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Abstract

This p ap er pr esents a new selfor ganizing typ e RBF

neur al network and intr o duc es the Ge ometric A lgebr a

fr amework in the neur o c omputing �eld. R e al value d

neur al nets for function appr oximation r e quir e fe atur e

enhanc ement, dilation and r otation op er ations and ar e

limite d by the Euclide an metric. The authors b elieve

that mor e gener al and 
exible neur al networks should

b e designe d in or der to c aptur e imp ortant ge ometric

char acteristics of the manifolds. This is an imp ortant

go al overlo oke d ever sinc e. Ge ometric algebr a is a sys-

tem which al lows the design of neur al networks in a

c o or dinate-fr e e fr amework to pr o c ess p atterns b etwe en

layers using di�er ent dimensions and desir e d metric.

The p otential of such nets working in a Cli�or d alge-

br a C ( V

p;q

) is shown by a simple applic ation of fr ame

c o or dination in r ob otics.

1 In tro duction

Geometric algebra is a co ordinate-free approac h to

geometry based on the algebras of Grassmann and Clif-

ford [2 ] and has already b een successfully applied to

man y areas of mathematical ph ysics and engineering

[2, 3 , 4]. This pap er sho ws that general and more 
ex-

ible neural net w orks can b e designed in the Geometric

algebra framew ork to pro cess patterns b et w een lay ers

using di�eren t dimensions and desired metric.

An outline of the algebra will b e giv en in the next

section and the reader is referred to [2] for more de-

tails. The third section in v olv es a discussion on the

metric in neural computing. The new arc hitecture and

its learning pro cedure is presen ted in the fourth sec-

tion. Finally exp erimental results of the rob otics �eld

and the conclusion sections follo w.

2 An Outline of Cli�ord Algebra

Cli�ord algebras are w ell-kno wn to pure mathemati-

cians [1 ]. In this w ork it will b e used an in terpretation

called geometric algebra [2] which is a co ordinate-free

approach to geometry . In geometric algebra the ele-

men ts are co ordinate-indep enden t ob jects called mul-

tiv ectors which can b e multipli ed together using a ge-

ometric pr o duct . It is th us v ery di�eren t to standard

v ector calculus.

2.1 The Geometric Product and Multivectors

The geometric or Cli�ord pro duct of tw o v ectors a

and b is written ab and de�ned as

ab = a � b + a ^ b : (1)

Where the outer pro duct, ^ , of tw o v ectors forms a

bive ctor which is in terpreted as a directed area. The

geometric pro duct ab is therefore the sum of a scalar,

a � b , and a biv ector, a ^ b . In 3 dimensions the the

trive ctor ( a ^ b ) ^ c is an orien ted 3-dimensional v olume

obtained by sweeping the biv ector a ^ b along the v ector

c .

In a space of dimension n there are multiv ectors of

grade 0 (scalars), grade 1 (vectors), grade 2 (bivec-

tors), grade 3 (triv ectors), etc... up to grade n . An y

tw o suc h multiv ectors can b e multiplied using the geo-

metric pro duct. Consider tw o multiv ectors A

r

and B

s

of grades r and s resp ectively . The geometric pro duct

of A

r

and B

s

can b e written as

A

r

B

s

= h AB i

r + s

+ h A B i

r + s � 2

+ : : : + h A B i

j r � s j

(2)

where h M i

t

is used to denote the t -grade part of mul-

tiv ector M , e.g. h ab i = h a b i

0

+ h ab i

2

= a � b + a ^ b .

In the follo wing sections expressions of grade 0 will b e

written ignoring their subindex, i.e. h ab i

0

= h ab i =

a � b .



2.2 Geometric Algebra and Rotors

F or an n -dimensional space it can b e in tro duced an

orthonormal basis of v ectors f �

i

g i = 1 ; :::; n suc h that

�

i

� �

j

= �

ij

. This leads to a basis for the entire algebra:

1 ; f �

i

g ; f �

i

^ �

j

g ; f �

i

^ �

j

^ �

k

g ;

: : : ; �

1

^ �

2

^ : : : ^ �

n

(3)

Note that it shall not b e used b old sym b ols for these

basis v ectors. The highest grade elemen t is called the

pseudosc alar of the space. An y m ultiv ector can b e ex-

pressed in terms of this basis, and while it is often useful

to do so, it can b e stressed that the main strength of ge-

ometric algebra is the abilit y to carry out op erations in

a basis-free manner. The 2

3

-dimensional Pauli-A lgebr a

has the follo wing basis:

1

|{z}

scalar

; f �

1

; �

2

; �

3

g

| {z }

v ector s

; f �

1

�

2

; �

2

�

3

; �

3

�

1

g

| {z }

biv ector s

; f �

1

�

2

�

3

g � i

| {z }

tr iv ector

:

(4)

By straigh tforw ard m ultiplication it can b e easily

seen that the three biv ectors can also b e written as

�

2

�

3

= i�

1

= i ; �

1

�

3

= � i�

2

= j ;

�

1

�

2

= i�

3

= k : (5)

Using these simple biv ectors it can b e pro v ed that the

quaternion algebra of Hamilton is a subset of the ge-

ometric algebra of space. If a quaternion A is repre-

sen ted by [ a

0

; a

1

; a

2

; a

3

], then there exists a one-to-one

mapping b et w een quaternions and rotors giv en by

A = [ a

0

; a

1

; a

2

; a

3

] $ a

0

+ a

1

( i�

1

) + a

2

( i�

2

) + a

3

( i�

3

)

(6)

In order to �nd out more ab out rotors in the geomet-

ric algebra w e note that an y rotation can b e repre-

sen ted by a pair of re
ections. It can b e easily sho wn

that the result of re
ecting a v ector a in the plane

p erp endicular to a unit v ector n is a

?

� a

k

= � nan

where a

?

and a

k

resp ectiv ely denote parts of a p er-

p endicular and parallel to n . Thus, a re
ection of

a in the plane p erp endicular to n , follo w ed by a re-


ection in the plane p erp endicular to m results in

a new v ector � m ( � nan ) m = ( mn ) a ( nm ) = Ra

~

R .

The multiv ector R = mn is called a rotor. It con-

tains only ev en-grade elemen ts and satis�es R

~

R = 1.

In the 3-D space w e use the term `rotor' for those

ev en elemen ts of the space that represent rotations.

An y rotor can b e written in the form R = � e

B = 2

,

where B is a biv ector. In particular, in 3-D w e write

R = e

( � i

�

2

n )

= cos

�

2

� i n sin

�

2

which represents a ro-

tation of � radians an ticlo ckwise ab out an axis parallel

to the unit v ector n .

A p otentially v ery useful expression for the rotation

op erator R of a m-dimensional multiv ector x is

y = Rx

~

R = e

� B = 2

xe

B = 2

(7)

where no w B is a m-bladed biv ector. This equation can

b e further decomp osed in to a sequence of rotations by

angles j �

2 k

j in particular i

2k

-planes

y = R

m

R

m � 1

::: R

1

x

~

R

1

:::

~

R

m � 1

~

R

m

: (8)

where R

k

= e

� B

2k

= 2

and

~

R

k

= e

B

2k

= 2

.

3 Metric and Cli�ord Neural Net w orks

Classic neural net w ork mo dels and their training al-

gorithms are essentially dep enden t of the metric, scalar

pro duct and norm. It is imp ortan t to remark that all

these mathematical characteristics are only related to

the base of the v ector space of the algebra and there-

fore fully indep enden t of the attributed algebraic struc-

ture. In other w ords the metric is exclusively de�ned

by the space mo delling using a particular v ector ba-

sis. The quality of a neural net w ork design in an alge-

braic framew ork dep ends of the mo delling of the space

in v olving a particular metric and the relation of this

mo delling with its asso ciated algebraic pro duct.

Recen tly P erson et al [5] extended the complex Per-

ceptron develop ed by Georgiou and Koutsougeras [6]

in the Cli�ord algebra framew ork. The approach of

Pearson is unfortunately also limited to the Euclidean

metric. This uses as net inputs W �

�

X , net outputs o

i

=

W

�

X

�

j W X j and as learning rule W

k +1

= W

k

+ �

k

�

X

k

,

where

�

X

k

is the conjugate v ector. Common rules of

complex conjugation are not automatically preserv ed in

the Cli�ord algebra. A di�erence b et w een a more gen-

eral Cli�ord Algebra and complex num b ers is sho wn by

the equation x
�

x = ( j x j ; 0 ; s

3

; :::; s

n

) where s

i

6=0 stands

for the resultan t multiv ector of grade i. One op eration

which is similar is xy =
�

y
�

x 8 x ; y multiv ectors.

Pearson et al [5] used the same transfer function

u ( z ) =

z

c +

1

r

j z j

(where z is an y multiv ector) as the one

used by Georgiou et al which is based in the Euclidean

norm in terms of the algebra j x j =

�

P

A

[ x ]

2

A

�

1 = 2

[2].

Georgiou et al [6] used for the pro v e of the learning rule

of the complex p erceptron explicitly sp ecial character-

istics of the complex num b ers like the Euler's function

e

i�

= cos � + i sin � . Due the noncommutativ e mul-

tiplication of the geometric pro duct Pearson et al [5]

had to pro v e their learning rule in a di�eren t w ay . Af-

ter tests using the sim ulated Cli�ord bac kpropagation

multi-la y er p erceptron of Pearson, the authors of this

pap er b eliev e that the net w ork using the norm of the



Figure 1.a Dynamic no de co ding.

Euclidean space b eha v es actually as a simple real v al-

ued bac kpropagation neural net w ork and it has also

con v ergence problems. As a result one can a�rm that

the design of the arc hitecture and learning rule of the

Cli�ord t yp e neural net w orks is still an op en question.

The previous brief analysis sho ws that one should

lo ok for more 
exible structures which also allow the

pro cessing with non-Euclidean metrics. In this pap er

the authors presen t a neural net w ork which can b e for-

mated in an y Cli�ord Algebra C ( V

p;q

). Therefore the

net w ork can pro cess signals in an y desired metric. The

selforganization phase is implem en ted in terms of basic

concepts of the resonance theory and in the sup ervised

phase Cli�ord outstars are tuned. The design guar-

an ties that the neural net w ork is able to capture im-

p ortan t characteristics of the geometric structure of the

data. The authors b eliev e that is the main motiv ation

for geometric algebra applications in neural computing.

This imp ortan t scien ti�c goal has b een ov erlo oked ev er

since.

4 Net Arc hitecture and T raining Algo-

rithm

The learning pro cedure for the cases of the previous

section has to minim ize an error function E ( ~p ) where

~p is the v ector (not a m ultiv ector) which comprises all

adjustable parameters.

In the Pearson's implementati on [5], the v ector ~p

(weigh ts and activ ation v alues) can b e adjusted using

the Cli�ord bac k propagation training rule. This pro ce-

dure is unfortunately limited to the Euclidean metric.

In con trast the selforganizing Cli�ord net w ork allows

according to the task, if necessary , a di�eren t metric.

The learning pro cedure of the net consists basically in

the �rst phase of an unsup ervised metho d for the hid-

den lay er, i.e. a m ultiv ector clustering algorithm, and a

sup ervised one for the output lay er. The second phase

of learning is sup ervised and if it is still necessary helps

to �netune all the net parameters. These phases and

the recall mo de are explained separately in the next

subsections.

Figure 1.b Outstars lab eling.

4.1 Unsupervised Learning

Figure 1.a depicts the ev olution of the net arc hitec-

ture during selfsorganization. This pro cess is in some

asp ects similar to the adaptive resonance theory selfor-

ganization [7]. At the v ery b eginning the w aiting mem-

ory and the long term memory ha v e virgin no des. The

input patterns giv e information of di�eren t ev ents and

can resonate with a corresp onding existing no de. This

capability of the net is implemented by a resonance

detector and con trol mec hanism using a task dep en-

den t metric and comp etitive learning. Note that the

geometric algebra approach allows the use of a sp eci�c

metric for a particular task. When a winner no de is se-

lected its w eigh ts are smo othly further adjusted. Dur-

ing the co ding of a new pattern the con trol mec hanism

up dates the w eigh ts of a resonant no de which could b e

either in the long term memory or in the w aiting stage.

A candidate no de resides in the w aiting stage until it

surpasses an evidence threshold, then it will b e shifted

to the long term memory . After the net is stable the

parameters of the radial basis functions for eac h no de

are computed. These will b e used for computing the

resonance grade or mem b ership grade ( �

j

) of an input

multiv ector with the jth-no des. This factor will play

an imp ortan t role in the inhibition e�ect of the non-

resonant no des (winner-takes-all) during the training

of the next lay er and during the recall mo de.

4.2 Supervised learning

In this stage of the training the multiv ector w eigh ts

of the output lay er ha v e to b e adjusted, see �gure 1.b .

Passing again the training patterns, the w eigh ts of the

outstar of the resonant no des are adapted using the



follo wing simple rule

w

2

j i

( k + 1) = w

2

j i

( k ) + �

j

� ( k )( o

d

i

�

J

X

j =1

�

j

w

2

j i

( k ))

(9)

where i is the m ultiv ector connection to the ith-output,

�

j

is a constant and indicates the degree of the partic-

ipation of the no de j, � ( k ) is a gain factor and o

d

i

the desired i � th output m ultiv ector. All multiplica-

tions are geometric pro ducts and eac h output o

i

sup-

plies a multiv ector. Eac h output multiv ector could b e

comp osed as the geometric pro duct of tw o multiv ectors

o

i

= e

i

y

i

where e

i

could b e set to a pro jectiv e split v ec-

tor [2] or to the scalar unit y , i.e. e

i

= 1, for the case of

a simple multiv ector asso ciation. The pro jectiv e split

can b e used to connect the input and output spaces

of di�eren t dimensions and metric. The multiv ector y

i

could b e set to w

1 i

or an y other. As a result the in v ari-

an t prop erties of the input patterns can b e enhanced

and made more observ ables for the net and in some

cases the nonlinearit y in one space can b e easily trans-

formed to a linear one in the representation of the other

space. Here w e can also appreciate the co ordinate-free

adv an tages of the geometric algebra. Once an initial

solution is found after the �rst training phase, a sup er-

vised learning metho d can b e additionally used in order

to �ne-tune all the net w ork parameters. According to

an error function E ( ~p ) the v ector ~p , which comprises

w

1 i

w

2

j i

will b e adjusted after eac h input and i � th

output v alues x

k

; f

i

( x

k

) using the descend gradien t of

the functional

e ( ~p; x

k

; f ( x

k

)) =

1

2

j o

i

~p

( x

k

) � f

i

( x

k

) j

2

(10)

as follo ws

~p

k

= ~p

k � 1

� �

k

�

r [ c ( ~p

k � 1

; x

k

; f

i

( x

k

))]

�

(11)

This requires partial deriv ativ es with resp ect to multi-

v ectors [2].

4.3 Recall mode

In the recall mo de the outputs of the radial basis

functions mo derate the participation of the resonant

no des at the output energy lev el. This is captured by

a simple equation

o

i

=

J

X

j =1

�

j

w

2

j i

(12)

where o

i

is the ith output, J is the amoun t of hidden

no des, �

j

is the degree of the participation of no de j

and is computed from the radial basis functions.

Figure 2. Mapping b et w een tw o motion space.

Figure 3. Com bined structure for fuzzy clustering.

5 Exp erime n tal Results

The motions of reference frames of join ts in rob otics

can b e nicely represented using screws or dual quater-

nions. Figure 2 depicts the geometric abstraction of

the problem.

F or this exp eriment the range of mo v emen ts w as lim-

ited to a practical narro w area. F or the appro ximation

of this mapping a com bined structure using tw o Clif-

ford selforganizing neural net w orks w as implemented.

This is presen ted in Figures 3.

The tw o neural net w orks w ere set up in the Clif-

ford algebra C ( V

0 ; 3

) [2] accordingly and applied to ap-

pro ximate the mapping b et w een the screw motions of

systems A and B. After the selforganization of eac h

net w ork one has recognized a reduced num b er of long

term no des I and J, i.e clusters of the real and dual part

of the dual quaternions. Here w e used in fast learning

[7] a mo derate categorization threshold � . In the su-

p ervised phase the radial basis functions are tuned and

then the Cli�ord outstarts are adjusted. The structure

is full connected and the w eigh ts of the outstars are

also quaternions, see Figure 3. Note that the amoun t

of the outputs is automatically de�ned by the bigger



num b er of clusters of the nets, i.e L=MAX(I,J). After

sup ervised training the net w as recalled with previously

unseen patterns and due to its nice capability of fuzzy

outputs the net w as able to follo w the deviation of the

main classes as exp ected. Some pattern examples are

presen ted b elo w. The ideal dual quaternions at the

output are presen ted in T able I. The outputs in terms

of dual quaternions for eac h category (Cat.) and its

�

I � M AX

and �

J � M AX

of the hidden lay ers are pre-

sen ted in the T able I I for a com bined structure with

I=J=L=5. The com bined net w ork with I=J=5 has a

b etter p erformance than a com bined with I=5 > J, b e-

cause it has more no des dedicated for clustering. When

a low er � is used as in the case I=5 > J, the co ding of

the dual elemen t is more rough a�ecting the ov erall

p erformance. F or space reasons w e can not include

comparative exp eriments for this case. It ma y b e p os-

sible for other application that a com bined structure

with I 6=J su�ces. Therefore in general it is b etter that

the left and the righ t mo dules should use indep enden t

� 's.

C at:L b

0

b

1

b

2

b

3

b

0

0

b

0

1

b

0

2

b

3

1 0.998 0.023 0.031 0.046 -0.061 0.411 0.508 0.754

2 0.927 0.143 0.191 0.287 -0.374 0.528 0.460 0.635

3 0.979 0.076 0.102 0.153 -0.199 0.468 0.494 0.711

4 0.874 0.186 0.248 0.372 -0.484 0.559 0.429 0.572

5 0.771 0.244 0.325 0.488 -0.636 0.589 0.370 0.462

T able I: Exp ected dual quaternions at the output.

C at: b

0

b

1

b

2

b

3

b

0

0

b

0

1

b

0

2

b

3

�

I � M AX

�

J � M AX

1.1 +0.998 +0.023 +0.031 +0.046 -0.060 +0.411 +0.509 +0.754 0.987 0.793

1.2 +0.999 +0.018 +0.024 +0.036 -0.047 +0.405 +0.510 +0.758 0.764 0.713

2.1 +0.927 +0.144 +0.192 +0.288 -0.374 +0.529 +0.460 +0.636 0.531 0.999

2.2 +0.936 +0.136 +0.181 +0.271 -0.353 +0.522 +0.466 +0.646 0.940 0.697

3.1 +0.981 +0.075 +0.100 +0.150 -0.195 +0.466 +0.495 +0.714 0.976 0.8850

3.2 +0.982 +0.073 +0.097 +0.146 -0.190 +0.465 +0.495 +0.715 0.952 0.708

4.1 +0.877 +0.184 +0.246 +0.369 -0.480 +0.558 +0.431 +0.576 0.988 0.979

4.2 +0.878 +0.184 +0.245 +0.368 -0.479 +0.558 +0.431 +0.576 0.987 0.975

5.1 +0.793 +0.234 +0.312 +0.468 -0.609 +0.585 +0.383 +0.485 0.950 0.790

5.2 +0.795 +0.233 +0.310 +0.466 -0.606 +0.585 +0.384 +0.487 0.945 0.787

T able I I: Dual quaternions at the output structure

with I=J=L=5.

6 Conclusion

This pap er presen ts a no v el selforganizing typ e RBF

net w ork using the Cli�ord algebra framew ork. The au-

thors ha v e sho wn that the use of geometric algebra

helps enormously to improv e the p otential of net w ork

structures and to simplify the learning algorithms. In

the net w ork a new t yp e of em b edded pro cessing called

pro jectiv e split can b e added for feature enhancement

and b etter in v ariants recognition. This typ e of neu-

ral net w orks can b e also cascaded in order to pro cess

patterns using di�eren t space dimension and metric,

the latter b eing p ossibly only due the pro jectiv e split.

The p otential of suc h nets w orking in a sp eci�c Clif-

ford algebra C ( V

p;q

) is sho wn by a simple application of

frame co ordination in rob otics. A com bined structure

consisting of tw o Cli�ord nets in parallel is applied for

fuzzy clustering of dual quaternions.
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