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Abstract

This pap er discusses a co ordinate-free geometric approac h to ob ject mo delling and the

analysis of motion in computer vision. The new technique used to analyse the 3-dimensional

transformations in v olv ed will b e that of Cli�ord algebra or geometric algebra. This is not

an approac h designed sp eci�cally for the task in hand, but rather a framew ork for almost

all mathematical ph ysics. Both ob ject mo delling and estimating camera motion from dif-

feren t scene pro jections have b een heavily discussed in the literature, how ever the Cli�ord

algebra based metho d allo ws a more elegant reformulation which pro vides greater geomet-

rical insigh t. The hop e is that one can then extend the scop e of the techniques to more

complicated problems.

1 In tro duction

Geometric algebra has already b een successfully applied to many areas of mathematical ph ysics and

engineering. The system adopts a co ordinate-free approac h and deals with rotations in n-dimensional

space v ery e�cien tly . The authors b elieve that it could b e a useful to ol for ob ject mo delling and mo-

tion analysis where the 3-dimensional geometry of any giv en problem is of fundamental imp ortance.

The next section giv es a brief intro duction to Cli�ord Algebra. The is follow ed b y sections

which presen t geometric equations for p olyhedral ob ject mo delling and discuss the analysis of p oly-

hedral ob jects in contact situations with an application in rob otics. Camera motion from t w o scene

pro jections and the conclusions are presented in the �nal sections.

2 An Outline of Cli�ord Algebra

Cli�ord algebras are w ell-known to pure mathematici ans. In this w ork w e will use an interpretation

called geometric algebra [1] which is a co ordinate-free approac h to geometry . In geometric algebra

the elemen ts are co ordinate-indep enden t ob jects called m ultiv e ctors which can b e m ultiplied together

using a ge ometric pr o duct . It is thus very di�eren t to standard vector calculus.

2.1 The Geometric Pro duct and Multiv ectors

The geometric or Cli�ord pro duct of t w o vectors a and b is written ab and de�ned as

ab = a � b + a ^ b : (1)



Where the outer or we dge pro duct, ^ , of t w o vectors forms a bive ctor which is interpreted as a directed

area. The geometric pro duct ab is therefore the sum of a scalar, a � b , and a biv ector, a ^ b . In 3

dimensions the the trive ctor ( a ^ b ) ^ c is an oriented 3-dimensional volume obtained b y sw eeping the

biv ector a ^ b along the v ector c .

In a space of dimension n there are m ultiv e ctors of grade 0 (scalars), grade 1 (v ectors), grade 2

(bivectors), grade 3 (triv ectors), etc... up to grade n . An y t w o such m ultiv ec tors can b e m ultipli ed

using the geometric pro duct. Consider t w o m ultiv ectors A

r

and B

s

of grades r and s resp ectively .

The geometric pro duct of A

r

and B

s

can b e written as

A

r

B

s

= h AB i

r + s

+ h AB i

r + s � 2

+ : : : + h AB i

j r � s j

(2)

where h M i

t

is used to denote the t -grade part of m ultiv ector M , e.g. h ab i = h ab i

0

+ h ab i

2

=

a � b + a ^ b . In the follo wing sections expressions of grade 0 will b e written ignoring their subindex,

i.e. h ab i

0

= h ab i = a � b .

2.2 Geometric Algebra and Rotors in 3-D Space

F or an n -dimensional space w e can intro duce an orthonormal basis of vectors f �

i

g i = 1 ; :::; n , such

that �

i

� �

j

= �

ij

. This leads to a basis for the en tire algebra:

1 ; f �

i

g ; f �

i

^ �

j

g ; f �

i

^ �

j

^ �

k

g ; : : : ; �

1

^ �

2

^ : : : ^ �

n

(3)

Note that w e shall not use b old sym b ols for these basis vectors. The highest grade elemen t is called

the pseudosc alar for the space. An y m ultiv ector can b e expressed in terms of this basis, and while it

is often useful to do so, w e stress that the main strength of geometric algebra is the abilit y to carry

out op erations in a basis-free manner. The basis for the 3-D space has 2

3

= 8 elemen ts giv en b y:

1

|{z}

scalar

; f �

1

; �

2

; �

3

g

| {z }

v ector s

; f �

1

�

2

; �

2

�

3

; �

3

�

1

g

| {z }

biv ector s

; f �

1

�

2

�

3

g � i

| {z }

tr iv ector

: (4)

The reference v ector frame f �

1

; �

2

; �

3

g corresp onds to the 3-D scene space XYZ co ordinate basis.

The trivector or pseudoscalar �

1

�

2

�

3

squares to � 1 and comm utes with all m ultiv e ctors in the 3-D

space. Therefore it is giv en the sym b ol i . Note that this is not the unin terpreted comm utativ e scalar

imaginary j used in quan tum mechanics and engineering.

By straigh tforw ard m ultiplication it can b e easily seen that the three biv ectors can also b e written

as

�

2

�

3

= i�

1

= i ; �

1

�

3

= � i�

2

= j ; �

1

�

2

= i�

3

= k : (5)

These simple biv ectors are spinors, as they rotate vectors in their o wn plane b y 90

�

, e.g. ( �

1

�

2

) �

2

= �

1

,

( �

2

�

3

) �

2

= � �

3

etc. Since ( i�

1

)

2

= � 1, ( � i�

2

)

2

= � 1, ( i�

3

)

2

= � 1 and ( i�

1

)( � i�

2

)( i�

3

) = i�

1

�

2

�

3

=

� 1, the famous Hamilton relations

i

2

= j

2

= k

2

= ij k = � 1 (6)

are easily reco v ered. In terpreting the i ; j ; k as biv ectors, it can b e seen that they indeed represen t

90

�

rotations in orthogonal directions and will therefore pro vide a system particularly suited for the

represen tation of 3-D rotations. Now, using nothing other than the ab o ve simple biv ectors one can

sho w that the quaternion algebra of Hamilton is simply a subset of the geometric algebra of space.

If a quaternion A is represen ted b y [ a

0

; a

1

; a

2

; a

3

], then there exists a one-to-one mapping b etw een

quaternions and rotors giv en b y

A = [ a

0

; a

1

; a

2

; a

3

] $ a

0

+ a

1

( i�

1

) + a

2

( i�

2

) + a

3

( i�

3

) (7)

In order to �nd out more ab out rotors in the geometric algebra w e note that any rotation can b e

represen ted b y a pair of re
ections. It can b e easily sho wn that the result of re
ecting a vector a in

the plane p erp endicular to a unit vector n is



a

?

� a

k

= � nan (8)

where a

?

and a

k

resp ectively denote parts of a p erp endicular and parallel to n . Th us, a re
ection of

a in the plane p erp endicular to n , follow ed b y a re
ection in the plane p erp endicular to m results in

a new v ector

� m ( � nan ) m = ( mn ) a ( nm ) = Ra

~

R : (9)

The m ultiv ec tor R = mn is called a rotor. It contains only even-grade elemen ts and satis�es R

~

R = 1.

The transformation a 7! Ra

~

R is a very general w a y of handling rotations of m ultiv ectors of any grade

unlike the quaternion calculus. In 3-D w e use the term `rotor' for those even elemen ts of the space

that represen t rotations. An y rotor can b e written in the form R = � e

B = 2

, where B is a biv ector.

In particular, in 3-D w e write R = e

( � i

�

2

n )

= cos

�

2

� i n sin

�

2

which represen ts a rotation of � radians

anticlo c kwise ab out an axis parallel to the unit vector n . If b = R

1

a

~

R

1

and c = R

2

b

~

R

2

, the rotors

combine in a straigh tforw ard manner, i.e. c = Ra

~

R where R = R

2

R

1

.

3 P olyhedral Ob ject Mo delling

In this section the analysis is restricted to the case of p olyhedral ob jects which can app ear in any

p osition and can also b e partially o ccluded. This approac h cannot currently deal with ob jects which

hav e many curv ed surfaces. Canny [2] used quaternions for ob ject mo delling. Quaternion algebra is a

subset of Cli�ord Algebra, hence, the Cli�ord algebra approac h for ob ject mo delling generalizes and

extends the scop e of standard techniques to cop e with more complicated problems.

Supp ose an ob ject undergo es a displacemen t from p osition 1 to p osition 2. Such a general displace-

ment ( D ) will consist of a translation ( T ) expressed b y the vector t and a rotation ( R ) represen ted

b y the angle � with resp ect to some axis n describ ed b y the rotor R . In the analysis of this section

the reference frame f �

1

; �

2

; �

3

g is attached to the XYZ co ordinate system at some c hosen origin. The

rotor R tak es this frame to f �

0

1

; �

0

2

; �

0

3

g where �

0

i

= R �

i

~

R for i = 1 ; 2 ; 3. Let us represen t the ob ject

p oin ts b y p osition v ectors relative to the origin.

A p oin t x

1

maps to the new p oin t x

0

1

giv en b y x

0

1

= Rx

1

~

R + t . An edge of the ob ject is sp eci�ed b y

a unit v ector e indicating the edge direction and b y a vertex lying on the edge. After a displacemen t the

new edge is e

0

= R ( T ( e )) = R ( e ) = Re

~

R , since the edge is a prop ert y within the b o dy and is therefore

una�ected b y the translation. An y p oin t on the edge can b e sp eci�ed b y a vector V

1

= x

1

+ � v

1

,

where � is a v ariable parameter and v

1

is a vector connecting t w o p oin ts, x

1

and x

2

, on the edge such

that v

1

= x

1

� x

2

. After a general displacemen t this go es to V

0

1

= R V

1

~

R + t . Now consider a p olygon

of N corners as an ob ject, the connecting vectors f v

i

g satisfy: v

n

= v

1

+ v

2

+ :: + v

3

+ :: + v

n � 1

.

This p olygon can b e sp eci�ed completely using these connecting vectors and one of the vertices,

V

n

= x

n

+ v

n

= x

n

+ ( v

1

+ v

2

+ ::: + v

n � 1

). Therefore, after a displacemen t the p olygon is sp eci�ed

b y V

0

n

= x

0

n

+ v

0

n

, which can b e written as

V

0

n

= Rx

n

~

R + t + Rv

n

~

R = R ( V

n

)

~

R + t (10)

= Rx

n

~

R + R ( v

1

)

~

R + R ( v

2

)

~

R + ::: + R ( v

n � 1

)

~

R + t

Collinear p oin ts represen ted as vectors on a planar surface can b e detected using the constrain t

equation x

n1

^ x

n2

^ x

n3

= 0, for any three such p oin ts. P oin ts on a plane are in a \general p osition"

if three of them are not collinear. The last equation can b e used for selecting a set of p oin ts in some

general p osition.

Polyhedral faces can b e individually sp eci�ed b y an out w ard normal unit vector n

F

and the

distance from the origin to the face d

F

for any p oin t x

F

lying on the face. Alternatively a face can b e

sp eci�ed b y the homogeneous normal

H

F

= d

F

+ n

F

: (11)



Note that this m ultiv ec tor consists of a scalar and a vector and can simplify the equation of the plane

through the face. F or example, any p oin t x will b e on the face if

x � n

F

� d

F

= �h H

F

(1 � x ) i = 0 : (12)

The m ultiv ector H

F

transforms as follows under a general displacemen t D ; H

F

0

= D ( H

F

) = ( Rx

F

~

R + t ) �

( Rn

F

~

R ) + ( Rn

F

~

R ). Since ( Rx

F

~

R ) � ( Rn

F

~

R ) = x

F

� n

F

, this b ecomes H

F

0

= x

F

� n

F

+ Rn

F

~

R +

t � ( Rn

F

~

R ) which can then b e written as

H

F

0

= D ( H

F

) = RH

F

~

R + h RH

F

~

R t i : (13)

W e will use this c haracterization of the displaced face in what follows.

4 Detection of P olyhedral Con tacts

In particular situations, the equations of the previous section can b e used for de�ning a set of geometric

rules useful for p olyhedral mo delling, contact detection, collision a voidance and path planning. Let

us consider a mo ving ob ject 1 and a static ob ject 2 as the obstacle.

Situation 1 : A displaced ob ject touc hes a vertex x

2

of an obstacle with its face F

1

. The vertex

m ust lie on the face F

1

and therefore the equation h H

0

F

1

(1 � x

2

) i = 0 has to b e satis�ed. After

replacing H

0

F

1

= RH

F

1

~

R + h RH

F

1

~

Rt i the equation for situation 1 can b e written as

h RH

F

1

~

R ( 1 � x

2

+ t ) i = 0 : (14)

Situation 2 : A displaced ob ject touc hes a face F

2

of an obstacle with its vertex x

1

. This means

h H

F

2

(1 � x

0

1

) i = 0. Substituting x

0

1

= Rx

1

~

R + t the equation for situation 2 b ecomes

h H

F

2

( 1 � Rx

1

~

R + t ) i = 0 : (15)

Situation 3 : Con tact o ccurs when an edge of a displaced ob ject touc hes an edge of an obstacle. If

the edges in tersect at a p oin t, all p oin ts of b oth edges b elong to the same plane. The edge directions

and the v ector joining x

0

1

(on the edge of the displaced ob ject) and x

2

(on the edge of the obstacle)

are coplanar. If the edge v ectors are coplanar they either intersect at some p oin t or they are parallel.

This condition is true if ( x

0

1

� x

2

) ^ e

2

^ e

0

1

= 0 { if the edges are parallel then obviously w e have

e

0

1

^ e

2

= 0.

Since w e are w orking in 3-dimensions, ( x

0

1

� x

2

) ^ e

2

^ x

0

1

is a trivector and can therefore b e written

as �i , where � is a scalar. Th us, �i = 0 is equiv alen t to saying that h i ( i� ) i = 0. The coplanarit y

condition can then b e written as h i ( x

0

1

� x

2

) ^ e

2

^ x

0

1

i = 0 Since the quan tit y in the angled brac kets is

made up of v ector and trivector parts w e can write

h i Rx

1

e

1

~

Re

2

i + h i ( t � x

2

) Re

1

~

R e

2

i = 0 : (16)

These equations can b e used for collision a voidance and also for detection of o verlapp ed p olyhedral

ob jects. Note that manipulations using the m ultiv ector H

F

do not require a co ordinate basis and

therefore pro vide us with greater geometric insigh t and transparency .

A simple example of a grasping application will now b e giv en. The sym b ols used are: ^ for the

geometric outer pro duct,

V

for the Bo olean AND op eration and

W

for the Bo olean OR op eration.

The example considers the p ositioning of a t w o �nger grasp er in fron t of a static ob ject. Consider

t w o p oin ts g

1

and g

2

which are the closest corners of the �nger tips and t w o p oin ts x

1

, x

2

lying on the

extremes of the ob ject. These p oin ts lie on the adequate grasping surface de�ned during the previous

ob ject recognition pro cess. A geometric rule for go o d grasping is that three simple constrain ts have

to b e sim ultaneously ful�lled. This can b e written as C

1

V

C

2

V

C

3

= 0, where the conditions C

1

for



ap erture, C

2

for attitude and C

3

for alignmen t, are giv en b y

C

1

: R ( g

1

� g

2

)

~

R � x

1

� x

2

C

2

: h i e

12

e

21

e

14

i

_

h i e

12

e

21

e

23

i = 0 (17)

C

3

:

 

R ( g

1

+ g

2

)

~

R + 2 t � ( x

1

+ x

2

)

2

!

�

�

R ( g

1

� g

2

)

~

R

�

= 0

Here, x

3

and x

4

are p oin ts on the far side of the ob ject, such that x

1

; x

2

; x

3

; x

4

are in a plane which

is parallel to the 
o or. e

12

=

x

1

� ( Rg

2

~

R + t )

j x

1

� ( Rg

2

~

R + t ) j

is the unit edge vector b etw een the p oin ts x

1

and

g

0

2

, e

21

=

x

2

� ( Rg

1

~

R + t )

j x

2

� ( Rg

1

~

R + t ) j

is the unit edge vector b etw een the p oin ts x

2

and g

0

1

and e

14

and e

23

are

resp ectively the unit edge v ectors

x

1

� x

4

j x

1

� x

4

j

and

x

2

� x

3

j x

2

� x

3

j

.

5 Camera motion from t w o scene pro jections

The `eight-p oin t algorithm' of Longuet-Higgins [3] computes the 3D structure of a scene from a

correlated pair of p ersp ective pro jections when the spatial relationship b etw een the pro jections is

unknown. This pap er presen ts a metho d of obtaining the eigh t sim ultaneous equations in [3] via

a totally geometric approac h using only vectors and rotations. Supp ose the camera undergo es a

displacemen t taking it from p osition 1 to p osition 2. Such a general displacemen t will consist of a

translation plus a rotation. A t each p osition the camera observ es some p oin t P in the scene. The

image planes of the camera are �

1

and �

2

. Let O

1

b e the optical centre of the camera at p osition 1

and consider a frame with origin O

1

and axes ( �

1

; �

2

; �

3

), where �

3

is p erp endicular to the plane �

1

.

Let X

1

=

� � !

O

1

P b e the p osition vector of P relative to O

1

, and x

1

=

� � � !

O

1

M

1

b e the p osition vector of

M

1

relative to O

1

, where M

1

is the pro jection of the p oin t P onto the plane �

1

. Let the translation

b e giv en b y the v ector t such that

� � � !

O

1

O

2

= t , where O

2

is the translation of O

1

. A general rotation

of � ab out some axis n will b e describ ed b y the rotor R , where R = exp ( � i

�

2

n ). Th us, the frame

( �

1

; �

2

; �

3

) is rotated to a frame ( �

0

1

; �

0

2

; �

0

3

) at O

2

where �

0

i

= R �

i

~

R for i = 1 ; 2 ; 3. A t p osition 2 w e

hav e a new image plane �

2

, and w e let M

2

b e the pro jection of P onto �

2

. Relativ e to the frame at

O

1

w e de�ne

~

X =

� � !

O

2

P and
~

x =

� � � !

O

2

M

2

. If the p osition vectors of P and M

2

relative to O

2

are giv en

b y X

2

and x

2

, then it is clear that the relation, X

2

= R ( X

1

� t )

~

R , holds.

In the geometric algebra approac h the condition for coplanarit y of

~

X ; X

1

and t is just

~

X ^ X

1

^ t = 0.

As in the previous section, w e can now write

h i

~

X ^ X

1

^ t i = h i

~

XX

1

t i = h i

~

RX

2

RX

1

t i = 0 : (18)

Using the de�nition of the geometric pro duct and the fact that h AB C i = h B C A i = h C AB i , the

coplanarit y condition can no w b e giv en b y

h X

2

R ( i X

1

^ t )

~

R ) i = 0 (19)

With X

1

= X

1

1

�

1

+ X

2

1

�

2

+ X

3

1

�

3

it is then p ossible to write i X

1

^ t = X

j

1

( i�

j

^ t ) � X

j

1

m

j

where the v ector m

j

is de�ned b y m

j

= i�

j

^ t . m

1

; m

2

; m

3

therefore lie in the plane p erp endicular

to t . If w e apply the rotor R to the vectors m

j

w e obtain a set of rotated vectors which w e shall call

~
m

j

= R m

j

~

R . The coplanarit y condition is now reduced to h X

2

X

j

1

~
m

j

i = 0. Ev aluating the scalar

part of X

2

X

j

1

~
m

j

giv es

X

1

1

( X

2

�
~

m

1

) + X

2

1

( X

2

�
~

m

2

) + X

3

1

( X

2

�
~

m

3

) = 0 (20)

( X

1

1

; X

2

1

; X

3

1

) and ( X

1

2

; X

2

2

; X

3

2

) are the true 3-dimensional cartesian co ordinates of the p oin t P relative

to the t w o viewp oin ts 1 and 2. Pro jected onto the image planes �

1

and �

2

, the image co ordinates of



P can then b e de�ned as ( x

1

1

; x

2

1

; x

3

1

� 1) = (

X

1

1

X

3

1

;

X

2

1

X

3

1

;

X

3

1

X

3

1

) and ( x

1

2

; x

2

2

; x

3

2

� 1) = (

X

1

2

X

3

2

;

X

2

2

X

3

2

;

X

3

2

X

3

2

).

F ollowing the notation of Longuet-Higgins w e write x

�

1

=

X

�

1

X

3

1

and x

�

2

=

X

�

2

X

3

2

. Dividing equation (20) b y

X

3

1

X

3

2

then giv es us

x

j

1

x

2

�
~

m

j

= 0 (21)

The v ectors x

1

and x

2

are kno wn from measuremen ts in the t w o image planes and equation (21)

therefore pro vides us with a linear equation in the 9 unknowns f ~m

i

j

g .

If

~

M = ( ~ m

1

1

; ~m

2

1

; ~m

3

1

; ~m

1

2

; ~m

2

2

; ~m

3

2

; ~m

1

3

; ~m

2

3

; ~m

3

3

) is a 9-elemen t vector w e can write equation (21) as

A

i

�

~

M

T

= 0. F or each p oin t P

i

in the scene for which w e have a matc h, there is a corresp onding

equation A

i

�

~

M

T

= 0. As describ ed b y Longuet-Higgins, the r atios of the 9 unknowns f ~m

i

j

g can b e

obtained b y solving 8 sim ultaneous equations. W e assume that such a solution has b een found and

that the v ectors
~

m

i

are kno wn. F or inner pro ducts b etw een the
~

m

i

's w e note that

~
m

i

�
~

m

j

= h
~

m

i

~
m

j

i = h R m

i

~

RR m

j

~

R i = h R m

i

m

j

~

R i = h m

i

m

j

i = m

i

� m

j

:
(22)

The ab o v e is simply a statemen t of the fact that the inner pro duct of t w o vectors remains inv ariant

under a rotation. It can easily b e sho wn that

~
m

i

�
~

m

j

= ( i�

i

^ t ) � ( i�

k

^ t ) = �

1

2

h �

i

t �

j

t i +

1

2

�

ij

(23)

>F rom this it follo ws that
~

m

i

�
~

m

i

= 1 � t

2

i

for i = 1 ; 2 ; 3. It is therefore p ossible to reconstruct t easily

from a kno wledge of the
~

m

i

's.

t

i

= �

q

1 �
~

m

i

�
~

m

i

(24)

for i = 1 ; 2 ; 3, no summation implied. The rotor R is such that it rotates m

i

into
~

m

i

for i = 1 ; 2 ; 3, so

that R can b e reco v ered using the following standard pro cedure. Given any t w o distinct vectors m

1

and m

2

(b ecause the f m

i

g are coplanar w e need deal only with any t w o) which are rotated under R

to giv e
~

m

1

and
~

m

2

, the rotor R which giv es this is R = exp ( � i

�

2

n ) where � and n are giv en b y

n =

i (
~

m

1

� m

1

) ^ (
~

m

2

� m

2

)

j i (
~

m

1

� m

1

) ^ (
~

m

2

� m

2

) j

(25)

� = cos

� 1

(

( m

1

� ( m

1

� n ) n ) � (
~

m

1

� (
~

m

1

� n ) n )

j ( m

1

� ( m

1

� n ) n ) � (
~

m

1

� (
~

m

1

� n ) n ) j

)

(26)

T o reconstruct the scene w e �nd the true p osition vector X

1

of some p oin t P . If w e write X

1

= x

1

X

3

1

and X

2

= x

2

X

3

2

and substitute in X

2

= R ( X

1

� t )

~

R w e have

X

3

2

x

2

= X

3

1

Rx

1

~

R � Rt

~

R

= X

3

1

~
x

2

�

~

t (27)

Now consider some v ector orthogonal to x

2

, say p = i�

1

^ x

2

and tak e the inner pro duct of equation

(27) with p :

X

3

2

x

2

� p = X

3

1

~
x

2

� p �

~

t � p (28)

As p is orthogonal to x

2

, this giv es an explicit expression for X

3

1

X

3

1

=

~

t � p

~
x

2

� p

(29)

Having obtained X

3

1

in this w a y the other co ordinates X

1

1

and X

2

1

are simply found using

X

1

1

= x

1

1

X

3

1

and X

2

1

= x

2

1

X

3

1

(30)

As w as p oin ted out b y Longuet-Higgins, the ambiguit y in the c hoice of signs for t

1

is resolv ed b y

demanding that the forward co ordinates of any p oin t (i.e. X

3

1

and X

3

2

) m ust b e p ositive.



6 Conclusions

The authors hop e to ha v e sho wn that the use of geometric algebra simpli�es ob ject mo delling and the

geometric in terpretation of ob ject displacemen t. It deals with real vectors and all quan tities involv ed

in the metho ds ha v e a de�nite geometric interpretation. The approac h pro vides a simple form ulation

of algebraic constrain ts useful for either ob ject detection or path planning. Instead of lab orious matrix

op erations, the geometric algebra based metho d o�ers stabilit y and a voids the redundan t elemen ts

present in matrix calculus.

F or the motion analysis it is useful to compare the geometrical quan tities o ccurring in the geometric

algebra based metho d with the original version of Longuet-Higgins. In [3] a rotation matrix R is used

for the unkno wn camera rotation; this is equiv alen t to our rotor R where the row vectors of R, which

in [3] are called R

�

are giv en b y R

�

=

~

R �

�

R . Similarly , the column vectors of R, R

�

are giv en b y

R

�

= R �

�

~

R and therefore represen t the w a y in which the basis vectors are rotated. The elemen t s of

the rotation matrix R

ij

can therefore b e written as R

ij

= h

~

R �

i

R �

j

i . The sk ew-symmetric matrix S

is giv en no geometrical in terpretation in [3], but from the previous sections it is clear that the column

vectors of S are the three coplanar vectors � m

i

= � i�

i

^ t , where m

i

is a vector p erp endicular to �

i

and t . Their matrix Q = R S has elemen ts Q

ij

which are giv en, in our notation b y Q

ij

= h i R �

i

~

R �

j

t i .

Once t and
~

m

i

are kno wn (and therefore also m

i

) one is able to un wrap the rotation. It is in the

un wrapping of R that our metho d di�ers from that in [3], and it is sho wn in the previous section that

the geometric algebra metho d giv es a more e�cient and transparen t un wrapping.

In terms of pure computational e�ciency the geometric algebra based metho d is similar to the

standard algorithm of Longuet-Higgins. How ever, the presented metho d allows us to un wrap the

translation, rotation and scene co ordinates using purely geometric techniques, in a more e�cient w a y .

A more general geometric algebra least-squares approac h to the problem of estimating camera motion

in the absence of range data will b e presented elsewhere.
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