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Abstract

This pap er presen ts a no v el selforganizing typ e RBF neural net w ork and in tro duces the geomet-

ric algebra in the neural computing �eld. Real v alued neural nets for function appro ximation

require feature enhancement, dilation and rotation op erations and are limited by the Euclidean

metric. This co ordinate-free geometric framew ork allows to pro cess patterns b et w een lay ers in

a particular dimension and desired metric b eing p ossible only due to the promising pro jectiv e

split. The p otential of suc h nets w orking in a Cli�ord algebra C ( V

p;q

) is sho wn by a simple

application of frame co ordination in rob otics.

1 In tro duction

Geometric algebra is a co ordinate-free approac h to geometry based on the algebras of Grassmann

and Cli�ord and has already b een successfully applied to many areas of mathematical ph ysics

and engineering. The approac h w e adopt here is due to Hestenes [1]. A v ery brief outline of the

algebra will b e giv en ([1-2] for more details) . F or an n -dimensional space it can b e in tro duced an

orthonormal basis of v ectors f �

i

g i = 1 ; :::; n such that �

i

� �

j

= �

ij

. This leads to a basis for the

en tire Cli�ord algebra C ( V

p;q

) ( p ev en and q o dd elemen ts):
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The highest grade elemen t is called the pseudosc alar of the space. An y multivector can b e ex-

pressed in terms of this basis. As well as v ector addition and scalar multiplication we hav e a

non-comm utativ e pro duct whic h is asso ciativ e and distributiv e ov er addition { this is the geomet-

ric or Cli�ord pro duct. The geometric pro duct of two v ectors a and b can b e expressed as a sum

of its symmetric and antisymmetric parts ab = a � b + a ^ b . The inner pro duct a � b is the standard

scalar pro duct and pro duces a scalar. The outer or wedge pro duct a ^ b is a new quan tity we call a

bive ctor { the directed area formed b y sweeping a along b . b ^ a will hav e the opp osite orientation.

This is immediately generalizable to higher dimensions, e.g. ( a ^ b ) ^ c is a triv ector (oriented

v olume). The outer pro duct of k v ectors is a k -v ector or k -blade, and is said to hav e gr ade k . A

m ultiv ector is any linear combination of di�eren t grade ob jects. W e can easily extend the ab ov e

de�nition of the geometric pro duct to enable us to multiply any two blades and thus to multiply any

two multiv ectors. The outer pro duct is muc h more useful than the standard cross pro duct whic h is

not generalizable to dimensions other than 3. The 2

3

-dimensional Pauli-A lgebr a has the follo wing

basis: 1 (scalar), �

1

; �

2

; �

3

(v ectors), �

1

�

2

; �

2

�

3

; �

3

�

1

(biv ectors), �

1

�

2

�

3

� i (triv ector).

By straigh tforw ard multiplication it can b e easily seen that the three bivectors can also b e written

as �

2

�

3

= i�

1

= i ; �

1

�

3

= � i�

2

= j ; �

1

�

2

= i�

3

= k . These simple bivectors are spinors and

using them can b e pro v ed that the quaternion algebra of Hamilton is a subset of the geometric

algebra of space. In the 3-D space we use the term `rotor' for those ev en elemen ts of the space that

represen t rotations. An y rotor can b e written in the form R = � e

B = 2

, where B is a bivector. In

particular, in 3-D we write R = e

( � i

�

2

n )

= cos

�

2

� i n sin

�

2

whic h represen ts a rotation of � radians

anticlo c kwise ab out an axis parallel to the unit v ector n . A p otentially v ery useful expression for

the rotation op erator R of a m-dimensional multivector x is y = Rx

~

R = e

� B = 2

xe

B = 2

where now B

is a m-bladed biv ector. This can b e further decomp osed in to a sequence of rotations b y angles j �

2 k

j



in particular i

2k

-planes y = R

m
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k

= e

� B
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= 2
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~

R

k

= e

B

2k

= 2

.

2 Real V alued Net w ork Structures for Appro ximation

The appro ximation of general contin uous functions using nonlinear networks is useful in areas of

system mo delling and iden ti�cation. Cyb enk o [3] used for the appro ximation the sup erp osition

of weigh ted sigmoidal functions as follo ws. If � ( : ) is a contin uous discriminatory function like a

sigmoidal, then a �nite sum of the form

g ( x ) =

N

X

i = 1

w

2i

� [ w

T

1i

( x � t

i

)] (1)

will appro ximate a giv en contin uous function f , where w

2i

2 R and x ; t

i

; w

1 i

2 R

n

. F or a giv en

" > 0, there is a sum giv en b y equation (1), for whic h j g ( x ) � f ( x ) j < " for all x 2 [0 ; 1]

n

. P oggio

and Girosi [4] used instead for the same purp ose a sup erp osition of weigh ted Gaussian functions

g ( x ) =

N

X

i = 1

w

2i

G [ D

i

( x � t

1i

)] (2)

where w

2i

2 R , G is a Gaussian function, D

i

a N � N dilation diagonal matrix and x ; t

1 i

2 R

n

. The

v ector t

1 i

is a translation v ector. These nets use real v alues for signal represen tation and pro cessing

and are unfortunately limited b y the Euclidean metric. In order to improv e the represen tation and

pro cessing of signals the authors designed a neural network in the geometric algebra framework.

Patterns are represen ted as multivectors and the linear correlator is replaced b y a geometric corre-

lator.

3 Cli�ord Algebra Net w ork Structures for Appro ximation

Let us analyze each case of section 2 in terms of this new geometric pro cessing. Note that w

2 i

, w

1 i

,

x , t

i

are now multiv ectors and the geometric correlator is used instead the scalar correlator. Since

Cli�ord Algebra is not in general a division algebra, it is not p ossible to de�ne higher dimensional

analogues of the sigmoid function [5]. In the �rst case, equation (1), the activ ation function prop osed

b y Georgiou et al [6] is used instead of the sigmoidal function. This complex activ ation function is

b ounded and nonlinear and its partial deriv ativ e exists and is contin uous

u ( z ) =

z

c +

1

r

j z j

(3)

where z is any multiv ector. The inner v ector pro duct will b e extended to a geometric pro duct in

order to enhance the features for a b etter pro cessing, namely

w
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In the radial basis function networks, equation (2), the dilation op eration (via the diagonal matrix

D

i

) and the feature enhancement op eration can b e simultaneously implemen ted b y means of a

geometric pro duct, namely w

2 i

G [ D

i

( x � t

1 i

)] ) e

j

w

2

j i

G [( x � t

1 i

)] where i is now for outputs

g

i
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) (5)



4 Net Arc hitecture and T raining Algorithm

The learning pro cedure for the cases of the previous section has to minimize a metric dep enden t

error function E ( ~p ) where ~p is the v ector (not a multivector) whic h comprises all adjustable pa-

rameters. In the �rst case, the v ector ~p (weigh ts and activ ation v alues) can b e adjusted using the

Cli�ord back propagation training rule [5]. This pro cedure is unfortunately limited to the Euclidean

metric. In contrast the selforganizing Cli�ord network allo ws according to the task, if necessary ,

a di�eren t metric. The learning pro cedure of the net consists basically in the �rst phase of an

unsup ervised metho d for the hidden la y er, i.e. a multivector clustering algorithm, and a sup ervised

one for the output la y er. The second phase of learning is sup ervised and if it is still necessary helps

to �netune all the net parameters. These phases and the recall mo de are explained separately in

the next subsections.

4.1 Unsup ervised learning

Figure 1 depicts the ev olution of the net architecture during selfsorganization. This pro cess is in

some asp ects similar to the adaptiv e resonance theory selforganization [7]. A t the v ery b eginning

the waiting memory and the long term memory hav e virgin no des. The input patterns giv e infor-

mation of di�eren t ev en ts and can resonate with a corresp onding existing no de. This capabilit y

of the net is implemen ted b y a resonance detector and control mechanism using a task dep enden t

metric and comp etitiv e learning.

Fig 1.a Dynamic no de co ding Fig. 1.b Outstars lab eling

Note that the geometric algebra approac h allo ws the use of a sp eci�c metric for a particular task.

When a winner no de is selected its weigh ts are smo othly further adjusted. F or each new input

pattern the control mechanism up dates the weigh ts of a resonan t no de either in the long term

memory or in the waiting stage. A candidate no de resides in the waiting stage un til it surpasses

an evidence threshold, then it will b e shifted to the long term memory . After the net is stable

the parameters of the radial basis functions for each no de are computed. These will b e used

for computing the resonance grade or memb ership grade ( �

j

) of a input multivector with similar

no des. This factor will pla y an imp ortan t role in the inhibition e�ect of the non-resonan t no des

(winner-takes-all) during the training of the next la y er and during the recall mo de.



4.2 Sup ervised learning

In this stage of the training the multivector weigh ts of the output la y er hav e to b e adjusted. Passing

again the training patterns, the weigh ts of the outstar of the resonan t no des are adapted using the

follo wing simple rule

w

2

j i

( k + 1) = w

2

j i

( k ) + �

j

� ( k )( e o

i

� w

2

j i

( k )) (6)

where i is the multiv ector connection to the output no de ith-, �

j

is a constan t and indicates the

degree of the participation of the no de j, � ( k ) is a gain factor. All multiplications are geometric

pro ducts and each output o

i

supplies a multivector. The multivector e could b e set to w

1 i

� 1

or

another appropriate multiv ector as pro jective split v ectors [8] or for the case of a simple multivector

asso ciation to the scalar unit y , i.e. e = 1. The pro jective split can b e used to connect the input

and output spaces of di�eren t dimensions and metric. As a result the in v ariant prop erties of the

input patterns are enhanced and mak e p ossible more observ ables for the net and in some cases

the nonlinearity in one space can b e easily transformed to a linear one in the other space repre-

sentation. Here we can also appreciate the co ordinate-free adv antages of the geometric algebra.

Once an initial solution is found after the �rst training phase, a sup ervised learning metho d can

b e additionally used in order to �netune all the network parameters. According E ( ~p ) the v ector ~p ,

whic h comprises w

1 i

w

2

j i

will b e adjusted after each input and output v alues x

k

; f ( x

k

) using the

metric dep enden t functional E ( ~p ; x

k

; f ( x

k

)).

4.3 Recall mo de

In the recall mo de the outputs of the radial basis functions mo derate the participation of the

resonan t no des at the output energy level. This is captured b y a simple equation

o

i

=

J

X

j =1

�

j

( e

j

w

2

j i

) (7)

where o

i

is the ith output, J is the amoun t of hidden no des, �

j

is the degree of the participation

of no de j and is computed from the radial basis functions. e

i

as was mentioned b efore can b e the

scalar 1 or a split v ector, e.g. w

� 1

1 i

.

5 Exp erimen tal Results

The motions of reference frames of join ts in rob otics can b e nicely represen ted using screws or dual

quaternions. The �gure 2 depicts the geometric abstraction of the problem. F or this exp eriment

the range of mo v ements was limited to a practical narro w area. F or the appro ximation of this

mapping a com bined structure using two Cli�ord selforganizing neural networks was implemen ted.

This is presen ted in �gures 3. The two neural networks were set up in the Cli�ord algebra C ( V

0 ; 3

)

[1] accordingly and applied to appro ximate the mapping b etween the screw motions of systems A

and B. Note that we dedicated two indep enden t networks for each part of the dual quaternion as

these dual parts are geometric di�eren t. F or the selforganizing clustering we used as opp osed to the

Euclidean metric the second comp onent of the geometric pro duct as a similarity measure. After

the selforganization of each network one has recognized a reduced n umb er of long term no des I and

J, i.e clusters of the real and dual part of the dual quaternions. Here we used in fast learning [7] a

mo derate categorization threshold �

i

. In order to test the p erformance of the structure �

1

and �

2



were v aried so that in one case I=J=5 and in the second test I=5 and J=3.

Fig 2. Mapping b etween two motion spaces Fig 3. Com bined structure for fuzzy clustering

In the sup ervised phase the radial basis functions were tuned and then the Cli�ord outstarts were

adjusted. The structure is full connected and the weigh ts of the outstars are also quaternions,

see �gure 3. Note that the amoun t of the outputs is automatically de�ned b y the bigger n umb er

of clusters of the nets, i.e L=MAX(I,J). After the sup ervised training the net was recalled with

previously unseen patterns and due to its nice capabilit y of fuzzy outputs the net was able to follo w

the deviation of the main classes as exp ected. Some pattern examples are presented b elo w. The

exp ected dual quaternions at the output are presented in table I.

C at:L b

0

b

1

b

2

b

3

b

0

0

b

0

1

b

0

2

b

3

1 0.998 0.023 0.031 0.046 -0.061 0.411 0.508 0.754

2 0.927 0.143 0.191 0.287 -0.374 0.528 0.460 0.635

3 0.979 0.076 0.102 0.153 -0.199 0.468 0.494 0.711

4 0.874 0.186 0.248 0.372 -0.484 0.559 0.429 0.572

5 0.771 0.244 0.325 0.488 -0.636 0.589 0.370 0.462

T able I: Exp ected dual quaternions at the output

The outputs in terms of dual quaternions for each category (Cat.) and its �

I � M AX

and �

J � M AX

of the hidden la y ers are presented in the table I I for a combined structure with I=J=L=5.

C at: b

0

b

1

b

2

b

3

b

0

0

b

0

1

b

0

2

b

3

�

I � M AX

�

J � M AX

N

I

, N

J

1.1 +0.998 +0.023 +0.031 +0.046 -0.060 +0.411 +0.509 +0.754 0.987 0.793 1,1

1.2 +0.999 +0.018 +0.024 +0.036 -0.047 +0.405 +0.510 +0.758 0.764 0.713 1,1

2.1 +0.927 +0.144 +0.192 +0.288 -0.374 +0.529 +0.460 +0.636 0.531 0.999 2,2

2.2 +0.936 +0.136 +0.181 +0.271 -0.353 +0.522 +0.466 +0.646 0.940 0.697 2,2

3.1 +0.981 +0.075 +0.100 +0.150 -0.195 +0.466 +0.495 +0.714 0.976 0.8850 3,3

3.2 +0.982 +0.073 +0.097 +0.146 -0.190 +0.465 +0.495 +0.715 0.952 0.708 3,3

4.1 +0.877 +0.184 +0.246 +0.369 -0.480 +0.558 +0.431 +0.576 0.988 0.979 4,4

4.2 +0.878 +0.184 +0.245 +0.368 -0.479 +0.558 +0.431 +0.576 0.987 0.975 4,4

5.1 +0.793 +0.234 +0.312 +0.468 -0.609 +0.585 +0.383 +0.485 0.950 0.790 5,5

5.2 +0.795 +0.233 +0.310 +0.466 -0.606 +0.585 +0.384 +0.487 0.945 0.787 5,5

T able I I: Dual quaternions at the output structure with I=J=L=5

C at: b

0

b

1

b

2

b

3

b

0

0

b

0

1

b

0

2

b

3

�

I � M AX

�

J � M AX

N

I

, N

J

1-1 +0.999 +0.019 +0.025 +0.037 -0.048 +0.406 +0.510 +0.757 0.987 0.793 1,1

1-2 +0.999 +0.017 +0.022 +0.033 -0.044 +0.404 +0.510 +0.759 0.764 0.713 1,1

2-1 +0.927 +0.144 +0.192 +0.288 -0.374 +0.529 +0.460 +0.636 0.531 0.999 2,3

2-2 +0.964 +0.102 +0.135 +0.203 -0.264 +0.492 +0.484 +0.687 0.940 0.697 2,3

3-1 +0.984 +0.068 +0.091 +0.136 -0.177 +0.460 +0.497 +0.720 1.000 0.952 3,2

3-2 +0.988 +0.060 +0.080 +0.120 -0.156 +0.451 +0.500 +0.727 1.000 0.937 3,2

4-1 +0.880 +0.183 +0.243 +0.365 -0.475 +0.557 +0.432 +0.578 0.997 0.997 4,3

4-2 +0.881 +0.182 +0.243 +0.364 -0.474 +0.557 +0.433 +0.579 0.985 0.995 4,3

5-1 +0.800 +0.231 +0.307 +0.461 -0.600 +0.584 +0.386 +0.491 0.987 0.910 5,2

5-2 +0.801 +0.230 +0.307 +0.460 -0.599 +0.584 +0.387 +0.492 0.980 0.912 5,2

T able I I I: Dual quaternions at the output structure with I=5, J=3, L=5

The coupled I and J winner no des ( N

I

and N

J

) for the global assessment at the output are indi-

cated at the right. The results for the structure with I=5, J=3 and L=5 are presented in table



I I I. Comparing b oth tables for the three last categories one can see that the combined network

with I=J=5 has a b etter p erformance than the second with I=5 and J=3. F or example, for the 3-2

category the �rst structure giv es the assessments 0.952 for the real part and 0.708 for the dual part

of the dual quaternion, whereas the second structure 1.000 and 0.937 resp ectiv ely . The combined

network with I=J=5 is giv en more information ab out the appro ximated memb ership degree of the

dual part b ecause it has dedicated more no des for clustering. When a bigger �

2

is used as in the

combined network with I=5 and J=3, the co ding of the dual elemen t is more rough a�ecting the

class assessment and ev en tually the ov erall p erformance. Note that there are two no des whic h

are used for two di�eren t classes, i.e. 2,3 and 4,3; and 3,2 and 5,2. It may b e p ossible for other

application that a com bined structure with I 6=J su�ces. Therefore it is b etter that the left and the

right mo dules should use indep enden t � 's.

6 Conclusion

This pap er presen ts a nov el selforganizing typ e RBF network using the Cli�ord algebra framework.

The authors hav e sho wn that the use of geometric algebra helps enormously to improv e the p o-

tential of network structures and to simplify the learning algorithms. In the network a new typ e

of emb edded pro cessing called pro jective split can b e added for feature enhancement and b etter

in v arian ts recognition. This typ e of neural networks can b e cascaded in order to pro cess patterns

using di�eren t space dimension and metric, the latter b eing p ossibly only due the pro jective split.

The p oten tial of such nets working in a sp eci�c Cli�ord algebra C ( V

p;q

) was shown b y a simple

application of frame co ordination in rob otics.
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