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Abstract. In this pap er w e will lo ok at some 3D pro jective inv arian ts

for b oth p oin t and line matches o v er sev eral views and, in the case of

p oin ts, giv e explicit expressions for forming these inv arian ts in terms of

the image co ordinates. W e discuss whether such inv arian ts are useful by

lo oking at their formation on sim ulated data.

1 In tro duction

The follo wing sections will deriv e the forms for some 3D pro jectiv e in v ariants

using the system of Ge ometric A lgebr a (GA). Geometric algebra is a co ordinate-

free approach to geometry based on the algebras of Grassmann [5] and Cli�ord

[3] { the approach w e adopt here w as pioneered by David Hestenes [7,6]. W e

will use the GA framew ork for pro jectiv e geometry and geometric in v ariance

outlined in [9,10]. A more extensiv e discussion of the formation of in v ariants in

GA is giv en in [11].

2 Geometric Algebra { a Brief Outline

An n -dimensional geometric algebra is a graded linear space. As w ell as v ector

addition and scalar multiplication w e ha v e a non-comm utativ e pro duct which is

asso ciativ e and distributive ov er addition { this is the geometric or Cli�ord

pro duct. A further distinguishing feature of the algebra is that an y v ector squares

to giv e a scalar. The geometric pro duct of tw o v ectors a and b is written ab and

can b e expressed as a sum of its symmetric ( a � b ) and an tisymmetric ( a ^ b ) parts

ab = a � b + a ^ b : (1)

The inner pro duct of tw o v ectors is the standard sc alar or dot pro duct. The

outer or w edge pro duct of tw o v ectors is a new quan tit y w e call a biv ector .

W e think of a biv ector as a directed area in the plane con taining a and b ,

formed by sw eeping a along b . Thus, b ^ a will ha v e the opp osite orien tation

making the w edge pro duct an ticomm utativ e. The outer pro duct is immediately

generalizable to higher dimensions { for example, ( a ^ b ) ^ c , a trivector , is

in terpreted as the orien ted v olume formed by sweeping the area a ^ b along

v ector c . The outer pro duct of k v ectors is a k -vector, which has gr ade k . Sums

of ob jects of di�eren t grades are called multive ctors and GA pro vides a system

in which w e can e�cien tly manipulate multiv ectors. In a space of 3 dimensions

w e can construct a trivector a ^ b ^ c , but no 4-v ectors exist. The highest grade

elemen t in a space is called the pseudoscalar . The unit pseudoscalar is denoted

by I .



3 Pro jectiv e Space and the Pro jectiv e Split

P oin ts in real 3D space will b e represented by v ectors in E

3

, a 3D space with

a Euclidean metric. Since an y p oint on a line through some origin O will b e

mapp ed to a single p oint in the image plane, w e asso ciate a p oint in E

3

with a

line in a 4D space, R

4

. W e then de�ne basis v ectors: ( 


1

; 


2

; 


3

; 


4

) in R

4

and

( �

1

; �

2

; �

3

) in E

3

and identify R

4

and E

3

with the geometric algebras of 4 and 3

dimensions. W e require that v ectors, biv ectors and trivectors in R

4

will represent

p oin ts, lines and planes in E

3

. Cho osing 


4

as a selected direction in R

4

, w e can

then de�ne a mapping which asso ciates the biv ectors 


i




4

, i = 1 ; 2 ; 3, in R

4

with the v ectors �

i

, i = 1 ; 2 ; 3, in E

3

. This pro cess of asso ciation is called the

pro jectiv e split . T o ensure �

2

i

= +1 w e are forced to assume a non-Euclidean

metric for the basis v ectors in R

4

. W e cho ose to use 


2

4

= +1 ; 


i

= � 1 ; i = 1 ; 2 ; 3.

F or a v ector X = X

1




1

+ X

2




2

+ X

3




3

+ X

4




4

in R

4

the pro jectiv e split

is obtained by taking the geometric pro duct of X and 


4

. This leads to the

asso ciation of the v ector x in E

3

with the biv ector X ^ 


4

=X

4

in R

4

so that

x =

X

1

X

4




1




4

+

X

2

X

4




2




4

+

X

3

X

4




3




4

=

X

1

X

4

�

1

+

X

2

X

4

�

2

+

X

3

X

4

�

3

; (2)

which ) x

i

=

X

i

X

4

, for i = 1 ; 2 ; 3. The pro cess of representing x in a higher

dimensional space can therefore b e seen to b e equiv alen t to using homogeneous

co ordinates , X , for x .

3.1 Pro jective Geometry and Algebra in Pro jective Space

W e no w lo ok at the basic pro jectiv e geometry op erations of me et and join , and

brie
y discuss algebra in pro jectiv e space. F or more detail the reader is referred

to [8,11,9]

An y pseudoscalar P can b e written as P = �I where � is a scalar, so that

P I

� 1

= �I I

� 1

= � � [ P ] : (3)

This br acket is precisely the brack et of the Grassmann-Ca yley algebra. W e then

de�ne the dual, A

�

, of an r -vector A as

A

�

= AI

� 1

: (4)

The join J = A

V

B of an r -vector A and an s -vector B by

J = A ^ B if A and B are linearly indep enden t ; (5)

while it can b e sho wn that the me et of A and B can b e written as

A _ B = ( A

�

^ B

�

) I = ( A

�

^ B

�

)( I

� 1

I ) I = ( A

�

� B ) : (6)

The join and meet can b e used to describ e lines and planes and to in tersect

these quan tities. Consider three non-collinear p oints, P

1

; P

2

; P

3

, represented by

v ectors x

1

; x

2

; x

3

in E

3

and by v ectors X

1

; X

2

; X

3

in R

4

. The line L

12

joining

p oin ts P

1

and P

2

, and the plane �

123

passing through p oints P

1

; P

2

; P

3

, can b e

expressed in R

4

by the follo wing biv ector and trivector resp ectively:

L

12

= X

1

^ X

2

�

123

= X

1

^ X

2

^ X

3

: (7)

In E

3

the in tersection of a line and a plane, tw o planes and tw o lines can b e

dealt with en tirely using the meet op eration. Details and deriv ations are giv en

in [11].



4 3-D Pro jectiv e In v arian ts from Multiple Views

Giv en six general 3D p oints P

i

, i = 1 ; ::; 6, represented by v ectors f x

i

; X

i

g in E

3

and R

4

, w e can form 3D pro jectiv e in v ariants. One suc h in v ariant is

I nv 1 =

[ X

1

X

2

X

3

X

4

][ X

4

X

5

X

2

X

6

]

[ X

1

X

2

X

4

X

5

][ X

3

X

4

X

2

X

6

]

: (8)

If one can express the brack et [ X

i

X

j

X

k

X

l

] in terms of the image co ordinates

of the p oin ts, then this in v ariant will b e readily computable. Some recent w ork

which has addressed this problem has utilized the Grassmann-Ca yley (CG) al-

gebra [2,4]. In [2] in v ariants w ere computed from a pair of images in terms of

the image co ordinates and the fundamen tal matrix, F , using the CG-algebra.

Despite the clarit y of the deriv ations in [2], some degree of confusion has arisen

when subsequen t w ork ers ha v e tried to implement these in v ariants with real data

[4]. In the follo wing sections w e will lo ok at ho w w e w ould derive, using the GA

formalism, explicit expressions for the in v ariants in terms of the exp erimental

data and discuss why this confusion has arisen.

Consider the scalar S

1234

formed from the brack et of 4 p oints

S

1234

= [ X

1

X

2

X

3

X

4

] = ( X

1

^ X

2

^ X

3

^ X

4

) I

4

� 1

= ( X

1

^ X

2

) ^ ( X

3

^ X

4

) I

4

� 1

: (9)

The quan tities ( X

1

^ X

2

) and ( X

3

^ X

4

) represent the lines joining p oints P

1

&

P

2

, and P

3

& P

4

. a

0

and b

0

are the cen tres of pro jection of the tw o cameras and

the t w o camera image planes are de�ned by the tw o sets of v ectors f a

1

; a

2

; a

3

g

and f b

1

; b

2

; b

3

g . The pro jection of p oints f P

i

g through the cen tres of pro jection

on to the image planes are giv en by the v ectors f a

0

i

g and f b

0

i

g . Note that the

v ectors, a

i

; b

i

; etc., are v ectors in E

3

; w e let the representations of these v ectors

in R

4

b e A

i

; B

i

; A

0

i

; B

0

i

::: , etc.

It can b e sho wn [11] that w e are able to repro duce the result giv en in [2],

namely that it is p ossible to write the brack et of the 4 p oints (in R

4

) as

S

1234

= [ X

1

X

2

X

3

X

4

] � [ A

0

B

0

A

0

1234

B

0

1234

] ; (10)

where A

0

1234

is the 4D representation of a

0

1234

, the in tersection of the lines join-

ing f a

0

1

& a

0

2

g and f a

0

3

& a

0

4

g . In [11] equation (10) is obtained by splitting

up the brack et in to X

1

^ X

2

and X

3

^ X

4

, and then expressing eac h of these

lines (bivectors) as the meet of tw o planes (triv ectors). When w e tak e ratios

of brack ets to form in v ariants, the same decomp osition of X

i

^ X

j

must o ccur

in the numerator and denominator so the factors, due to the choices of the 


4

comp onen ts, cancel. In the case of I nv 1 giv en in equation (8), w e ha v e

I nv 1 =

f ( X

1

^ X

2

) ^ ( X

3

^ X

4

) g I

4

� 1

f ( X

4

^ X

5

) ^ ( X

2

^ X

6

) g I

4

� 1

f ( X

1

^ X

2

) ^ ( X

4

^ X

5

) g I

4

� 1

f ( X

3

^ X

4

) ^ ( X

2

^ X

6

) g I

4

� 1

(11)

so w e see that this decomp osition rule has b een ob ey ed. Consider no w the in-

v ariant which can b e though t of as arising from 4 p oints and a line (since the

line X

1

^ X

2

app ears in eac h brack et), namely

I nv 2 =

[ X

1

X

2

X

3

X

4

][ X

1

X

2

X

5

X

6

]

[ X

1

X

2

X

3

X

5

][ X

1

X

2

X

4

X

6

]

: (12)



W e note that w e can simply rearrange equation (12) in to the form of equation (8)

and decomp ose in to biv ectors to obtain the follo wing

I nv 2 �

[ A

0

B

0

A

0

1423

B

0

1423

][ A

0

B

0

A

0

1526

B

0

1526

]

[ A

0

B

0

A

0

1523

B

0

1523

][ A

0

B

0

A

0

1426

B

0

1426

]

: (13)

So far the in v ariants ha v e b een derived in 4D using the 4D de�nition of the

fundamen tal matrix; w e therefore need to correctly transfer the expression to

3D. Expanding the brack et in equation (10) by expressing the in tersection p oints

in terms of the A s and B s ( A

0

i

= �

ij

A

j

and B

0

i

= �

ij

B

j

) and de�ning a matrix

~

F suc h that

~

F

ij

= [ A

0

B

0

A

i

B

j

] (14)

and v ectors �

1234

= ( �

1234 ; 1

; �

1234 ; 2

; �

1234 ; 3

) and �

1234

= ( �

1234 ; 1

; �

1234 ; 2

; �

1234 ; 3

),

it is easy to see that w e can write S

1234

= �

T

1234

~

F �

1234

[2]. The ratio

I nv 1 =

( �

T

1234

~

F �

1234

)( �

T

4526

~

F �

4526

)

( �

T

1245

~

F �

1245

)( �

T

3426

~

F �

3426

)

(15)

is therefore an in v ariant. W e no w wish to express I nv 1 in terms of the observed

image co ordinates and the fundamen tal matrix calculated from these co ordi-

nates. A p oin t P

i

will b e pro jected on to p oints a

0

i

and b

0

i

in image planes 1 and

2, which can b e written as

a

0

i

= a

1

+ �

i

( a

2

� a

1

) + �

i

( a

3

� a

1

) = �

i 1

a

1

+ �

i 2

a

2

+ �

i 3

a

3

(16)

so that

P

3

j =1

�

ij

= 1. Similarly , w e ha v e b

0

i

= �

i 1

b

1

+ �

i 2

b

2

+ �

i 3

b

3

(so that

P

3

j =1

�

ij

= 1). Using the pro jectiv e split w e can no w write the �

ij

's and �

ij

's in

terms of the �

ij

's and �

ij

's:

�

ij

=

A

0

i

� 


4

A

j

� 


4

�

ij

�

ij

=

B

0

i

� 


4

B

j

� 


4

�

ij

(17)

The `fundamen tal' matrix

~

F is suc h that �

T

i

~

F �

i

= 0, if �

i

and �

i

corresp ond

to the same w orld p oint P

i

. Giv en more than eigh t pairs of corresp onding ob-

serv ed p oin ts in the tw o planes, ( �

i

; �

i

) ; i = 1 ; ::; 8, w e can form an `observed'

fundamen tal matrix F suc h that

�

T

i

F �

i

= 0 : (18)

This F can b e found by some metho d suc h as the Longuet-Higgins 8-p oint

algorithm [12] or, more correctly , by some metho d which giv es an F which has

the true structure [13]. Therefore, if w e de�ne

~

F by

~

F

k l

= ( A

k

� 


4

)( B

l

� 


4

) F

k l

(19)

then it follo ws from equation (17) that

�

ik

~

F

k l

�

il

= ( A

0

i

� 


4

)( B

0

i

� 


4

) �

ik

F

k l

�

il

: (20)

Therefore an

~

F de�ned as in equation (19) will also act as a fundamen tal matrix

in R

4

.



According to the ab ov e, w e can write the in v ariant as

I nv 1 =

( �

T

1234

F �

1234

)( �

T

4526

F �

4526

) �

1234

�

4526

( �

T

1245

F �

1245

)( �

T

3426

F �

3426

) �

1245

�

3426

(21)

where �

pq r s

= ( A

0

pq r s

� 


4

)( B

0

pq r s

� 


4

). The ratio of the �

T

F � terms using only the

observ ed co ordinates and the estimated fundamen tal matrix, will therefore not

b e an in v ariant { one must include the factors �

1234

etc. It is easy to sho w [11]

that these factors can b e formed as follo ws:

Since a

0

3

, a

0

4

and a

0

1234

are collinear w e can write a

0

1234

= �

1234

a

0

4

+ (1 �

�

1234

) a

0

3

. Then, by expressing A

0

1234

as the in tersection of the line joining A

0

1

and A

0

2

with the plane through A

0

; A

0

3

; A

0

4

w e can pro jectiv e split and equate

terms to giv e

( A

0

1234

� 


4

)( A

0

4526

� 


4

)

( A

0

3426

� 


4

)( A

0

1245

� 


4

)

=

�

1245

( �

3426

� 1)

�

4526

( �

1234

� 1)

: (22)

W e obtain the v alues of � from the images. The factors B

0

pq r s

� 


4

are found in a

similar w a y so that if b

0

1234

= �

1234

b

0

4

+ (1 � �

1234

) b

0

3

etc., the ov erall expression

for the in v ariant b ecomes

I nv 1 =

( �

T

1234

F �

1234

)( �

T

4526

F �

4526

)

( �

T

1245

F �

1245

)( �

T

3426

F �

3426

)

�

1245

( �

3426

� 1)

�

4526

( �

1234

� 1)

:

�

1245

( �

3426

� 1)

�

4526

( �

1234

� 1)

: (23)

While the ab o v e has adopted the approach of forming all in v ariants in 4D and

then �nding the equiv alen t expression in 3D, the approach outlined in [2] ga v e

the in v ariant in the form of equation (15), but did indeed de�ne �

1234

as follo ws:

�

1

�

2

^ �

3

�

4

(24)

where the ` ^ ' in this equation is the me et of the Cayley-Grassmann algebra.

Thus, �

1234

is not the homogeneous co ordinate v ector of the in tersection p oint

of the t w o lines in the image plane joining A

0

1

& A

0

2

and A

0

3

& A

0

4

, but rather

some m ultiple of that v ector, giv en by equation (24). It can b e easily sho wn that

computing the in v ariant using equation (24) and the corresp onding expressions

for the other in tersection p oints, pro duces exactly those correction factors arriv ed

at by us in equation (23). It is therefore likely that the past confusion ov er

the formation of the in v ariants has b een soley due to the misin terpretation of

the nature of the quan tities �

ij k l

and �

ij k l

; ho w ev er, the deriv ation w e ha v e

presen ted here is totally unambiguous and, by clearly distinguishing b et w een 3-

and 4D quan tities, cannot b e misin terpreted.

5 3D Pro jectiv e In v arian ts for Lines

Consider again the pro jectiv e in v ariant I nv 2. Splitting equation (12) in to biv ec-

tors giv es

I nv 2 =

[ L

1

^ L

2

][ L

3

^ L

4

]

[ L

1

^ L

4

][ L

3

^ L

2

]

(25)

where, L

1

= X

1

^ X

3

, L

2

= X

2

^ X

4

, L

3

= X

1

^ X

6

and L

4

= X

2

^ X

5

. W e th us

ha v e an in v ariant of four lines (provided the lines are not coplanar). F ollowing



the notation used in [1] w e can express eac h of these lines as an in tersection of

planes:

L

1

= l

13

i

l

13

j

0

( �

A

i

_ �

B

j

) L

2

= l

24

k

l

24

m

0

( �

A

k

_ �

B

m

) (26)

L

3

= l

16

n

l

16

p

0

( �

A

n

_ �

B

p

) L

4

= l

25

q

l

25

r

0

( �

A

q

_ �

B

r

) : (27)

In this expression �

A

1

= A

0

^ A

2

^ A

3

, �

A

2

= A

0

^ A

3

^ A

1

etc., and the l s and l

0

s

are the line co ordinates (equiv alen t to the homogeneous line co ordinates) de�ned

by ,

A

0

1

^ A

0

2

= l

12

i

L

A

i

B

0

1

^ B

0

2

= l

12

i

0

L

B

i

(28)

where, L

A

1

= A

2

^ A

3

, L

A

2

= A

3

^ A

1

and L

A

3

= A

1

^ A

2

etc. W e can no w write

L

1

^ L

2

as

L

1

^ L

2

= l

13

i

l

13

j

0

l

24

k

l

24

m

0

f ( �

A

i

_ �

B

j

) ^ ( �

A

k

_ �

B

m

) g = S

ij k m

l

13

i

l

13

j

0

l

24

k

l

24

m

0

(29)

where w e de�ne the 4th rank tensor S

ij k m

by

S

ij k m

= f ( �

A

i

_ �

B

j

) ^ ( �

A

k

_ �

B

m

) g : (30)

It can b e sho wn that S has only 9 indep enden t elemen ts which are, of course,

the elemen ts of F . S relates pairs of in tersecting lines in tw o images via the

follo wing equation;

S

ij k m

l

ab

i

l

ab

j

0

l

ac

k

l

ac

m

0

= 0 ; (31)

where l

ab

i

are the line co ordinates of the line joining p oints a and b in the �rst

image etc. Thus, according to equations (25) and (29), giv en tw o pairs of in ter-

secting lines ((13)&(16) and (24)&(25)), w e can form the follo wing 3D pro jectiv e

in v ariant:
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: (32)

W e note that the ab ov e is equiv alen t to the determination of the in v ariant of 4

lines giv en in [2]:

I nv 2 =

( l
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~

F l

0

12

)( l

T

34

~

F l

0

34

)

( l
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~

F l

0
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)( l

T

32

~

F l

0

32

)

(33)

where l

ij

= l

j

� l

i

etc, with l

i

the homogeneous line co ordinates. A fuller discus-

sion of the sub ject of 3D pro jectiv e in v ariants from lines will b e giv en elsewhere.

6 Exp erimen ts

Here w e in v estigate the formation of the 3D pro jectiv e in v ariants from sets of 6

matc hing image p oints { in particular w e lo ok at their stability in noisy envi-

ronmen ts.

The sim ulated data w as a set of 38 p oints tak en from the v ertices of a wire-

frame house and view ed from three di�eren t camera p ositions. F rom three sets

of 6 p oin ts (non coplanar) w e form I nv 1 for eac h set ov er views 1 & 2, 1 & 3

and 2 & 3. During the sim ulations the w orld p oints are pro jected on to the image

planes and then gaussian noise is added. Figure 1 sho ws results for the three sets

of p oin ts chosen. In �gure 1, a), c), e) w e plot the v alue of the in v ariant with

increasing noise. In a), c), and e) the in v ariant w as formed using an F calculated



via a linear least-squares metho d from a set of 30 matching p oints. Figure 1 b),

d) and f ) sho w the same in v ariants formed this time by taking the noisy p oint

matc hes but the true v alue of F (i.e. that formed in the noiseless case). The true

v alues of the in v ariants for the three sets of lines w ere 0.655, 0.402 and 8.99.

F or small v alues of the noise the in v ariants can b e calculated accurately .

In greater noise large v ariations are p ossible for some in v ariants whereas other

in v ariants are relativ ely robust. Figure 1 indicates that uncertain ties in the calcu-

lation of F will signi�can tly a�ect the in v ariant in some cases. It is also apparen t

that the formation of this in v ariant is more accurate b et w een some pairs of views

than b et w een others. W e should exp ect this since altering the view ma y mean

that the 6 p oin ts mo v e closer to some unstable or degenerate con�guration. In

summary it app ears that the typ e of in v ariant describ ed here ma y b e useful for

data which is not noisy but that the degradation in the presence of signi�can t

noise ma y render it ine�ective for real images.
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Fig. 1. Plots sho wing the b eha viour of the 3D inv arian t b et ween three di�eren t pairs

of views with increasing noise. The solid, dashed and dotted lines sho w the inv arian t

formed b et ween views 1 & 2, 1 & 3 and 2 & 3 resp ectiv ely (denoted by a: 1, a: 2, a: 3

etc. in the k ey). The x-axis sho ws the standard deviation of the gaussian noise used.



7 Conclusions

This pap er outlines a framew ork for pro jectiv e geometry and the algebra of

incidence which is then used to discuss the formation of pro jectiv e in v ariants.

Explicit expressions are giv en for one sort of 3D in v ariant using image p oints

and the b eha viour of this in v ariant is in v estigated for a v ariety of sim ulated

scenarios. Suc h in v ariants ma y b e useful in low noise, but in cases of greater

uncertain t y there ma y b e to o man y problems for the in v ariants to b e useful ov er

a wide range of p ossible circumstances.
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