
Multi{Dimensional Signal Pro cessing Using an

Algebraically Extended Signal Represen tation

?

Thomas B •ulo w and Gerald Sommer

Institute of Computer Science

Christian{Albrec hts{Uni v ersi t y of Kiel,

Preusserstr. 1{9, 24105 Kiel, German y

f tbl,gs g @in for mat ik .un i- kie l. de

Abstract. Man y concepts that are used in m ulti{dimensi ona l signal

pro cessing are derived from one{dimensi onal signal pro cessing. As a con-

sequence, they are only suited to m ulti{dimensi on al signals whic h are

in trinsicall y one{dimensional . W e claim that this restriction is due to

the restricted algebraic frame used in signal pro cessing, esp ecially to the

use of the complex numb ers in the frequency domain. W e prop ose a

generalization of the t wo{dimensional F ourier transform which yields a

quaternionic signal representation. W e call this transform quaternionic

F ourier transform (QFT). Based on the QFT, we generalize the concep-

tions of the analytic signal, Gab or �lters, instantaneous and lo cal phase

to t wo dimensions in a no v el wa y which is intrinsical ly t wo{dimensional .

Exp erimen tal results are presented.

1 In tro duction

Realizations of autonomous tec hnical systems which are designed on principles

of the p erception{action{cycle (P A C) are supp osed to act in the real w orld which

can b e describ ed as taking place in a four{dimensional Euclidean space{time.

Therefore, a P A C{system has to b e able to p ercept ev ents and to organize pro-

cesses in suc h a w orld.

F o cusing on the p erceptional part of a P AC system w e face some serious

shortcomings in low{level pro cessing of multi{dim ensional signals. These short-

comings ha v e b een recognized for a long time but by no w are not solved sat-

isfactorily . In the authors opinion the ro ot of the problems seems to lie in the

restricted algebraical em b edding of multi{dim ensional signal{pro cessing which

has not y et b een recognized. The algebraical em b edding of signal pro cessing is

meant to b e the choice of algebra in which a signal is represented in the fre-

quency domain. Usually this role is play ed by the algebra of complex num b ers

but w e will sho w that it is useful to apply algebras of higher dimensions here.

Most of the v aluable to ols that ha v e b een develop ed in one{dimensional signal

pro cessing are no w ada ys used in multi{dim ensional signal pro cessing but in a

w a y which lea v es them in trinsically one{dimensional.
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One example for this is the concept of lo cal phase. The lo cal phase of a one{

dimensional signal can b e estimated by applying a quadrature �lter | e.g. a

complex Gab or �lter | and ev aluating the argument of the resulting complex

�lter resp onse. This concept is usually generalized to tw o dimensions by de�ning

the t w o{dimensional Gab or �lters as the Gaussian windo w ed basis function of

the F ourier transform for some frequency u . Again, w e get as the lo cal phase the

argument of the complex �lter resp onse and w e get di�eren t v alues for di�eren t

orien tations of the Gab or �lter. Granlund [7 ] de�nes an ( n +1){dimensional phase

v ector for n {dimensional signals, consisting of the real phase and the directional

v ector of the chosen orien tation.

In one dimension the lo cal phase yields information ab out the lo cal structure

of the signal. In tw o dimensions the v ariety of p ossible lo cal structures is much

higher than in one dimension and so w e cannot hop e to characterize the lo cal

image structure using only one real num b er. Lo oking for a concept which yields

a higher{dimensional v alue for the lo cal phase w e �nd that the main restriction

of the phase dimension lies in the fact that the resp onses of the Gab or �lters are

complex{v alued. Thus, w e will study �lters with resp onses which are elemen ts

of a higher{dimensional algebra than the complex num b ers. W e will sho w that a

generalization to quaternion{v alued �lters is p ossible in tw o dimensions. A short

review on quaternions will b e giv en in the follo wing section.

One{dimensional Gab or �lters are based on the F ourier transform. Therefore

w e will extend the tw o{dimensional F ourier transform in suc h a w ay that it

yields a quaternion{v alued representation in the frequency domain. W e call this

transform quaternionic F ourier transform (QFT). W e will demonstrate the shift

theorem in the case of the QFT, analyze the symmetry prop erties of the QFT

and sho w its relation to the F ourier transform and to the Hartley transform.

In order to de�ne the instantaneous phase of a tw o{dimensional signal w e will

in tro duce the quaternionic analytic signal of a tw o{dimensional signal via the

QFT. Finally w e in tro duce the quaternionic Gab or �lters based on the QFT and

the t w o{dimensional lo cal phase and demonstrate some exp erimental results.

2 Quaternions

As motiv ated in the in tro duction w e need as the range of a generalized tw o{

dimensional F ourier transform an algebra whose dimension is higher than the

dimension of the algebra of complex num b ers. In the follo wing w e will use the

four{dimensional I R{algebra

I H = f q = a + bi + cj + dk j a; b; c; d 2 I R g ; (1)

where i , j and k ob ey the follo wing multiplication rules:

i

2

= j

2

= � 1 ; k = ij = � j i = ) k

2

= � 1 : (2)



The algebra I H w as in v ented in 1843 by Hamilton

2

[8] who called it the algebr a

of quaternions . There is a whole lot of literature on quaternions (see e.g. [9, 10 ]).

F or the sak e of brevit y w e will only in tro duce the prop erties which will b e needed

in the course of this article.

F or a quaternion q = a + bi + cj + dk the comp onen t a is called the sc alar

p art of q , whereas bi + cj + dk is called the ve ctor p art of q . A quaternion

consisting only of a v ector part is called a pur e quaternion . Lik e in the algebra

of complex num b ers w e can de�ne the op eration of conjugation for quaternions.

The conjugate of a quaternion q = a + bi + cj + dk , denoted by q

�

, is de�ned by

changing the sign of the v ector part of q :

q

�

= a � bi � cj � dk : (3)

The op eration of conjugation is a v ector space in v olution. The magnitude of q is

de�ned as

j q j =

p

q q

�

=

p

a

2

+ b

2

+ c

2

+ d

2

: (4)

By � , � , � and 
 w e denote the four algebra in v olutions of I H. They are giv en

by

� : q 7! q , � ( q ) = a + bi + cj + dk ,

� : q 7! � iq i , � ( q ) = a + bi � cj � dk ,

� : q 7! � j q j , � ( q ) = a � bi + cj � dk ,


 : q 7! � k q k , 
 ( q ) = a � bi � cj + dk .

In analogy to a Hermitian function f : I R ! C with f ( x ) = f

�

( � x ) for

ev ery x 2 I R w e in tro duce the notion of a quaternionic Hermitian function for a

function f : I R

2

! I H which ob eys the rules

f ( � x; y ) = � ( f ( x; y )) and f ( x; � y ) = � ( f ( x; y )) ; (5)

for eac h ( x; y ) 2 I R

2

. F or a quaternionic Hermitian function also the relation

f ( � x; � y ) = 
 ( f ( x; y )) (6)

holds true.

W e will need the exp onen tial function exp : I H ! I H of a quaternion q which

is de�ned via the series

exp ( q ) =

1

X

k =0

q

k

k !

; q 2 I H : (7)

It can b e sho wn that this sum con v erges for ev ery quaternion q . Let us write the

quaternion q in the form q = s + v , where s and v denote the scalar part and

2

Blaschk e [3] states that they were already kno wn to Euler | who used them to

describ e rotations in I R

3

| in 1748.



the v ector part of q , resp ectively . W e can then ev aluate exp ( q ) in the follo wing

w a y:

exp( q ) = exp ( s + v ) = exp ( s )

�

cos ( j v j ) +

v

j v j

sin( j v j )

�

: (8)

In the last step w e used the fact that the Euler formula

e

i�

= cos( � ) + i sin( � ) (9)

is not only v alid if i is the imaginary unit of the complex num b ers but also in

the form

e

r  

= cos(  ) + r sin(  ) ;

where r is an arbitrary pure unit quaternion

3

.

3 Quaternionic F ourier T ransform

Here w e w an t to giv e a review of the recently in tro duced quaternionic F ourier

transform (QFT) [5]. The QFT is a transform for tw o{dimensional signals which

on the �rst glance seems to b e only a sligh t mo di�cation of the w ell{kno wn tw o{

dimensional F ourier transform. F or detailed information on F ourier transform

see e.g. [4]. The tw o{dimensional F ourier transform is giv en by

F ( u ) =

1

Z

�1

1

Z

�1

e

� i 2 � ux

f ( x ) e

� i 2 � v y

d

2

x ; (10)

whereas the quaternionic F ourier transform is de�ned as

F

q

( u ) =

1

Z

�1

1

Z

�1

e

� i 2 � ux

f ( x ) e

� j 2 � v y

d

2

x ; (11)

with the only di�erence of using tw o di�eren t imaginary units in the exp onen tial

functions. Here x denotes the v ector ( x; y ) in the image plane and u denotes the

t w o{dimensional frequency v ector ( u; v ). The units i and j are supp osed to b e

t w o of the imaginary units of the quaternion algebra de�ned ab ov e. This leads to

a signi�can t di�erence b et w een the tw o{dimensional F ourier transform and the

QFT. Let F and F

q

denote the op erators of the F ourier transform and the QFT,

resp ectiv ely . F or a tw o{dimensional signal f : I R

2

! I R the F ourier transform

F = F f f g maps the image signal to a complex{v alued representation whereas

the QFT F

q

= F

q

f f g maps the image signal on to a quaternion{v alued sp ectral

representation.

3

F or the pro of of the Euler formula we only need the de�nition of the exp onential

function, the cosine and the sine function as series and the algebraic prop erties of i ,

i.e. i

2

= � 1. Hence, to pro of the Euler formula for quaternions we m ust only sho w

that r

2

= � 1 which is straigh tforw ard.



Also Cherno v [6] used quaternions in the F ourier transform. Ho w ev er, his aim

w as to �nd fast algorithms for the ev aluation of the tw o{dimensional discrete

F ourier transform, while w e are in terested in constructing a more complex phase

representation.

The QFT of a real signal is a quaternionic Hermitian function as de�ned in

the previous section. The in v erse of the QFT is giv en by

f ( x ) =

1

Z

�1

1

Z

�1

e

i 2 � ux

F

q

( u ) e

j 2 � v y

d

2

u : (12)

In order to translate some of the prop erties of the F ourier transform to the

QFT, w e will consider the shift{theorem here. Let F

q

( u ) and F

q

T

( u ) b e the

QFT's of a real signal f ( x ) and the translated signal f

T

( x ) = f ( x � d ). It

follo ws easily that

F

q

T

( u ) = e

� i 2 � ud

1

F

q

( u ) e

� j 2 � v d

2

: (13)

In the follo wing w e will write this do wn in matrix{notation representing the

quaternion F

q

( u ) = F

q

0

( u ) + iF

q

1

( u ) + j F

q

2

( u ) + k F

q

3

( u ) as the v ector F

q

( u ) =

( F

q

0

( u ) ; F

q

1

( u ) ; F

q

2

( u ) ; F

q

3

( u ))

T

. Eq. (13) then reads F

q

T

( u ) = T ( �; � ) F

q

( u ), with

T ( �; � ) =

0

B

B

B

B

B

@

cos( � ) cos ( � ) � sin( � ) cos ( � ) � cos ( � ) sin( � ) � sin( � ) sin( � )

sin( � ) cos( � ) cos ( � ) cos ( � ) � sin( � ) sin( � ) cos ( � ) sin( � )

cos( � ) sin( � ) sin( � ) sin( � ) cos( � ) cos ( � ) � sin( � ) cos( � )

sin( � ) sin( � ) � cos ( � ) sin( � ) sin( � ) cos( � ) cos( � ) cos ( � )

1

C

C

C

C

C

A

:

(14)

Here � and � denote � 2 � d

1

u and � 2 � d

2

v , resp ectively . No w w e can sho w ex-

plicitly ho w the translation v ector d can b e recov ered from a pair F

q

( u ) and

F

q

T

( u ) for a single v alue of u . It is straigh tforward to sho w that

F

q

T

( u ) =

0

B

B

@

F

q

0

( u ) � F

q

1

( u ) � F

q

2

( u ) F

q

3

( u )

F

q

1

( u ) F

q

0

( u ) � F

q

3

( u ) � F

q

2

( u )

F

q

2

( u ) � F

q

3

( u ) F

q

0

( u ) � F

q

1

( u )

F

q

3

( u ) F

q

2

( u ) F

q

1

( u ) F

q

0

( u )

1

C

C

A

0

B

B

@

cos � cos �

sin � cos �

cos � sin �

sin � sin �

1

C

C

A

=: F ( u )

0

B

B

@

�

�




�

1

C

C

A

If F ( u ) is in v ertible w e get �; � ; 
 and � directly from

F

� 1

( u ) F

q

T

( u ) = ( �; � ; 
 ; � )

T

: (15)

It is p ossible to recov er ( �; � ) within the in terv al [0 ; 2 � [ � [0 ; � [ from ( �; � ; 
 ; � )

by a function ar g : I H nf 0 g 7! I R

2

, ar g ( �; � ; 
 ; � ) = ( �; � ). Because of the bulki-

ness of the de�nition of ar g w e will giv e it in the app endix A. F rom � and � w e

get d

1

and d

2

by

d

1

=

�

2 � u

; d

2

=

�

2 � v

: (16)

Thus, w e recov ered the translation v ector d from the QFT's of f and f

T

for one

sp eci�c v alue of u .



4 Symmetri es of the QFT

The concept of symmetry of a signal is w ell known in one dimension. Globally as

w ell as lo cally signals can b e split in to an ev en and an o dd comp onen t. While the

global symmetry is not an inherent signal prop ert y but dep ends on the choice

of the origin, the lo cal symmetry describ es the lo cal structure of the signal; it is

ev en for a p eak{like structure and o dd for step{lik e structure in the signal.

In this section w e will sho w ho w the QFT deals with signals of di�eren t

com binations of ev en and o dd symmetries. It is a w ell known fact that the

F ourier transform of the ev en part of a real one{dimensional signal is real and

ev en. The F ourier transform of the o dd part of the same signal is imaginary

and o dd. As said ab ov e this splitting dep ends on the choice of the origin. It is

indep enden t of scaling, though.

A t w o{dimensional signal can b e split in to ev en and o dd parts along the

x {axis and along the y {axis as w ell. So, ev ery real tw o{dimensional signal can

b e written in the form f = f

ee

+ f

oe

+ f

eo

+ f

oo

, where f

ee

denotes the part of

f which is ev en with resp ect to x and y , f

oe

denotes the part which is o dd with

resp ect to x and ev en with resp ect to y and so on. In this case the splitting is

not only dep enden t of the choice of the origin but also of the orien tation of the

image. Because the tw o{dimensional F ourier transform has only tw o comp onen ts

| one real and one imaginary comp onen t | w e are not able to immediately

recognize the four comp onen ts of di�eren t symmetry .

Ho w ev er, the quaternionic F ourier transform has symmetry{splitting prop-

erties that are analogous to the prop erties of the one{dimensional F ourier trans-

form: The transform of the f

ee

{part of a real tw o{dimensional signal is real, the

f

oe

{part is transformed in to a i {imaginary part, f

eo

in to the j {imaginary and

f

oo

in to the k {imaginary part. The symmetry of the signal is preserv ed by the

quaternionic F ourier transform. W e can see this easily by lo oking at the quater-

nionic F ourier transform as tw o sequen tially p erformed one{dimensional F ourier

transforms: First w e p erform a one{dimensional F ourier transform on f ( x ) with

resp ect to x k eeping y �xed and call the result

~

f :

~

f ( u; y ) =

1

Z

�1

e

� i 2 � ux

f ( x; y ) dx : (17)

In a second step w e p erform a F ourier transform on

~

f with resp ect to y k eeping

u �xed:

F

q

( u ) =

1

Z

�1

~

f ( u; y ) e

� j 2 � v y

dy : (18)

Actually , this tw o step pro cedure is the w ay w e implemented the QFT on

the computer. Hence, the implementation is similar to the one of the tw o{

dimensional F ourier transform. The di�erence is that while calculating the tw o{

dimensional F ourier transform w e add up some comp onen ts which w e k eep sep-

arately when calculating the QFT. An ov erview ov er the symmetry prop erties

of the QFT is giv en in table 1.



f = f

ee

f = f

oe

f = f

eo

f = f

oo

f r i j k r i j k r i j k r i j k

~

f r i j k i r k j r i j k i r k j

F

q

r i j k i r k j j k r i k j i r

T able 1. Symmetry prop erties of the QFT. r stands for the real part, i for the

i {imaginary and so on.

In order to clarify the p osition of the QFT among the existing transforms,

w e relate the QFT to the F ourier transform and to the Hartley transform (see

e.g. [4]):

The Hartley transform of a one{dimensional signal f is de�ned by

H ( u ) =

1

Z

�1

f ( x ) f cos (2 � ux ) + sin(2 � ux ) g dx : (19)

It is related to the F ourier transform of f by

F ( u ) = H

e

( u ) � iH

o

( u ) ; (20)

where H

e

and H

o

denote the ev en and o dd part of H resp ectively . So the F ourier

transform separates the parts of di�eren t symmetry | which are mixed in the

Hartley transform | by putting them in to di�eren t comp onen ts.

The t w o{dimensional Hartley transform is giv en by

H ( u ) =

1

Z

�1

1

Z

�1

f ( x ) f cos (2 � u � x ) + sin(2 � u � x ) g d

2

x

=

1

Z

�1

1

Z

�1

f ( x ) f cos (2 � ux ) cos(2 � v y ) � sin(2 � ux ) sin(2 � v y )

+ cos (2 � ux ) sin(2 � v y ) + sin(2 � ux ) cos(2 � v y ) g d

2

x

= H

ee

( u ) + H

oo

( u ) + H

eo

( u ) + H

oe

( u ) : (21)

Again it is p ossible to get the F ourier transform of f from the Hartley transform:

F ( u ) =

�

H

ee

( u ) + H

oo

( u )

�

� i

�

H

eo

( u ) + H

oe

( u )

�

: (22)

Hence, also in this case the F ourier transform separates parts of di�eren t symme-

try , which are mixed in the Hartley transform, but this separation is only halfw ay .

The complete separation is only giv en by the quaternionic F ourier transform:

F

q

( u ) = H

ee

( u ) � k H

oo

( u ) � j H

eo

( u ) � iH

oe

( u ) : (23)



It follo ws from this that the tw o{dimensional F ourier transform stands b et w een

the QFT and the tw o{dimensional Hartley transform in the sense that w e can

deriv e the QFT from the tw o{dimensional F ourier transform in a similar w ay as

w e deriv e the F ourier transform from the Hartley transform.

As sho wn in section 2 w e can represent the QFT of a signal also in p olar

representation. Thus, w e can write F

q

( u ) in the form

F

q

( u ) = j F

q

( u ) j exp( s ( u )  ( u )) (24)

with

s ( u ) = i cos ( � ( u )) sin( � ( u )) + j sin( � ( u )) sin( � ( u )) + k cos( � ( u )) (25)

The three angles  , � and � could b e regarded as the phase of a tw o{dimensional

signal. Nev ertheless, the phase (  ; �; � ) for sp ecial v alues of the angles is an ele-

men t of the three{dimensional hyp ersphere S

3

which mak es an in terpretation of

the v alues complicated. Another approach to a multidim ensional phase concept

will b e represented in the next section.

5 The Analytic Signal

The analytic signal plays an imp ortan t role in one{dimensional signal pro cessing.

One of the main reasons for this fact is, that it is p ossible to read the instan-

taneous amplitude and the instantaneous phase from a signal f at a certain

p osition x simply by taking the magnitude and the phase of the analytic signal

f

A

at the p osition x , where f

A

( x ) is a complex num b er. The analytic signal

f

A

of a real signal f is de�ned as f

A

= f � i Hf f g where Hf f g is the Hilb ert

transform of f . It can b e derived from f by taking the F ourier transform F of

f , suppressing the negative frequencies and multiplying the p ositiv e frequencies

by t w o. Applying this pro cedure, w e do not lose an y information ab out f .

One w a y to extend the concept of the analytic signal to tw o dimensions is

to split the frequency plane in to tw o half planes with resp ect to a direction

e = (cos( � ) ; sin ( � )). A frequency u = ( u; v ) with e � u > 0 is called p ositiv e while

a frequency u = ( u; v ) with e � u < 0 is called negative. With this de�nition the

one{dimensional construction rule for the analytic signal can b e applied to tw o{

dimensional signals [7]. Using this construction, the conception of the analytic

signal remains a one{dimensional one, though.

W e will presen t here another extension of the analytic signal conception using

the QFT: F or the one{dimensional analytic signal it is imp ortan t that the F ourier

transform of a real signal is a Hermitian function, i.e. that the equation

F ( � u ) = F

�

( u ) (26)

holds, where F

�

is the complex conjugate function of F . Therefore, if w e w an t to

examine what the notion of the analytic signal means in the conception of QFT

w e ha v e to remem b er the notion of a quaternionic Hermitian function which w as

in tro duced in section 2.



In section 4 w e found out that the QFT of a real image f ob eys some sym-

metry rules, e.g. that the real part of the QFT is ev en with resp ect to b oth

arguments of F

q

. W e can restate these prop erties in the form

F ( � u; v ) = � ( F ( u )) (27)

F ( u; � v ) = � ( F ( u )) (28)

F ( � u ) = 
 ( F ( u )) ; (29)

where �; � and 
 are the non trivial in v olutions of I H de�ned in section 2. W riting

F ( u ) = F

0

( u ) + iF

1

( u ) + j F

2

( u ) + k F

3

( u ) w e can restate (27) as

F ( � u; v ) = � ( F ( u )) = � j F ( u ) j

= ) F

0

( � u; v ) = F

0

( u ) ; F

1

( � u; v ) = � F

1

( u )

F

2

( � u; v ) = F

2

( u ) ; F

3

( � u; v ) = � F

3

( u ) ;

which means that the i {imaginary and the k {imagina ry part of F are o dd with

resp ect to the �rst argument whereas the real and the j {imaginary part are ev en

with resp ect to the �rst argument. Analogously w e can �nd from (28) that with

resp ect to the second argument the real and the i {imaginary comp onen t are

ev en while the j {imaginary and the k {imagina ry part are o dd. These are the

symmetry prop erties of the QFT w e found in the previous section.

Hence, it follo ws that the QFT of a real signal is a quaternionic Hermitian

function. It is easy to see that a quaternionic Hermitian function con tains re-

dundan t information in three quadran ts of its domain and, therefore, can b e

reconstructed from the v alues f ( x; y ) for x � 0 and y � 0. In order to recon-

struct the function f from these v alues w e need only to apply the equations (27),

(28) and (29).

F or this reason it seams reasonable to de�ne the quaternionic analytic signal

of a real 2{dimensional signal in the follo wing w ay: W e suppress all frequencies u

in the quaternionic frequency domain for which either u or v or b oth of them are

negative. The v alues at the double p ositiv e frequencies are multiplied by four.

By the in v erse QFT w e transform the result in to the spatial domain again and

get the quaternionic analytic signal which, of course, is quaternion v alued. The

three imaginary comp onen ts of the quaternionic analytic signal can b e seen as

the quaternionic Hilb ert tr ansform of f .

De�nitio n : The quaternionic analytic signal of a tw o{dimensional signal f

is giv en by

f

q

A

( x; y ) = F

� 1

q

f Z

q

( u; v ) g ; (30)

where Z

q

is de�ned as

Z

q

( u; v ) =

�

4 F

q

( u; v ) if u � 0 and v � 0

0 else.

(31)

W e will pro v e that the real part of the quaternionic analytic signal of a real

signal is equal to the signal itself.



Pro of : In the follo wing w e will use the fact that for eac h quaternion q the re-

lations Re ( q ) = Re ( � ( q )) = Re ( � ( q )) = Re ( 
 ( q )) hold. F ollowing our de�nition

the quaternionic analytic signal f

q

A

of f is giv en by

f

q

A

( x; y ) = 4

Z

1

0

Z

1

0

e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

du dv : (32)

Regarding only the real part of f

q

A

and omitting the factor four w e �nd

Re

�

Z

1

0

Z

1

0

e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

du dv

�

= Re

�

Z

1

0

Z

1

0

� ( e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

) du dv

�

= Re

�

Z

0

�1

Z

1

0

e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

du dv

�

: (33)

Analogously using the in v olutions � and 
 instead of � w e get

Re

�

Z

1

0

Z

1

0

e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

du dv

�

= Re

�

Z

1

0

Z

0

�1

e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

du dv

�

(34)

= Re

�

Z

0

�1

Z

0

�1

e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

du dv

�

; (35)

resp ectiv ely . Substituting (33) and (35) in (32) completes the pro of:

Re ( f

q

A

( x; y )) = 4 Re

�

Z

1

0

Z

1

0

e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

�

du dv

= Re

�

Z

1

�1

Z

1

�1

e

i 2 � ux

F

q

( u; v ) e

j 2 � v y

�

du dv = f ( x; y ) (36)

2

Lik e in the one{dimensional case also here w e can use the (quaternionic) analytic

signal to de�ne the instantaneous phase of a signal. W e will demonstrate this in

the follo wing section.

6 Tw o{dimensional Phase

In one dimension the analytic signal of the cosine function f ( x ) = cos( x ) is

f

A

( x ) = e

ix

. Hence, for eac h x 2 I R w e can get the instantaneous phase of

f by ev aluating the argument of f

A

at the p osition x . F or the cosine function

w e simply get arg ( f

A

( x )) = x . W e can generalize this concept (see [7]) to all

functions f : I R ! I R for which the analytic signal f

A

exists. W e call arg ( f

A

( x ))

the instantane ous phase of f at x .



W e w an t to generalize this concept to tw o dimensions. In order to start with

the same motiv ation as in the one{dimensional case w e consider the function

f ( x; y ) = cos( x ) cos ( y ) �rst. W e will sho w that the quaternionic analytic signal

of f is f

A

( x; y ) = e

ix

e

j y

.

Pro of: In the one{dimensional case w e know that

f ( x ) = cos ( x ) ) f

A

( x ) = e

ix

;

which follo ws from:

e

ix

= 2

1

Z

0

1

Z

�1

�

e

i 2 � ux

e

� i 2 � ux

0

cos( x

0

)

�

dx

0

du : (37)

Therefore, using (37), w e obtain

f

A

( x; y ) = 4

1

Z

0

1

Z

0

1

Z

�1

1

Z

�1

e

i 2 � ux

e

� i 2 � ux

0

cos( x

0

) cos( y

0

) e

� j 2 � v y

0

e

j 2 � v y

dx

0

dy

0

du dv

= 2 e

ix

1

Z

0

1

Z

�1

cos( y

0

) e

� j 2 � v y

0

e

j 2 � v y

dy

0

dv = e

ix

e

j y

: (38)

2

Since w e are lo oking for a concept of tw o{dimensional phase it is no w straigh t-

forw ard to de�ne the phase of f ( x; y ) = cos ( x ) cos ( y ) at p osition ( x; y ). In section

3 w e already men tioned the ar g {function that maps the quaternions without zero

to I R

2

in suc h a w a y that ar g ( j q j e

ix

e

j y

) = ( x; y ) for ( x; y ) 2 [0 ; 2 � [ � [0 ; � [. The

function ar g is de�ned in the app endix A.

In one dimension the phase is de�ned within the in terv al [0 ; 2 � [ . In order to

clarify why the t w o{dimensional phase is only de�ned within [0 ; 2 � [ � [0 ; � [, w e

sho w in �gure 1 ho w the function f ( x; y ) = cos( x ) cos ( y ) is made up of patches

of the size [0 ; 2 � [ � [0 ; � [.
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Fig. 1. The function f ( x; y ) = cos( x ) cos ( y ) with ( x; y ) 2 [0 ; 4 � [ � [0 ; 3 � [ (left) and

( x; y ) 2 [0 ; 2 � [ � [0 ; � [ (righ t).

According to the de�nition of the tw o{dimensional argument function w e can

de�ne the instan taneous phase of a tw o{dimensional signal f at ( x; y ) as

instantane ous phase of f ( x; y ) = arg( f

A

( x; y )) : (39)



As Granlund [7] states for the one{dimensional case also w e ha v e to sa y that the

instan taneous phase in general will not describ e the lo cal b eha vior of f . F or this

reason w e will in tro duce the concept of lo c al phase here.

In one dimension the lo cal phase concept is w ell known. The lo cal phase

can b e estimated using a quadrature �lter, e.g. a Gab or �lter with a cen tral

frequency u

0

which is de�ned by

g

u

0

( x ) = e

� � x

2

=�

2

e

i 2 � u

0

x

: (40)

The Gab or �lter consists of a real part which is ev en and an o dd imaginary part.

Con v olving the signal with the Gab or �lter leads to a complex �lter resp onse.

The argument of the resp onse at p osition x is then called the lo cal phase of the

signal at x .

Of course the lo cal phase of a signal is dep enden t of the cen tral frequency

of the Gab or �lter. In order to demonstrate the lo cal phase concept w e b orro w

a �gure from Granlund's b o ok ([7 ], p. 262) which sho ws in which w ay the lo cal

phase corresp onds to the lo cal form of the signal (�gure 4a).

There are several attempts to use the lo cal phase for multi{dim ensional sig-

nals. One p ossibilit y is to extend a Gab or �lter to tw o dimensions in the follo wing

w a y

4

:

g

u

0

( x; y ) = e

� � x

2

=�

2

e

i 2 � u

0

� x

(41)

An example of suc h a Gab or �lter is sho wn in �gure 2. F or arbitrary u

0

w e can

+    i     .
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even   part odd   partFig. 2. A t wo{dimensional complex Gab or �lter with an ev en real part (left) and an

o dd imaginary part (righ t).

obtain g

u

0

( x; y ) by rotating the Gab or �lter

g ( x; y ) = e

� � x

2

=�

2

e

i 2 � ( u

0

x +0 y )

(42)

by some angle � ab out the origin. The lo cal phase can then b e de�ned along the

direction e = (cos ( � ) ; sin( � )) by ev aluating the argument of the �lter resp onse

of g

u

0

( x; y ). Thus, w e �nd that this generalized �lter is in principle the same as

a one{dimensional Gab or �lter. Therefore, w e will de�ne the notion of a quater-

nionic Gab or �lter. As the real part of this Gab or �lter w e tak e the function

f ( x; y ) = cos(2 � u

0

x ) cos(2 � v

0

y ) windo w ed with a Gaussian function:

g

q

ee

( x; y ) = e

� � ( x

2

+ y

2

) =�

2

cos(2 � u

0

x ) cos(2 � v

0

y ) : (43)

4

W e restrict ourselv es to to the usage of isotropic Gaussian windo ws here. It is also

p ossible to use di�eren t v alues of � for the directions x and y .



A one{dimensional �lter that is an analytic function itself, is called a quadrature

�lter. W e w an t to apply this notion also in the tw o{dimensional case and call

a �lter which is a quaternionic analytic signal a quaternionic quadrature �lter.

One{dimensional Gab or �lters are quadrature �lters, so w e should require this

also in the t w o{dimensional case. By taking the analytic signal of g

ee

w e get

g

q

( x; y ) = g

q

ee

A

( x; y )

= e

� � ( x

2

+ y

2

) =�

2

( cos(2 � u

0

x ) cos(2 � v

0

y ) + i sin (2 � u

0

x ) cos(2 � v

0

y )

+ j cos (2 � u

0

x ) sin(2 � v

0

y ) + k sin(2 � u

0

x ) sin(2 � v

0

y )) : (44)

In the follo wing w e will call suc h a �lter a tw o{dimensional quaternionic Gab or

�lter. It is depicted for u

0

= v

0

in �gure 3.
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Fig. 3. A quaternionic Gab or �lter with u

0

= v

0

.

In one dimension the lo cal phase giv es information ab out the lo cal symmetry

or form of the signal, esp ecially whether there is a p eak or a step in the signal

at the considered p osition. Using the quaternionic Gab or �lters and ev aluating

the lo cal signal phase by the tw o{dimensional ar g {function w e get the analo-

gous information for an image signal, which is more complicated and con tains

more p ossible symmetries as the one{dimensional phase. In analogy to �gure 4a

w e sho w the relation b et w een the tw o{dimensional phase and the lo cal signal

structure in �gure 4b and 4c.

As men tioned earlier w e can ev aluate the tw o{dimensional phase in a region

[0 ; 2 � [ � [0 ; � [ which can b e though t of as a half torus. The circles in �gures 4b

and 4c result from cutting through the torus for di�eren t v alues of � .
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Fig. 4. Relation b et ween the lo cal phase and the lo cal signal strcture: a. the

one{dimensional case (see [7]), b. the t wo{dimensional case with � = 0, c. the

t wo{dimensional case with � = � = 2.



7 Exp erimen tal Results

Some exp eriments ha v e b een made which sho w ho w the lo cal phase can b e es-

timated from the answ er of a quaternionic Gab or �lter. W e estimate the lo cal

phase of the function f ( �; � ) = cos( � ) cos ( � ) along some path through its do-

main in the follo wing w ay . The signal function f ( �; � ) is con v olv ed with the

quaternionic Gab or �lter sho wn in �gure 3. The �lter resp onse at eac h p osition

in the ( �; � ){plane is giv en by a quaternion. Along the line s sho wn in �gure

5a the quaternionic argument function which is de�ned in the app endix A is

applied to the quaternion{v alued �lter resp onse. W e denote the estimated lo cal

phase by (

^

�;

^

� ) and compare it to the instantaneous phase that can b e ev aluated

analytically for f ( �; � ) = cos( � ) cos ( � ) as ( �; � ) for ( �; � ) 2 [0 ; 2 � [ � [0 ; � [.

The cen tral frequency of the used Gab or �lters is four times higher than

the frequency of the signal f . In Fig. 5b and 5c the estimated v alues

^

� and

^

�

are compared to � and � , resp ectively . The straigh t lines are the v alues of the

instan taneous phase ( �; � ) while the sligh tly curv ed lines represent the estimated

lo cal phase (

^

�;

^

� ).

The arguments � and � of the Gab orian's answ ers are nearly linear and giv e

a go o d appro ximation to the instantaneous phase of the signal.
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0
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0
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q ; q

f f^

^

Fig. 5. The function f ( �; � ) = cos( � ) cos ( � ) with the path along which the lo cal phase

( �; � ) is estimated, b) V ariation of � and

^

� along the depicted path, c) V ariation of �

and

^

� along the depicted path.



8 Conclusion

In this article w e presen ted the quaternionic F ourier transform (QFT), an in te-

gral transform for t w o{dimensional signals which is based on the F ourier trans-

form but pro vides a quaternion{v alued representation of the signal in the fre-

quency domain.

Based on the QFT w e generalized the concepts of the analytic signal, of

Gab or �lters and the lo cal phase to tw o dimensions in a no v el w ay .

This generalization could b e of in terest esp ecially in P AC systems for the

follo wing reason. There are recent attempts to em b ed the di�eren t tasks of a

P A C system in to one mathematical system using Cli�ord algebras [11 ]. Cli�ord

algebras in the form of Geometric algebras ha v e already b een applied to neu-

ral computation [1] and to computer vision [2]. Since quaternions are a sp ecial

Cli�ord algebra, it should b e p ossible to in tegrate the QFT approach in to a

Geometric algebra P AC system.

A The ar g {function

De�niti on: F or ev ery quaternion q which can b e giv en in the form q = j q j e

i�

e

j �

the angles � and � within a range ( �; � ) 2 [0 ; 2 � [ � [0 ; � [ are called the ar gument

of q . W e de�ne the function ar g : I H nf 0 g 7! I R

2

that recov ers for quaternions q

of the men tioned form the argument of q . Let q = a + bi + cj + dk , q 6= 0.

arg( q ) = ( �; � ) ; (45)

with

� =

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

� � d

0
�

2

for a = b = c = 0

� � sign( b ) sign ( bd )

�

2

for a = c = 0 ; b 6= 0

sign( c ) arcsin( d

0

) + step ( � c ) �

+2 � step ( c ) step ( � d ) for a = 0 ; c 6= 0

arctan ( b=a ) + � step ( � a )

+2 � step ( a ) step ( � ab ) for a 6= 0 ; c = d = 0

arctan ( b=a ) + � step ( � c )

+2 � step ( � d ) step ( c ) for a 6= 0 ^ ( c 6= 0 _ d 6= 0)

(46)

and

� =

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

�

2

for a = b = c = 0

arcsin (sign( b ) d

0

) + � step ( � bd ) for a = c = 0 ; b 6= 0

�

2

for a = 0 ; c 6= 0

0 for a 6= 0 ; c = d = 0

arctan ( c=a ) + � step ( � c=a ) for a 6= 0 ^ ( c 6= 0 _ d 6= 0)

; (47)



with d

0

= d= j q j . Here w e used the step { and the sig n {function which are de�ned

by

step ( x ) =

�

0 for x � 0

1 for x > 0

(48)

and

sign( x ) =

�

� 1 for x < 0

1 for x � 0

: (49)
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