with Cli�ord algebra. Instead, using the parameterization with azim uthal

and p olar angles (�; � ); 0 � � < 2�; 0 < � < � the geo desic lines ha v e a simple

description. Rectangular ob jects in pro jection on to the sphere can b e describ ed

with lines in the (�; � ) space and th us retain the 'rectangularit y'. Figure 4 sho ws

ho w the image captured with a parab olic mirror is transformed to the V (�; � )
space using (3).

T o remo v e the p erio dicit y in � and � on the image the follo wing scaling is

used:

� 0 =
�

2� � �
and � 0 =

�
� � �

: (13)

The v ector space V (� 0; � 0) equipp ed with the Euclidean inner pro duct is clearly

isomorphic to IR2
. Using the Euclidean inner pro duct in V(� 0; � 0) areas calcu-

lated in parameter space di�er from areas on the sphere. When needed a scaling



Fig. 4. Image captured with a parab olical mirror and its mapping to V (�; � ) .

b et w een these areas can b e calculated. F requen tly used angular size �� of an

ob ject is, for example, giv en b y �� =
p

(� 2 � � 1)2 + ( � 2 � � 1)2
. Instead of using

just the parameter space V (� 0; � 0) a pro jectiv e mo del is de�ned.

3.2 Cli�ord Algebra in the Pro jectiv e Mo del

De�nition 2. The pr oje ctive mo del of the spher e is the sp ac e SP = V (� 0; � 0) �
f IRn0g e quipp e d with the Euclide an inner pr o duct. The b asis of SP is f e� 0; e� 0; epg.

The corresp onding Cli�ord algebra G(SP ) �= G(IR 3) has the basis

f 1; e� 0; e� 0; ep; e� 0e� 0; e� 0ep; e� 0ep; e� 0e� 0epg: (14)

A v ector in x 2 V (� 0; � 0) is em b edded in SP with the mapping

P : x 2 V (� 0; � 0) 7! x + ep 2 SP : (15)

The in v erse of P is

P � 1 : A 2 SP 7!
1

A � ep
[(A � e� 0) e� 0 + ( A � e� 0) e� 0] (16)

In this pro jectiv e mo del Euclidean inner and outer pro duct n ull spaces, NIE and

No E , giv e a simple description for p oin ts, lines and planes on the parameter

space V (� 0; � 0) . As an example let A; B; C 2 SP . No w

NO(A ^ B ) = f C 2 SP j A ^ B ^ C = 0 g: (17)

As only the p erp endicular comp onen t of C con tributes to (17) one gets

NO(A ^ B ) = f C 2 SP j A ^ B ^ C? = 0 g; (18)

i.e. C lies in the plane spanned b y A and B . The corresp onding euclidian outer

pro duct n ull space is giv en b y the pro jection of the plane A ^ B to V(� 0; � 0) :

NOE (A ^ B ) = P � 1 (NO(A ^ B )) =

P � 1 (�A + �B ) = P � 1 (�A � �B + �B + �B ) =

P � 1 [� (A � B ) + ( � + � )B ] = b +
�

� + �
(a � b)

= b + t(a � b); t 2 IR; (19)



whic h is a line in through p oin ts a and b in V(� 0; � 0) . In a similar manner

NOE (A) = a.

In order to consider also the radial p osition of ob jects in the en viromen t

of the camera one has to add also the radial dimension er to the mo del. This

addition do es not ha v e an y other e�ect on the mo del than the addition of one

extra dimension.

4 Conclusion

In this pap er a simple metho d for unifying cen tral catadioptric systems w as

presen ted. Using Cli�ord algebra on the parameter space of the sphere allo ws

an e�cien t metho d for describing rectangular ob jects that are also mapp ed to

rectangular ob jects in the parameter space. This has not b een p ossible in the

previous mo dels using Cli�ord algebra [3],[4].

Using the parameter space of the sphere the distance �� b et w een p oin ts on

the geo desics of the sphere ha v e the simple form �� = 2�� 0
2

� 0
2 +1 � 2�� 0

1
� 0

1 +1 = � 2 � � 1 .

One can also calculcate the distances b et w een p oin ts on a line in the parameter

space using basic algebra instead of using line in tegrals on the surface of the

sphere (whic h lead in man y cases to incomplete elliptic in tegrals).

In the parameter space the rotation of the sphere is ac hiev ed with the trans-

lation op erator T(x) = x + t . In order to linearise the translation op erator the

parameter space has to b e em b edded to a confromal space. This conformal mo del

is included in our ongoing researc h as is the mo v emen t of the sensor in the en-

viromen t. Using Cli�ord algebra on suitably em b edded parameter space allo ws

the description of the geometric en tities and the camera mo v emen t.
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