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Abstract. The analytic signal of a real signal is a standard concept in

1D signal pro cessing. Ho w ev er, the de�nition of an analytic signal for

real 2D signals is not p ossible by a straigh tforw ard extension of the 1D

de�nition. There rather o ccur sev eral di�eren t approaches in the litera-

ture. W e review the main approaches and prop ose a new de�nition which

is based on the recen tly intro duced quaternionic F ourier transform. The

approac h most closely related to ours is the one by Hahn [8], which de-

�nes the analytic signal, which he calls complex signal, to ha v e a single

quadran t sp ectrum. This approach su�ers form the fact that the original

real signal is not reconstructible from its complex signal. W e sho w that

this dra wbac k is cured by replacing the complex frequency domain by

the quaternionic frequency domain de�ned by the quaternioni c F ourier

transform. It is sho wn ho w the new de�nition comprises all the older

ones. Exp erimen tal results demonstrate that the new de�nition of the

analytic signal in 2D is sup erior to the older approaches.

1 In tro duction

The notion of the analytic signal of a real one-dimensional signal w as in tro duced

in 1946 b y Gab or [6]. It can b e written as f

A

( x ) = f ( x ) + if

H i

( x ), where f is the

original signal and f

H i

( x ) is its Hilb ert transform. Thus, the analytic signal is

the generalization of the complex notation of harmonic signals giv en by Eulers

equation exp ( i! x ) = cos( ! x ) + i sin( ! x ). The construction of the analytic signal

can also b e understo o d as suppressing the negative frequency comp onen ts of f .

The analytic signal plays an imp ortan t role in one-dimensional signal pro cess-

ing. One of the main reasons for this fact is, that the instantaneous amplitude

and the instan taneous phase of a real signal f at a certain p osition x can b e

de�ned as the magnitude and the angular argument of the complex-v alued ana-

lytic signal f

A

at the p osition x . The analytic signal is a global concept, i.e. the

analytic signal at a p osition x dep ends on the whole original signal and not only

on v alues at p ositions near x .

Often lo cal concepts are more reasonable in signal pro cessing: They are of

low er computational complexity than global concepts. F urthermore, it is reason-

able that the lo cal signal structure, lik e lo cal phase and lo cal amplitude should

?
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only dep end on lo cal neigh b orho o ds. The "lo cal v ersion" of the analytic signal

w as also in tro duced by Gab or in [6]. This is derived from the original signal by

applying Gab or �lters which are bandpass �lters with an appro ximately one-

sided transfer function.

Complex Gab or �lters are widely used in 1D signal-pro cessing as w ell as

in image-pro cessing. Ho w ev er, their theoretical basis { the analytic signal { is

only uniquely de�ned in 1D. There ha v e b een man y attempts to generalize the

notion of the analytic signal to higher dimensions. Ho w ev er, there is no unique,

straigh tforw ard generalization but rather di�eren t ones with di�eren t adv an tages

and disadv an tages. W e will prop ose a new de�nition of the analytic signal in 2D

which is based on the recently in tro duced quaternionic F ourier transform (QFT)

[2, 3]. F rom this de�nition there follo ws a new kind of 2D Gab or �lters (so-

called quaternionic Gab or �lters (QGF)) which already ha v e found applications

in texture segmen tation and disparit y estimation [1]. In the presen t article w e

restrict ourselves to the motiv atio n, de�nition and analysis of the analytic signal.

The structure of this article is as follo ws: In Sect. 2 and Sect. 3 w e giv e a short

in tro duction to the one-dimensional analytic signal and to the main approaches

to w ards a t w o-dimensional analytic signal, resp ectively . A short review of the

QFT will b e giv en in Sect. 4 follo w ed by the new de�nition of the analytic signal

in Sect. 5. In Sect. 6 w e compare the di�eren t approaches to a tw o-dimensional

analytic signal and presen t exp erimental results. Finally conclusions are dra wn.

2 The 1D Analytic Signal

The analytic signal f

A

can b e derived from a real 1D signal f by taking the

F ourier transform F of f , suppressing the negative frequencies and multiplying

the p ositiv e frequencies by tw o. Applying this pro cedure, w e do not lose an y

information ab out f b ecause of the Hermite symmetry of the sp ectrum of a real

function. The formal de�nition of the analytic signal is as follo ws:

De�niti on 1. L et f b e a r e al 1D signal. Its analytic signal is then given by

f

A

( x ) = f ( x ) + if

H i

( x ) = f ( x ) �

�

� ( x ) +

i

� x

�

; (1)

wher e the Hilb ert tr ansform of f is de�ne d as f

H i

= f � (1 = ( � x )) and � denotes

the c onvolution op er ation.

In the frequency domain this de�nition reads:

F

A

( u ) = F ( u )(1 + sign( u )) with sign ( u ) =

8

<

:

1 if u > 0

0 if u = 0

� 1 if u < 0

= F ( u ) + iF

H i

( u ) : (2)

As an example w e giv e the analytic signal of f ( x ) = cos ( ! x ) which is cos

A

( x ) =

cos( x ) + i sin ( x ) = exp( i! x ). Thus, cos and sin constitute a Hilb ert p air , i.e. one

is the Hilb ert transform of the other. The e�ect of the Hilb ert transform is, that

it shifts eac h frequency comp onen t of frequency u = 1 =� by �= 4 to the righ t.

W e state three prop erties of the 1D analytic signal.



In CAIP'99, F. Solina & A. Leonardis (Eds.), 25-32,
c


 Spinger 1999

1. The sp ectrum of an analytic signal is causal ( F

A

( u ) = 0 for u < 0).

2. The original signal is reconstructible from its analytic signal, par-

ticularly , the real part of the analytic signal is equal to the original

signal.

3. The en v elop e of a real signal is giv en by the magnitude of its analytic

signal which is called the instantane ous amplitude of f .

While the �rst prop ert y is a construction rule which has not necessarily to b e

extended to 2D, w e exp ect an extension of the analytic signal to ful�ll the last

t w o prop erties: The second one guaran tees that tw o di�eren t signals can never

ha v e the same analytic signal, while the third one is the prop ert y of the analytic

signal which is mainly used in applications.

3 Approac hes to an Analytic Signal in 2D

In this section w e will men tion some of the extensions of the analytic signal to

t w o-dimensional signals which ha v e o ccurred in the literature . All of these ha v e

a straigh tforw ard extension to n -dimensional signals. W e will use the notation

x = ( x; y ) and u = ( u; v ).

The �rst de�nition is based on the 2D Hilb ert transform [9] which is giv en

by

f

H i

( x ) = f ( x ) � �

�

1

�

2

xy

�

; (3)

where �� denotes the 2D con v olution. In analogy to 1D an extension of the

analytic signal can b e de�ned as follo ws:

De�niti on 2. The analytic signal of a r e al 2D signal f is de�ne d as

f

A

( x ) = f ( x ) + if

H i

( x ) ;

wher e f

H i

is given by (3).

In the frequency domain this de�nition reads

F

A

( u ) = F ( u )(1 � i sign( u )sign( v )) :

The sp ectrum of f

A

according to Def. 2 is sho wn in Fig. 1. It do es not v anish

an ywhere suc h that prop ert y 1 from Sect. 2 is not satis�ed by this de�nition. A

common approach to ov ercome this fact can b e found e.g. in [7]. This de�nition

starts with the construction in the frequency domain. While in 1D the analytic

signal is ac hiev ed by suppressing the negative frequencies, in 2D one half-plane

of the frequency domain must b e set to zero. It is not immediately clear ho w

negative frequencies can b e de�ned in 2D. Ho w ev er, it is p ossible to in tro duce a

direction of reference de�ned by the unit v ector
^

e = (cos( � ) ; sin ( � )). A frequency

u with
^

e � u > 0 is called p ositiv e while a frequency with
^

e � u < 0 is called

negative. The 2D analytic signal can then b e de�ned in the frequency domain.

De�niti on 3. L et f b e a r e al 2D signal and F its F ourier tr ansform. The

F ourier tr ansform of the analytic signal is de�ne d by:

F

A

( u ) =

8

<

:

2 F ( u ) if u �
^

e > 0

F ( u ) if u �
^

e = 0

0 if u �
^

e < 0

9

=

;

= F ( u )(1 + sign ( u �
^

e )) : (4)
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F ( u ) � iF ( u )

F ( u ) � iF ( u ) F ( u ) + iF ( u )

F ( u ) + iF ( u )

v

u

Fig. 1. The sp ectrum of the analytic signal according to Def. 2.

Please note the similarity of this de�nition with (2). In the spatial domain (4)

reads

f

A

( x ) = f ( x ) � �

�

� ( x �
^

e ) +

i

� x �
^

e

�

� ( x �
^

e

?

) : (5)

The v ector
^

e

?

is a unit v ector which is orthogonal to
^

e :
^

e �
^

e

?

= 0.

According to this de�nition the analytic signal is calculated line-wise along

the direction of reference. The lines are pro cessed indep enden tly . Hence, Def. 3

is in trinsically 1D, suc h that it is no satisfactory extension of the analytic signal

to 2D. Another de�nition of the 2D analytic signal w as in tro duced by Hahn [8]

1

.

2 F ( u )

0

^
e

u

v

Fig. 2. The sp ectrum of the analytic signal according to Def. 3.

De�niti on 4. The 2D analytic signal is de�ne d by

f

A

( x ) = f ( x ) � �

�

� ( x ) +

i

� x

� �

� ( y ) +

i

� y

�

(6)

= f ( x ) � f

H i

( x ) + i ( f

H i

1

( x ) + f

H i

2

( x )) ; (7)

wher e f

H i

is the Hilb ert tr ansform ac c or ding to Def. 2 and f

H i

1

and f

H i

2

ar e the

so c al le d p artial Hilb ert tr ansforms, which ar e the Hilb ert tr ansforms ac c or ding

to Def. 3 with
^

e

>

= (1 ; 0) and
^

e

>

= (0 ; 1) , r esp e ctively:

f

H i

= f � �

1

�

2

xy

; f

H i

1

= f � �

� ( y )

� x

and f

H i

2

= f � �

� ( x )

� y

: (8)

1

Hahn a v oids the term "analytic signal" and uses "complex signal" instead.
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The meaning of Def. 4 b ecomes clearer in the frequency domain: Only the fre-

quency comp onen ts with u > 0 and v > 0 are k ept, while the comp onen ts in the

three other quadran ts are suppressed (see Fig. 3):

F

A

( u ) = F ( u )(1 + sign( u ))(1 + sign( v )) :

A main problem of Def. 4 is the fact that the original signal is not reconstructible

0

0 0

4 F ( u )

v

u

Fig. 3. The sp ectrum of the analytic signal according to Hahn [8] (De�nition 4).

from the analytic signal, since due to the Hermite symmetry only one half-plane

of the frequency representation of a real signal is redundan t. F or this reason Hahn

prop oses to calculate not only the analytic signal with the sp ectrum in the upp er

righ t quadran t but also another analytic signal with its sp ectrum in the upp er

left quadran t. It can b e sho wn that these tw o analytic signals together con tain

all the information of the original signal. Thus, the complete analytic signal

consists of t w o real parts and tw o imaginary parts or, in p olar representation,

of t w o amplitude- and tw o phase-comp onen ts which mak es the in terpretation,

esp ecially of the amplitude, di�cult.

4 The Quaternionic F ourier T ransform

Since our de�nition of the analytic signal is based on the quaternionic F ourier

transform (QFT), w e will brie
y review this transform. The QFT w as recently

in tro duced in [2, 3, 1] and [5], indep enden tly . The QFT of a 2D signal f ( x ) is

de�ned as

F

q

( u ) =

1

Z

�1

1

Z

�1

e

� i 2 � ux

f ( x ) e

� j 2 � v y

d

2

x ; (9)

where i and j are elemen ts of the algebra of quaternions I H = f q = a + bi +

cj + dk j a; b; c; d 2 I R ; i

2

= j

2

= � 1 ; ij = � j i = k g . Note that the quaternionic

m ultipli cation is not commutativ e. The magnitude of a quaternion q = a + bi +

cj + dk is de�ned as j q j =

p

q q

�

where q

�

= a � bi � cj � dk is called the conjugate

of q .

The 1D F ourier transform separates the symmetric and the an tisymmetric

part of a real signal by transforming them in to a real and an imaginary part,

resp ectiv ely . In real 2D a signal splits in to four symmetry parts (symmetric and
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an tisymmetric with resp ect to eac h argument). These four symmetry comp onen ts

are decoupled by the QFT and mapp ed to the four algebraic comp onen ts of the

quaternions [3].

The phase concept can b e generalized using the QFT: In 1D the phase of a

frequency comp onen t is represented by one real num b er. In the 2D quaternionic

frequency domain a triple of real num b ers can b e de�ned, which can b e regarded

as the generalized phase in 2D [4, 1].

The op eration of conjugation in C is a so-called algebra in v olution, i.e. it

ful�lls the t w o follo wing prop erties: Let z ; w 2 C ) ( z

�

)

�

= z and ( w z )

�

= w

�

z

�

.

In I H there are three non trivial algebra in v olutions:

� : q 7! � iq i , � ( q ) = a + bi � cj � dk ,

� : q 7! � j q j , � ( q ) = a � bi + cj � dk and


 : q 7! � k q k , 
 ( q ) = a � bi � cj + dk .

Using these in v olutions w e can extend the de�nition of Hermite symmetry: A

function f : I R

2

! I H is called quaternionic Hermitian if:

f ( � x; y ) = � ( f ( x; y )) and f ( x; � y ) = � ( f ( x; y )) ; (10)

for eac h ( x; y ) 2 I R

2

. The QFT of a r e al 2D signal is quaternionic Hermitian!

5 The Quaternionic 2D Analytic Signal

Using the QFT w e can follo w the arguments of Hahn [8] and k eep only one of

the four quadran ts of the frequency domain. Since the QFT of a real signal is

quaternionic Hermitian (see Sect. 4) w e do not lose an y information ab out the

signal in this case (see Fig. 4).

� ( F

q

( u; v ))
F

q

( u; v )

� ( F

q

( u; v ))
 ( F

q

( u; v ))

v

u

Fig. 4. The quaternionic sp ectrum of a real signal can b e reconstructed from only one

quadran t.

De�niti on 5. In the fr e quency domain we de�ne the quaternionic analytic sig-

nal of a r e al signal as

F

q

A

( u ) = (1 + sign ( u ))(1 + sign ( v )) F

q

( u ) ;

wher e F

q

is the QFT of the r e al two-dimensional signal f ( x ) and F

q

A

denotes

the QFT of the quaternionic analytic signal of f .
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De�nition 5 can b e expressed in the spatial domain as follo ws:

f

q

A

( x ) = f ( x ) + n � f

H i

( x ) ; (11)

where n = ( i; j; k )

>

and f

H i

is a v ector which consists of the partial and the

total Hilb ert transforms of f according to (8):

f

H i

( x ) = ( f

H i

1

; f

H i

2

; f

H i

)

>

: (12)

Note that, formally , (11) resem bles (1).

6 Comparison of the Di�eren t Approac hes

The 2D analytic signal according to all approaches is most easily constructed

in the frequency domain. While the �rst approach Def. 2 do es not suppress an y

parts of the frequency domain, all other approaches do ha v e this analogy to the

1D case. According to Def. 3 one half of the frequency domain is suppressed.

According to Def. 4 and Def. 5 only one quarter of the frequency domain is k ept

while the rest is suppressed. The di�erence b et w een the last tw o de�nitions is

that Def. 4 uses the complex frequency domain while Def. 5 uses the quaternion-

v alued frequency domain of the QFT.

The requiremen t that the original signal b e reconstructible from the analytic

signal is ful�lled is by all approaches except for Def. 4. The main requiremen t

is that the magnitude of the analytic signal (the instantaneous amplitude of

the original signal) should b e the env elop e of the original oscillating signal. W e

demonstrate the instantaneous amplitude according to the four de�nitions of the

2D analytic signal on an example image con taining oscillations in all directions

of the image plane. In Fig. 5 w e sho w the magnitudes of the di�eren t analytic

Fig. 5. The instantaneous amplitude according to the di�erent de�nitions of the ana-

lytic signal. F rom left to righ t: Original image, real env elop e, inst. amplitude according

to Def. 2, Def. 3 (orien ted along the x -axis), Def. 4, and Def. 5, resp ectiv ely .

signals of a test-images con taining oscillations in all orien tations of the image

plane. De�nition 3 is applied with
^

e = (1 ; 0). Ob viously Def. 2 is not successful in

pro viding the env elop e of the test-image. The quality of Def. 3 dep ends strongly

on the orien tations of the lo cal structure. If it is orthogonal to the chosen
^

e the

en v elop e is constructed w ell, while the Def. 3 fails as so on as the lo cal structure

is parallel to
^

e . De�nition 4 lo oses information ab out the signal and so yields the

en v elop e only for structures that corresp ond to frequencies in the upp er righ t

quadran t. Also Def. 5 do es not yield the p erfect env elop e. Ho w ev er, compared

to the other approaches this one is the most satisfactory .
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7 Conclusion

The quaternionic analytic signal com bines in itself the earlier approaches in a

natural w a y: The v ector f

H i

in (12) is not constructed arti�cially . The quater-

nionic analytic signal is rather de�ned in a simple w ay in the frequency domain

and ev erything falls in place automatically . In our opinion the successful de�ni-

tion of the analytic signal in 2D, which can only b e obtained using the QFT,

sho ws also that the QFT is a reasonable de�nition of a 2D harmonic transform.

As men tioned in the in tro duction the analytic signal is the theoretical foun-

dation of Gab or �lter tec hniques. These tec hniques are widely used in image

pro cessing. Based on the quaternionic analytic signal in tro duced here it is p os-

sible to de�ne quaternion-v alued Gab or �lters instead of complex-v alued ones.

These �lters ha v e already b een successfully applied in image pro cessing. Based

on quaternion-v alued image representations the concept of the lo cal phase has

b een extended and used for lo cal structure analysis as w ell as for disparit y esti-

mation [4, 1].
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