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Abstract

In this pap er w e presen t a no v el MLP{t yp e neural net w ork based on h yp erb olic n um b ers |

the Hyp erb olic Multila y er P erceptron (HMLP). The neurons of the HMLP compute 2D{h yp erb olic

orthogonal transformations as w eigh t propagation functions. The HMLP can therefore b e seen as

the h yp erb olic coun terpart of the kno wn Complex MLP . The HMLP is pro v en to b e a univ ersal

appro ximator. F urthermore, a suitable Bac kpropagation algorithm for it is deriv ed. It is sho wn

b y exp erimen ts, that the HMLP can learn tasks with underlying h yp erb olic prop erties m uc h more

accurately and e�cien tly than a Complex MLP and an ordinary MLP .

1 In tro duction

A gro wing in terest in neural net w orks in non{Euclidean spaces can b e observ ed in the literature, in

particular in h yp erb olic ones. Ho w ev er, most of the approac hes use actually a em b edding in a Euclidean

space. Examples are [7] for a em b edding of the h yp erb olic plane and [4 ] for only reconstructing h yp erb olic

metrics. This requires alw a ys an expanding prepro cessing of the data, whic h mak es suc h approac hes less


exible. In this pap er w e presen t instead a no v el MLP-t yp e neural net w ork that acts directly in the

h yp erb olic n um b er algebra | the Hyp erb olic Multila y er P erceptron (HMLP). The neurons of the HMLP

compute 2D{h yp erb olic orthogonal transformations as w eigh t propagation functions. The HMLP can

therefore b e seen as the h yp erb olic coun terpart of the kno wn Complex MLP .

The pap er starts with a preliminary section on h yp erb olic n um b ers. In the main part of this pap er, section

3, the arc hitecture of the HMLP is presen ted and the HMLP is pro v en to b e a univ ersal appro ximator.

F urthermore, a suitable Bac kpropagation algorithm for it is deriv ed there and it is argued that the deriv ed

learning algorithm is robust, although p erformed in a domain con taining divisors of zero. In section 4

exp erimen ts are rep orted, that sho w that the HMLP can learn tasks with underlying h yp erb olic prop erties

m uc h more accurately and e�cien tly than a Complex MLP and an ordinary MLP .

2 Hyp erb olic Num b ers

Hyp erb olic (or double) n um b ers are n um b ers of the form

h = a + b e (1)

with a; b 2 I R and an imaginary unit e that squares to +1. In complete analogy with the complex

n um b ers, a is called the real part of h and b e the imaginary part of h . The conjugate h yp erb olic n um b er

to h is giv en b y

�

h := a � b e. The square ro ot of the real n um b er j h

�

h j = j a

2

� b

2

j , whose sign agrees

with the sign of the larger of a and b in absolute v alue, is called the mo dulus of h and is denoted b y j h j .

F ormal m ultiplication sub ject to e

2

= 1 giv es the follo wing de�nition of the pro duct of t w o h yp erb olic

n um b ers

( a + b e ) 
 ( c + d e) := ( ac + bd ) + ( ad + bc ) e : (2)

Ho w ev er, division

k

h

=

c + d e

a + b e

=

ca � db

a

2

� b

2

+

da � cb

a

2

� b

2

e (3)

is p ossible only if j h j 6= 0. F rom (2) follo ws that I H := (I R

2

; + ; 
 ) is a real asso ciativ e and comm utativ e

algebra. Y et, since (3) it is not a division algebra. The h yp erb olic n um b er algebra I H is isomorphic to the



matrix algebra generated b y

� �

a b

b a

�

j a; b 2 I R

�

[8 ]. Let us p oin t out no w in what sense I H is indeed

h yp erb olic. An y h yp erb olic n um b er h with non{zero mo dulus r can b e written as h = a + b e = r (

a

r

+

b

r

e).

Hence it follo ws that

a

r

= cosh ( � ) ;

b

r

= sinh( � ) or

a

r

= sinh( � ) ;

b

r

= cosh( � ). F rom this w e get the

represen tation h = r (cosh( � ) + e sinh( � )) or h = r (sinh ( � ) + e cosh ( � )). Th us, m ultiplication of a

h yp erb olic n um b er with non{zero mo dulus is a scaled 2D{h yp erb olic orthogonal transformation. More

precisely ,

( f u 2 I H j : j u j � 1 g ; 
 ) ' O ( 1 ; 1 ) =

��

�

1

cosh ( � ) �

2

sinh ( � )

�

1

sinh( � ) �

2

cosh ( � )

�

j � 2 I R ; �

1

; �

2

2 f� 1 g

�

: (4)

3 Hyp erb olic MLP

F rom the previous section w e kno w already that h yp erb olic n um b ers are the h yp erb olic coun terpart of

complex n um b ers. In this section w e will dev elop no w the corresp onding Hyp erb olic Multila y er P ercep-

tron (HMLP), whic h can b e seen as the coun terpart of the Complex MLP (CMLP) [1],[5 ] again.

3.1 HMLP Arc hitecture

The HMLP as a MLP{t yp e neural net w ork consists of la y ers of neurons (sa y L ) with feed{forw ard only

connections b et w een all the neurons of consecutiv e la y ers. In con trast to the real{v alued MLP all en tities

are no w h yp erb olic n um b ers. More precisely , the output o

j

( l )

of the j -th neuron in la y er 1 < l � L of a

HMLP is giv en b y

o

j

( l )

= f ((

X

i

w

ij

( l )


 x

i

( l � 1)

) + �

j

( l )

) ; (5)

where w

( l )

ij

is the w eigh t connecting the i {th no de in la y er ( l � 1) with the j {th no de in la y er l , �

j

is

the appropriate bias and x

( l � 1)

i

is the i -th input from the previous la y er. Th us, the HMLP p erforms

as w eigh t asso ciation a scaled 2D{h yp erb olic orthogonal transformation, instead of the scalar pro duct

(MLP) and a scaled 2D{Euclidean orthogonal transformation (CMLP), resp ectiv ely . Figure 1 giv es an

illustration of the decision regions of a linear ( f = id ) h yp erb olic neuron, whic h are alw a ys de�ned b y

the asymptotes of a h yp erb ola.
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Figure 1: Decision regions of a linear h yp erb olic neuron

Note that � acts as a translation parameter and without normed w eigh ts the de�ned h yp erb ola is arbi-

trarily , and so will b e its t w o in tersecting asymptotes.

In the complex case it is common [1 ] to use the real logistic function � : x 7! 1 = (1 + exp( � x )) in eac h

comp onen t, to a v oid tec hnical problems [5]. F or similar reasons w e will also use this function. Hence,

the activ ation function of HMLP{neuron is giv en b y

� ( h ) = � ( a ) + � ( b ) e : (6)

A densit y theorem for HMLPs with this activ ation function is easy to pro v e.



Theorem 1 L et X b e a c omp act subset of I H

n

. Then ther e exists a natur al numb er N such that the

sp ac e

8

<

:

N

X

j =1
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j

� ((

n

X
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 x

i

) + �

j
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9

=

;

(7)

is dense in the sp ac e of al l c ontinuous functions fr om X to I H .

Pro of A set of I H{v alued functions has the univ ersal appro ximation prop ert y , i� it is a univ ersal ap-

pro ximator for an y of the (real{v alued) comp onen t functions. Ho w ev er, this is already guaran teed b y

the fundamen tal densit y theorem for MLPs with sigmoidal functions [3 ]. 2

3.2 Hyp erb olic MLP Learning Algorithm

In this section w e w an t to deriv e a Bac kpropagation algorithm for a HMLP with L la y ers. This can b e

done b y applying gradien t descen t to minimize the common error function

E =

1

2

X

p

( y

p

� o

p

( L )

)

2

; (8)

whereb y y

p

denotes the p -th exp ected output v alue. In addition to the notations used so far let a

j

( l )

:=

(

P

i

w

ij

( l )


 x

i

( l � 1)

) + �

j

( l )

b e the activ ation v alue of the j {th neuron in la y er l ( l > 1). Then the

form ula for up dating the w eigh ts of the output la y er is giv en b y

� w

ij

( L )

= [ ( y

p

� o

p

( L )

) �
_

� ( a

j

( L )

)
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�

j
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] 
 x

i

( L � 1)

; (9)

with � denoting scalar m ultiplication comp onen t b y comp onen t. The rule to up date the hidden w eigh ts

(1 < l < L ) is as follo ws

� w

ij

( l )

= [ (

X

k

w

j k

( l +1)
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k

( l +1)

) �
_

� ( a

j

( l )

) ] 
 x

i

( l � 1)

: (10)

Finally , the bias up dating is p erformed according to � �

j

( l )

= �

j

( l )

. Since I H con tains divisors of zero, it

is not alw a ys guaran teed that a non{zero error �

j

( l )

results in a c hanging of w eigh ts. In [1] it is claimed

that in suc h cases learning stops. This is not true in general, since suc h a e�ect in practice will only b e

temp orary due to the cycling trough the remaining input data with c hanging the state of the net w ork.

Let us ha v e in addition a direct lo ok at zero divisors in our h yp erb olic case. They ha v e the sp ecial form

( a + a e ) 
 ( b � b e), from whic h w e can conclude that already their app earance is unlik ely . F or a more

general and complete discussion see [2].

4 Exp erimen ts

The HMLP can b e applied to an y kind of function appro ximation task, since w e kno w from section 3 that

it is a univ ersal appro ximator. Ho w ev er, it should clearly b e most useful on problems with underlying

h yp erb olic geometric reasoning. Note that it is not easy to predict if a CMLP or a MLP p erforms

b etter on a giv en task, ev en if the data consist of complex n um b ers [6]. T o the test the p erformance of

the HMLP w e considered the task to appro ximate a sligh tly h yp erb olic deformed sphere giv en b y the

equations ( � 2 ( � � ; � ) ;  2 ( �

�

2

;

�

2

))

x ( �;  ) = cos ( � ) cosh (  ) = 12 (11)

y ( �;  ) = cos ( � ) sin (  ) (12)

z ( �;  ) = sin( � ) : (13)

Figure 2 sho ws this surface generated from a uniform 16 � 16 grid in [0 ; 1] � [0 ; 1], whic h also serv ed as

test data in the sim ulations.
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Figure 2: T est data for the sim ulations

The training set used consisted of 20 p oin ts randomly dra wn from [0 ; 1] � [0 ; 1] with uniform probabilit y .

The output for b oth the HMLP and the CMLP w as co ded according to f ( x; y ) ; ( z ; 0) g . A satisfying

generalization result could b e obtained b y a HMLP with only 3 hidden no des, see Figure 3 b elo w.
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Figure 3: Generalization of the (1-3-2){HMLP (left), the (1-3-2){CMLP (middle) and the (2-4-3){MLP

(righ t)

In con trast to that, neither a CMLP nor a MLP with the same degrees of freedom (n um b er of w eigh ts

coun ted as real n um b ers) could ac hiev ed suc h a go o d p erformance. Ob viously from Figure 3, b oth failed

to detect a closed surface. The �rst 3 columns of T able 1 rep ort the obtained results o v er 10 a v eraged

trials. On the test set the mean{square{error (MSE) of the HMLP w as only a half of that of the other

t w o net w orks. This is particular remark able in the case of the CMLP that ac hiev ed training errors not

far ab o v e that of the HMLP .

(1-3-2){

CMLP

(2-4-3){

MLP

(1-3-2){

HMLP

(1-4-2){

CMLP

(2-7-3){

MLP

MSE T raining 0.0051 0.0082 0.0047 0.0013 0.0017

MSE T est 0.0340 0.0372 0.0176 0.0244 0.0209

T able 1: Summary of sim ulation results

W e then increased the n um b er of hidden no des in the CMLP and MLP , resp ectiv ely , un til the training

errors dropp ed under that of the HMLP for the �rst time. The parameters and the obtained results can

b e tak en from the last t w o columns of T able 1. As listed there, the error on the test set is still somewhat

higher than that of the HMLP b esides m uc h smaller training errors. Both net w orks still su�er on missing

the righ t mo del of the data, whic h can b e seen from Figure 4.
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Figure 4: Generalization of the (1-4-2){CMLP (left) and the (2-7-3){MLP (righ t)

Summarizing, w e can conclude that the HMLP outp erformed the other t w o net w ork t yp es on the giv en

task.

5 Conclusion

W e presen ted a no v el MLP{t yp e neural net w ork | the Hyp erb olic Multila y er P erceptron (HMLP),

that can b e seen as the coun terpart of the kno wn Complex MLP . The HMLP w as pro v en to b e a

univ ersal appro ximator p erforming 2D{h yp erb olic orthogonal transformations as w eigh t propagation

function. F rom the exp erimen ts that w ere made, it can b e concluded that the HMLP can learn tasks

with underlying h yp erb olic prop erties m uc h more accurately and e�cien tly than a Complex MLP and an

ordinary MLP . Ho w ev er, the data used in the sim ulations w as only sligh tly h yp erb olic mo deled. Th us,

the HMLP should p erform ev en b etter on pure h yp erb olic tasks in comparison to other MLPs. Moreo v er,

it seems also b e promising to test the HMLP on other t yp e of tasks and standard b enc hmarks.

This will b e the sub ject of ongoing future w ork.

Ac kno wledgmen t This w ork w as supp orted b y the Deutsc he F orsc h ungsgemeinsc haft under gran t So-

320-2-1.
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