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Ahstract

A central task of computer vision is to automatically recognize objects in real-
world scenes. The parameters defining image and object spaces can vary due to
lighting conditions, camera calibration and viewing position. It is therefore desir-
able to look for geometric properties of the object which remain invariant under
such changes in the observation parameters. The study of such geometric invari-
ance is a field of active research. In this paper we present geometric algebra as a
complete framework for the theory and computation of invariants in computer vision
and compare it with the currently popular Grassmann-Cayley (or Double) algebra.
While this paper will only deal with the algebraic invariants formed from points
and lines, other types of invariants, such as differential and moment invariants, can
also be treated in the geometric algebra. In particular, Lie groups and Lie algebras
are natural parts of the framework taking the forms of spin groups and bivector
algebras. We hope to show that geometric algebra is a very elegant language for
expressing all the ideas of projective geometry and provides us with a system in
which real computer implementations are straightforward. Using these techniques
we will look at the formation of 3D projective invariants in terms of both points
and lines in multiple images and their implementation on simulated and real data.
We will also give a new form of the 3D projective invariant in terms of the image
points from 3 views and the trilinear tensor.

Categories: Computer vision; invariants; Clifford algebra; Grassmann-Cayley algebra;
projective geometry; 3D projective invariants.




1 IIIroaucuion

Geometric algebra is a coordinate-free approach to geometry based on the algebras of
Grassmann [?] and Clifford [?]. The algebra is defined on a space whose elements are
called multivectors; a multivector is a linear combination of objects of different type, e.g.
scalars and vectors. It has an associative and fully invertible product called the geometric
or Clifford product. The existence of such a product and the calculus associated with the
geometric algebra give the system tremendous power. Some preliminary applications of
geometric algebra in the field of computer vision have already been given (7,7, 7], and here
we would like to extend the discussion of geometric invariance given in [?, 7]. Geometric
algebra provides a very natural language for projective geometry and has all the necessary
equipment for the tasks which the Grassmann-Cayley algebra is currently used for. The
Grassmann-Cayley or double algebra [?, ?] is a system for computations with subspaces
of finite-dimensional vector spaces. While it expresses the ideas of projective geometry,
such as the meet and join, very elegantly, it lacks an inner (regressive) product (although
an inner product can be defined, it is not a natural part of its structure} and some other
key concepts which we will discuss later.

The next section will give a brief introduction to geometric algebra and to some of the
associated linear algebra framework. For a more complete introduction see [?] and for
other brief summaries see [7, ?, ?]. Given this background we can look at the familiar
concepts of projective space and homogeneous coordinates, outline the formulation of
projective geometry in the geometric algebra and introduce the concept of the projective
split. We then dea! with projective transformations and illustrate the formation of the 1D,
2D and 3D cross-ratios which are algebraic projective invariants in this framework. We
will illustrate the comparisons between our methods and those of the Grassmann-Cayley
algebra by considering 3D projective invariants and discussing the implementation of such
invariants using only image points and lines.

2 Geometric Algebra: an outline

The algebras of Clifford and Grassmann are well known to pure mathematicians, but were
long ago abandoned by physicists in favour of the vector algebra of Gibbs, which is indeed
what is most commonly used today in most areas of physics. The approach to Clifford
algebra we adopt here was pioneered in the 1960’s by David Hestenes [?] who has, since
then, worked on developing his version of Clifford algebra - which will be referred to as
geometric algebra — into a unifying language for mathematics and physics.

2.1 Basic Definitions

Let G, denote the geometric algebra of n-dimensions — this is a graded linear space. As
well as vector addition and scalar multiplication we have a non-commutative product
which is associative and distributive over addition this is the geometric or Clifford




Figure 1: The directed area, or bivector, aAb.

product. A further distinguishing feature of the algebra is that any vector squares to
give a scalar. The geometric product of two vectors a and b is written ab and can be
expressed as a sum of its symmetric and antisymmetric parts

ab=ab+anbd, (1)

where the inner product a-b and the outer product aAb are defined by

ab = %(ab-}-ba) (2)
anb = %(ab—ba). (3)

The inner product of two vectors is the standard scalar or dot product and produces a
scalar. The outer or wedge product of two vectors is a new quantity we call a bivector.
We think of a bivector as a directed area in the plane containing @ and b, formed by
sweeping a along b — see Figure 1. Thus, & A a will have the opposite orientation
making the wedge product anticommutative as given in equation (3). The outer product
is immediately generalizable to higher dimensions - for example, (@Ab)Ae, a trivector, is
interpreted as the oriented volume formed by sweeping the area aAb along vector ¢ - see
Figure 2. The outer product of k vectors is a k-vector or k-blade, and such a quantity is
said to have grade k. A multivector is homogeneous if it contains terms of only a single
grade. The notation (M), is used to denote the k-grade part of the multivector M and
{M) denotes the scalar part of M. For a product of multivectors, the operation of taking
the scalar part satisfies the cyclic reordering property

(A...BCD) = (DA...BC) = (CDA....B). (4)

The operation of reversion reverses the order of vectors in any multivector. The reverse
of A is written as A so that
(ﬂ.] aata..... ak)”= Qp...... Qz3dqd,. (5)

The geometric algebra provides a means of manipulating multivectors which allows us to
keep track of different grade objects simultaneously — much as one does with complex
number operations. In a space of 3 dimensions we can construct a trivector aAbAe, but
no 4-vectors exist since there is no possibility of sweeping the volume element aAbAc over
a 4th dimension. The highest grade element in a space is called the pseudoscalar. The
unit psendoscalar is denoted by I and will be seen to be crucial when discussing duality.
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Figure 2: The oriented volume, or trivector, aAbAc.

In a space of dimension n we can have homogeneous multivectors of grade 0 (scalars),
grade 1 (vectors), grade 2 (bivectors), ete... up to grade n. Multivectors containing only
even-grade elements are termed even and those containing only odd-grade elements are
termed odd. The geometric product can, of course, be defined for any two multivectors.
Considering two homogeneous multivectors A, and B, of grades r and s respectively, it is
clear that the geometric product of such multivectors will contain parts of various grades.
It can be shown [?] that the geometric product of A, and B, can be written as

AB,=(AB),,,+ (AB),,, o +...+{AB), _,, (6)

For non-homogeneous multivectors we again simply apply the distributive rule over their
homogeneous parts. Using the above we can now generalize the definitions of inner and
outer products given in equations (2) and (3). For two homogeneous multivectors A, and
B,, we define the inner and outer products as

Ar'Bs = (ArBs>|1-_3| (7)

Ar/\Bs = (AfBS)r-Hr' (8)

Thus, the inner product produces an |r — g|-vector — which means it effectively reduces
the grade of B, by r; and the outer product gives an r + s-vector, therefore increasing the
grade of B, by r. This is an extension of the general principle that dotting with a vector
lowers the grade of a multivector by 1 and wedging with a vector raises the grade of a
multivector by 1.

2.2 The Geometric Algebra of 3-D Space

In an n-dimensional space we can introduce an orthonormal basis of vectors {o;} ¢ =
1,...,n, such that o;-a; = ;. This leads to a basis for the entire algebra:

1, {o}, {oing;}, {oinojnoe}, ..., o01AGIA. A0, (9)

Note that we shall not use bold symbols for these basis vectors. Any multivector can be
expressed in terms of this basis, although much of the power of geometric algebra results
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