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Abstract

Reconstruction of 3D-ob jects from a n um b er of images is a cen tral sub ject of Com-

puter Vision. In this pap er w e in v estigate the geometrical structure of the trifo cal tensor

using Geometric Algebra. F urthermore, w e will giv e a no v el expression for the trifo cal

tensor, deriv e constrain ts on its geometrical structure and in v estigate its reconstruction

abilit y computationally . W e will sho w that the reconstruction qualit y is not directly

related to the self-consistency of the trifo cal tensor.

Categories: T rifo cal T ensor, Geometric Algebra, Grassmann-Ca yley Algebra, Recipro cal

F rames, Reconstruction
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1 In tro duction

Recen tly there has b een m uc h in terest in deriving and c haracterising the trifo cal tensor.

The trifo cal tensor is used to obtain a pro jectiv e reconstruction from three images, tak en

with uncalibrated cameras from unkno wn p ositions of the same 3D-scene. It can also b e

used to transfer lines or p oin ts from one image to another. [1] and [2] giv e a discussion of

the structure of the trifo cal tensor and presen t examples of its use.

In e�ect the trifo cal tensor enco des the relativ e p ositions and orien tations of the cam-

eras. It can b e calculated if at least 7 p oin t matc hes o v er the three images are a v ailable.

Once the trifo cal tensor has b een calculated, the epip oles, camera matrices and funda-

men tal matrices can b e extracted from it. The qualit y of the initial p oin t matc hes is

crucial for obtaining go o d estimates of these v alues, ho w ev er. Therefore, a lot of researc h

has gone in to obtaining a go o d estimate of the trifo cal tensor from not so go o d p oin t

matc hes. The main problem b eing ho w to decide what estimate of a trifo cal tensor is

\go o d" if only p oin t matc hes and nothing else are kno wn.

The trifo cal tensor has also b een studied in terms of Gr assmann-Cayley (GC) algebra

([3], [4], [5]). A deriv ation and analysis in terms of Ge ometric A lgebr a (GA) can b e found

in [6] and [7].

In this pap er the deriv ation and analysis of the trifo cal tensor in terms of Ge ometric

A lgebr a will b e extended. Although GA is similar to GC algebra, it will b e sho wn that

geometric algebra has some distinct adv an tages due to its use of the inner pr o duct . This is

esp ecially apparen t in a no v el in terpretation of camera matrices and the trifo cal tensor. In

particular, a concise expression for the trifo cal tensor is giv en, whic h allo ws a b etter insigh t

in to its geometrical meaning. Also, a set of constrain ts on the in ternal structure of the

trifo cal tensor will b e deriv ed. These constrain ts form a sup erset of constrain ts previously

deriv ed in [3] and [5]. Ho w ev er, here the deriv ation is done purely geometrically and not

through the in v estigation of p olynomials as in [3]. The e�ect of the newly found constrain ts

on the reconstruction abilit y of the trifo cal tensor will b e in v estigated computationally .

2 Geometric Algebra

Since all the analysis in this pap er is carried out in terms of GA, a short in tro duction

will b e giv en here. All the calculation rules and iden tities needed to follo w this rep ort

are presen ted. Ho w ev er, pro ofs and deriv ations will b e omitted. The in terested reader

ma y refer to [8] and [9] for a thorough treatmen t of GA. A shorter deriv ation of the most

imp ortan t results can b e found in [6] and [7].

The easiest w a y to understand GA is to sho w ho w it extends the functionalit y of

standard v ector calculus (SV C), whic h w e assume all readers are familiar with. In SV C

the starting p oin t is to de�ne a frame. Here all calculations are p erformed in a cartesian

frame, so w e can start b y de�ning an orthonormal basis of E

3

, f e

1

; e

2

; e

3

g with signature

f + + + g . A v ector a in this basis ma y then b e de�ned as

a = �

i

e

i
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Here, as throughout the rest of the text, greek indices will b e assumed to coun t from 1 to

4 and latin indices to coun t from 1 to 3. Also, a sup erscript index rep eated as a subscript

(or vice v ersa) implies a summation o v er the range of that index, unless sp eci�cally stated

otherwise. No w, SV C de�nes a sc alar pr o duct of t w o v ectors whic h results in a scalar.

F or example, the scalar pro duct of t w o v ectors a and b is written as s = a � b , where s is

a scalar. The scalar s giv es some information ab out the relativ e orien tation of v ectors a

and b . That is, the scalar pro duct is a metric op eration, since it is only de�ned in relation

to a frame.

GA extends the scalar pro duct to an inner pr o duct . The inner pro duct of t w o v ectors

a and b is still written as a � b and it has the same metric meaning. Ho w ev er, the inner

pro duct can also b e applied in a non-metric sense. In order to see this, w e will �rst ha v e

to in tro duce the outer pr o duct .

The outer pro duct of t w o v ectors a and b is written as a ^ b and is called a 2-blade .

A 2-blade ma y b e regarded as an oriente d ar e a . Analogously , the outer pro duct of three

v ectors, a 3-blade , a ^ b ^ c can b e in terpreted as an oriente d volume . Ho w ev er, in pro jectiv e

geometry , whic h will b e treated later on, the geometric meaning of 2-blades and 3-blades

is quite di�eren t. A more general in terpretation of k -blades will b e giv en at the end of

this section.

The outer and inner pro duct are also de�ned in the absence of a basis frame. This is

where the p o w er of GA lies. Let a ; b ; c 2 E

n

, then the follo wing rules apply to the inner

pro duct:

1. If a � b = 0 then a and b are said to b e ortho gonal .

2. a � b = b � a = s where s is a scalar. That is, the inner pro duct is comm utativ e.

3. a � ( b + c ) = a � b + a � c . Distributiv e la w.

F or the outer pro duct w e ha v e

1. If a ^ b = 0 then a and b are said to b e p ar al lel or line arly dep endent .

2. a ^ b = � b ^ a . That is, the outer pro duct is an ti-comm utativ e.

3. a ^ ( b + c ) = a ^ b + a ^ c . Distributiv e la w.

4. a ^ ( b ^ c ) = ( a ^ b ) ^ c . Asso ciativ e la w.

F rom the �rst rule for the outer pro duct it follo ws directly that the highest grade

ob ject in E

n

is of grade n , simply b ecause in E

n

at most n m utually linearly indep enden t

v ectors can b e formed. The ob ject of highest grade is called the pseudosc alar of that space.

Ob viously the pseudoscalars of some v ector space can only di�er b y a scalar factor.

A 1-ve ctor , or simply v ector, in GA is the same as a v ector in SV C. In that sense it

is also equiv alen t to a 1-blade. Ho w ev er, in GA w e can ha v e v ectors of higher grade, as

w ell. A k -ve ctor is de�ned to b e the sum of a n um b er of k -blades. Note that a k -v ector

cannot necessarily b e expressed as a k -blade, but ev ery k -blade is also a k -v ector. Some

examples ma y help to clarify this idea. A 2-v ector , or bive ctor , w 2 E

3

ma y b e giv en b y

w = 2( e

1

^ e

2

) + 3( e

1

^ e

3

)
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This particular biv ector can also b e written as a 2-blade;

w = e

1

^ (2 e

2

+ 3 e

3

)

In fact, in E

3

an y 2-v ector can b e expressed as a 2-blade. Ho w ev er, in higher dimensional

spaces this is not necessarily the case. Consider the follo wing biv ector in E

4

with basis

f e

1

; e

2

; e

3

; e

4

g .

w = � ( e

1

^ e

2

) + � ( e

3

^ e

4

)

where � and � are some scalar factors. This biv ector c annot b e written as a 2-blade.

Just as a k -v ector is the sum of a n um b er of k -blades, GA also de�nes a multive ctor

whic h is the sum of a n um b er of blades that are not necessarily of the same grade

1

.

W orking with m ultiv ectors is considerably more complicated than w orking with k -v ectors.

Since they are also not needed in this rep ort m ultiv ectors will not b e discussed here. W e

refer the in terested reader to [8] and [9].

There is also a distributiv e la w for the inner pro duct with resp ect to the outer pro duct.

The follo wing is an imp ortan t general result. Let B

s

b e an s -blade and let the f a

r

g form

a set of unique v ectors suc h that for no t w o a

i

; a

j

2 f a

r

g a

i

^ a

j

= 0. Then,

B

s

� ( a

1

^ a

2

^ : : : ^ a

r

) =

X

f j

i

g

�

j

1

j

2

��� j

r

h

B

s

� ( a

j

1

^ a

j

2

^ : : : ^ a

j

s

)

i

a

j

s +1

^ : : : ^ a

j

r

(1)

where �

j

1

j

2

��� j

r

is +1 if the f j

i

g form an ev en p erm utation of f 1 ; 2 ; : : : ; r g , � 1 if they form

an o dd p erm utation and 0 if an y t w o indices are iden tical. Admittedly this equation lo oks

rather confusing. A few examples, ho w ev er, should clarify the situation.

a � ( b

1

^ b

2

) = ( a � b

1

) b

2

� ( a � b

2

) b

1

(2-1)

a � ( b

1

^ b

2

^ b

3

) = ( a � b

1

)( b

2

^ b

3

) � ( a � b

2

)( b

1

^ b

3

) + ( a � b

3

)( b

1

^ b

2

)
(2-2)

F urthermore,

( a

1

^ a

2

) � ( b

1

^ b

2

) = a

1

�

�

a

2

� ( b

1

^ b

2

)

�

= a

2

� b

1

a

1

� b

2

� a

2

� b

2

a

1

� b

1

(3-1)

( a

1

^ a

2

) � ( b

1

^ b

2

^ b

3

) =

h

( a

1

^ a

2

) � ( b

1

^ b

2

)

i

b

3

�

h

( a

1

^ a

2

) � ( b

1

^ b

3

)

i

b

2

+

h

( a

1

^ a

2

) � ( b

2

^ b

3

)

i

b

1

(3-2)

Equations (2) and (3) clearly sho w the non-metric side of the inner pro duct. F or

example, in equation (2-1) the inner pro duct of a v ector with a biv ector results in a

v ector. In equation (2-2) the inner pro duct of a v ector with a trive ctor

2

giv es a 2-v ector.

Similarly for equations (3).

1

In more general texts on GA a k -v ector as de�ned here is called a homogeneous m ultiv ector of grade k .

W e ha v e c hosen not to follo w this naming con v en tion since in pro jectiv e geometry the term \homogeneous

v ector" is already used to describ e something quite di�eren t.

2

A \triv ector" is a 3-v ector. Note that for v ectors higher than grade 3 there are no sp ecial names.
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That is, the inner pr o duct r e duc es the gr ade of a k -ve ctor wher e as the outer pr o duct

incr e ases it .

F ollo wing this in terpretation of inner and outer pro duct consequen tly leads to the

notion that a scalar is a 0-v ector, b ecause the inner pro duct of t w o v ectors results in a

scalar. Ho w ev er, then w e m ust also assert that the inner pro duct of a scalar with a v ector

is iden tically zero.

In Section 3 it will b e sho wn that in tersections as w ell as the dual op eration can b e

expressed in terms of the inner pro duct. GC algebra lac ks suc h a univ ersal op erator and

therefore has to resort to de�ning a n um b er of di�eren t inner-pro duct-lik e structures.

No w w e are in a p osition to see what the algebraic meaning of a biv ector is. Let a

v ector x 2 E

3

b e de�ned as

x = a � ( b

1

^ b

2

)

W e can get some information ab out the orien tation of x b y calculating

a � x = a �

h

a � ( b

1

^ b

2

)

i

= ( a ^ a ) � ( b

1

^ b

2

) from equation (3-1)

= 0

(4)

This sho ws that x and a are orthogonal. F urthermore, w e ha v e

x = a � ( b

1

^ b

2

)

= ( a � b

1

) b

2

� ( a � b

2

) b

1

(5)

and hence x lies in the plane giv en b y b

1

and b

2

. Therefore, w e can in terpret the biv ector

b

1

^ b

2

as the com bination of the linear dep endencies giv en b y b

1

and b

2

. T aking the inner

pro duct of a with this biv ector then \tak es out" the linear dep endence represen ted b y a .

What w e are left with therefore has to b e orthogonal to a .

By de�nition the inner pro duct is comm utativ e and the outer pro duct an ti-comm utativ e.

GA de�nes another pro duct whic h com bines these t w o prop erties and is accordingly called

the ge ometric pr o duct . In fact, it is the most fundamen tal op eration in GA

3

. The geometric

pro duct of t w o v ectors is written as ab and de�ned b y

ab � a � b + a ^ b

3 Pro jectiv e Geometry

3.1 F undamen tals

Pro jectiv e geometry can b e expressed in terms of GA b y de�ning a set of 4 basis v ectors

f e

1

; e

2

; e

3

; e

4

g with signature f� � � + g , ie. e

�

� e

�

= 2 �

� 4

�

� 4

� �

��

. The pseudoscalar of

this space is de�ned as,

I = e

1

^ e

2

^ e

3

^ e

4

:

3

Had an axiomatic approac h b een follo w ed here, the geometric pro duct w ould ha v e b een the �rst

pro duct to b e de�ned. The inner and outer pro duct can then b e deriv ed from that. Ho w ev er, here w e

presen t a more \in tuitiv e" in tro duction to GA.
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The in v erse pseudoscalar I

� 1

is de�ned suc h that I I

� 1

= 1. F rom the metric giv en ab o v e

it follo ws that I I = I

� 1

I

� 1

= � 1. F urthermore,

I = � I

� 1

(6)

A v ector in this 4D-space ( P

3

), whic h will b e called a homo gene ous v ector

4

, can then

b e regarded as a pro jectiv e line whic h describ es a p oin t in the corresp onding 3D-space

( E

3

). Also, a line in E

3

is represen ted in P

3

b y the outer pro duct of t w o homogeneous

v ectors, and a plane in E

3

is giv en b y the outer pro duct of three homogeneous v ectors in

P

3

. In the follo wing, homogeneous v ectors in P

3

will b e written as capital letters, and

their corresp onding 3D-v ectors in E

3

as lo w er case letters in b old face.

Let A b e a homogeneous v ector, i.e. A = �

�

e

�

, where the f �

�

g are some scalar

comp onen ts. The pro jection of A in to E

3

is giv en b y ,

a =

A ^ e

4

A � e

4

This is called the pr oje ctive split . Note that a homogeneous v ector with no e

4

comp onen t

will b e pro jected on to the plane at in�nit y . Also, an o v erall scalar factor of A cancels when

A is pro jected do wn to 3D-space via the pro jectiv e split. Therefore, if t w o homogeneous

v ectors of an y grade are equal up to a scalar factor, they are iden tical when pro jected

do wn to 3D-space. Since w e are ultimately only in terested in 3D-space v ectors, equalit y

up to a scalar factor is often su�cien t. F or that purp ose w e use the sym b ol ' . F or

example, A ' �A , where � is a scalar constan t.

The follo wing giv es an example of the pro jectiv e split. Let A = ��

�

e

�

, where the f �

�

g

and � are some scalar v alues. Then

a =

A ^ e

4

A � e

4

=

��

1

e

1

^ e

4

+ ��

2

e

2

^ e

4

+ ��

3

e

3

^ e

4

��

4

(7)

If w e de�ne a new basis f g

i

g as

g

i

� e

i

^ e

4

then the v ector a ma y b e written as

a =

�

i

�

4

g

i

The basis f g

i

g has signature f + + + g , as required. This ma y b e sho wn quite easily;

g

i

� g

i

= ( e

i

^ e

4

) � ( e

i

^ e

4

)

= � e

i

� e

i

e

4

� e

4

from equation (3-1)

= +1 from previously de�ned metric

(8)

Similarly it ma y b e sho wn that g

i

� g

j

= 0 if i 6= j . No w it is clear wh y the signature

of the basis f e

�

g had to b e de�ned as f� � � + g .

4

This de�nition of homogeneous di�ers from its con v en tional use in GA but is here c hosen to tie in

with the Computer Vision con v en tion.
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A set f A

�

g of four homogeneous v ectors forms a basis or fr ame of P

3

if and only if

( A

1

^ A

2

^ A

3

^ A

4

) 6= 0. The char acteristic pseudosc alar of this frame for 4 suc h v ectors is

de�ned as

I

a

= A

1

^ A

2

^ A

3

^ A

4

Since I

a

and I are b oth pseudoscalars of the same space, they can only di�er b y a scalar

factor. That is,

I

a

= �

a

I (9)

where �

a

is the sc ale of the A -frame, giv en b y

�

a

= ( A

1

^ A

2

^ A

3

^ A

4

) I

� 1

The in v erses of these t w o pseudoscalars are related b y

I

� 1

a

= �

� 1

a

I

� 1

(10)

F rom equations (6), (9) and (10) it follo ws that

I

� 1

a

= � �

� 2

a

I

a

(11)

The outer pro duct of a v ector with a pseudoscalar is alw a ys zero. Hence, the geometric

pro duct of a v ector with a pseudoscalar reduces to the inner pro duct of the t w o. F rom

this fact and with help of equation (1) the follo wing imp ortan t result follo ws;

A

�

I

a

= A

�

� ( A

1

^ A

2

^ A

3

^ A

4

)

=

4

X

�

1

=1

( A

�

� A

�

1

)( A

�

2

^ A

�

3

^ A

�

4

)

(12)

Here, and throughout the rest of the text the f �

1

; �

2

; �

3

; �

4

g are assumed to b e an ev en

p erm utation of f 1 ; 2 ; 3 ; 4 g , unless otherwise stated. Since the inner pro duct of t w o v ec-

tors is a scalar, the result of this calculation is a m ultiv ector of grade 3. Similarly , the

geometric pro duct of a biv ector with a pseudoscalar giv es a biv ector and the geometric

pro duct of a triv ector with a pseudoscalar giv es a v ector. This in tro duces the concept of

the dual .

The dual of a m ultiv ector X , written X

�

, is de�ned as

X

�

= X I

� 1

Therefore, if X is of grade r � 4 then X

�

is of grade 4 � r . It will b e extremely useful

to in tro duce the dual br acket and the inverse dual br acket . T o a certain exten t they are

related to the brac k et notation as used in GC algebra and GA

5

. There the brac k et of a

pseudoscalar P , sa y , is a scalar, de�ned as the dual of P in GA. That is, [ P ] = P I

� 1

; here

ho w ev er the dual brac k et concept can pro duce something other than a scalar.

The dual brac k et is de�ned as

[ [ A

�

1

A

�

2

� � � A

�

n

] ]

a

� ( A

�

1

^ A

�

2

^ : : : ^ A

�

n

) I

� 1

a

(13-1)

[ [ A

�

1

A

�

2

� � � A

�

n

] ] � ( A

�

1

^ A

�

2

^ : : : ^ A

�

n

) I

� 1

(13-2)

5

See, for example [6]
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The in v erse dual brac k et is de�ned as

h h A

�

1

A

�

2

� � � A

�

n

i i

a

� ( A

�

1

^ A

�

2

^ : : : ^ A

�

n

) I

a

(14-1)

h h A

�

1

A

�

2

� � � A

�

n

i i � ( A

�

1

^ A

�

2

^ : : : ^ A

�

n

) I
(14-2)

with n 2 f 0 ; 1 ; 2 ; 3 ; 4 g . The range giv en here for n means that in P

3

none, one, t w o,

three or four homogeneous v ectors can b e brac k eted with a dual or in v erse dual brac k et.

F or example, if P = A

1

^ A

2

^ A

3

^ A

4

, then [ [ A

1

A

2

A

3

A

4

] ] = [ [ P ] ] = [ P ] = �

a

. F urthermore,

the follo wing iden tities hold:

h h X i i = � [ [ X ] ]
(15-1)

[ [ X ] ] = �

a

[ [ X ] ]

a

(15-2)

h h X i i = �

� 1

a

h h X i i

a

(15-3)

[ [ X ] ]

a

= � �

� 2

a

h h X i i

a

(15-4)

h h [ [ X ] ] i i = [ [ h h X i i ] ] = X
(15-5)

[ [[ [ X ] ]] ] = h hh h X i ii i = � X
(15-6)

There is another useful iden tit y;

[ [ A

�

1

A

�

2

A

�

3

A

�

4

] ] = ( A

�

1

^ A

�

2

^ A

�

3

^ A

�

4

) � I

� 1

= A

�

1

�

�

( A

�

2

^ A

�

3

^ A

�

4

) � I

� 1

�

= A

�

1

� [ [ A

�

2

A

�

3

A

�

4

] ]

(16)

Similarly it ma y b e sho wn that

[ [ A

�

1

A

�

2

A

�

3

A

�

4

] ] = ( A

�

1

^ A

�

2

) � [ [ A

�

3

A

�

4

] ]

= ( A

�

1

^ A

�

2

^ A

�

3

) � [ [ A

�

4

] ]

= ( A

�

1

^ A

�

2

^ A

�

3

^ A

�

4

) � [ [1] ]

(17)

Note that [ [1] ] = I

� 1

. The same iden tities also apply for the [ [ � � � ] ]

a

t yp e brac k ets. Put

simply , v ectors ma y b e \pulled" out of a dual brac k et (or in v erse dual brac k et) b y taking

the inner pro duct of them with the remainder of the brac k et.

9



3.2 Recipro cal V ector F rames

It is no w straigh tforw ard to de�ne r e cipr o c al fr ames . F rom equation (16) it follo ws that

[ [ h h 1 i i

a

] ]

a

= 1

) [ [ A

1

A

2

A

3

A

4

] ]

a

= 1

( ) A

�

1

� [ [ A

�

2

A

�

3

A

�

4

] ]

a

= 1

( ) A

�

1

� A

�

1

a

= 1

(18)

with no implicit summation o v er the range of �

1

. This de�nes the normalize d r e cipr o c al

A -fr ame , written f A

�

a

g , as

A

�

1

a

= [ [ A

�

2

A

�

3

A

�

4

] ]

a

It is also useful to de�ne a standar d r e cipr o c al A -fr ame .

A

�

1

= [ [ A

�

2

A

�

3

A

�

4

] ]

The relation b et w een A

�

1

a

and A

�

1

is

A

�

1

a

= �

� 1

a

A

�

1

(19)

F rom these de�nitions of recipro cal frame v ectors it follo ws that

A

�

� A

�

a

= �

�

�

(20-1)

A

�

� A

�

= �

a

�

�

�

(20-2)

where �

�

�

is the Kronec k er delta. That is, a recipro cal frame v ector is nothing else but the

dual of a plane. It ma y therefore also b e regarded as the normal of the plane that is its

dual.

In GC algebra these recipro cal v ectors w ould b e de�ned as elemen ts of a dual sp ac e ,

whic h is indeed what is done in [3]. Ho w ev er, b ecause GC algebra do es not de�ne an

inner pro duct explicitly as in GA, elemen ts of this dual space cannot op erate on elemen ts

of the \normal" space. Hence, the concept of recipro cal frames cannot b e de�ned in GC

algebra.

A recipro cal frame can b e used to transform a v ector from one frame in to another.

That is,

X = ( X � A

�

a

) A

�

= ( X � A

�

) A

�

a

(21)

T o sho w the �rst part of this equation w e can sa y that since the f A

�

g form a basis of P

3

,

X can b e giv en in terms of that frame as X = �

�

A

�

, where the f �

�

g are some scalars.

Then, with use of equation (20-1)

X � A

�

a

= �

�

( A

�

� A

�

a

) = �

�

�

�

�

= �

�

from whic h the �rst part of equation (21) follo ws.

Note that the f A

�

a

g also form a basis of P

3

since A

1

a

^ A

2

a

^ A

3

a

^ A

4

a

6= 0. Therefore, X

can also b e giv en as X = �

�

A

�

a

, where the f �

�

g are a set of scalars di�eren t to the f �

�

g .

Then, using again equation (20-1)

X � A

�

= �

�

( A

�

a

� A

�

) = �

�

�

�

�

= �

�

and hence the second part of equation (21).
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3.3 Recipro cal Line F rames

It will b e imp ortan t later not only to consider v ector frames but also line frames. The

A -line frame f L

i

a

g is de�ned as L

i

1

a

= A

i

2

^ A

i

3

. Once again, the f i

1

; i

2

; i

3

g are assumed

to b e an ev en p erm utation of f 1 ; 2 ; 3 g . A r e cipr o c al line fr ame can then b e de�ned as

follo ws, again b y using the iden tities in equation (17)

[ [ h h 1 i i

a

] ]

a

= 1

) [ [ A

1

A

2

A

3

A

4

] ]

a

= 1

( ) ( A

i

1

^ A

i

2

) � [ [ A

i

3

A

4

] ]

a

= 1

( ) L

i

3

a

�

�

L

a

i

3

= 1

(22)

This

6

de�nes the normalise d r e cipr o c al A -line fr ame f

�

L

a

i

g and the standar d r e cipr o c al

A -line fr ame f L

a

i

g as

�

L

a

i

= [ [ A

i

A

4

] ]

a

(23-1)

L

a

i

= [ [ A

i

A

4

] ]
(23-2)

Hence,

L

i

a

�

�

L

a

j

= �

i

j

(24-1)

L

i

a

� L

a

j

= �

a

�

i

j

(24-2)

Again, this sho ws the univ ersalit y of the inner pro duct: biv ectors can b e treated in the

same fashion as v ectors.

Note that L

i

a

can also b e expressed in the follo wing w a y ,

L

i

1

a

= A

i

2

^ A

i

3

= ( A

i

2

^ A

i

3

) I

� 1

a

I

a

since I

� 1

a

I

a

= 1

=

h

( A

i

2

^ A

i

3

) � ( A

4

a

^ A

3

a

^ A

2

a

^ A

1

a

)

i

I

a

= � ( A

i

1

a

^ A

4

a

) I

a

= �h h A

i

1

a

A

4

a

i i

a

' h h A

i

1

a

A

4

a

i i

(25)

This particular form of L

i

a

will b ecome useful later on.

3.4 Meet and Join

The me et and join are the t w o op erations needed to calculate in tersections b et w een t w o

lines, t w o planes or a line and a plane. In general terms the join is the sum and the meet

is the in tersection of t w o spaces. In GA an y blade can b e treated as a pseudoscalar of a

particular subspace.

6

Note ho w similar this deriv ation is to that of recipro cal v ector frames (equation (18)).
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The join of t w o blades A and B , written as A 4 B can b e de�ned in general as the

pseudoscalar of the space giv en b y the sum of the spaces spanned b y A and B . F or

example, if A = e

1

^ e

2

and B = e

2

^ e

3

then A 4 B = e

1

^ e

2

^ e

3

.

The meet of A and B , written as A _ B , is de�ned to giv e the space that A and B ha v e

in common. Using the de�nitions of A and B from the previous example A _ B ' e

2

. In

general, the follo wing expression for the meet can b e giv en. Let A and B b e t w o arbitrary

m ultiv ectors, and let J = A 4 B , then

A _ B =

h

( AJ

� 1

) ^ ( B J

� 1

)

i

J (26)

F or the in tersection of t w o planes or a plane and a line in P

3

, the join will alw a ys b e the

pseudoscalar I , unless the line lies on the plane or the t w o planes are the same. In the

follo wing w e will assume that this is not the case. Then, for in tersections b et w een t w o

planes or a plane and a line equation (26) ma y b e written as

A _ B = h h [ [ A ] ][ [ B ] ] i i

= [ [ A ] ] � h h [ [ B ] ] i i from equation (17)

= [ [ A ] ] � B from equation (15-5)

(27)

More details ab out meet and join ma y b e found in [8] and [6].

There is a particularly nice feature of the meet op eration whic h is w orth men tioning

here: a ve ctor is tr ansforme d into a p articular fr ame by \me eting" it with the pseudosc alar

of that fr ame . The pro of of this statemen t relies on the fact that the op eration X _ I

a

can b e expanded in three di�eren t w a ys. First of all

X _ I

a

=

�

( X I

� 1

) ^ ( I

a

I

� 1

)

| {z }

scalar

�

I

= X I

� 1

I

a

I

� 1

I

= �

a

X

(28)

It ma y b e sho wn with an analysis similar to the one used in equations (2) that X I = � I X

and simlilarly X I

� 1

= � I

� 1

X . Also, I

a

I

� 1

= I

� 1

I

a

. Using these facts X _ I

a

can also b e

expanded as

X _ I

a

= X I

� 1

I

a

= � I

a

X I

� 1

= � ( A

1

^ A

2

^ A

3

^ A

4

) � [ [ X ] ]

= � A

1

[ [ A

2

A

3

A

4

X ] ] + A

2

[ [ A

1

A

3

A

4

X ] ]

� A

3

[ [ A

1

A

2

A

4

X ] ] + A

4

[ [ A

1

A

2

A

3

X ] ]

(29)

W riting this as the sum o v er an index giv es

X _ I

a

=

X

�

1

[ [ X A

�

2

A

�

3

A

�

4

] ] A

�

1

=

X

�

1

h

X � [ [ A

�

2

A

�

3

A

�

4

] ]

i

A

�

1

= X � A

�

1

A

�

1

(30)
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Similarly

X _ I

a

= � I

� 1

X I

a

= � I

� 1

( X � I

a

)

=

X

�

1

� I

� 1

X � A

�

1

( A

�

2

^ A

�

3

^ A

�

4

)

= X � A

�

1

A

�

1

(31)

Equating equations (28), (30) and (31) giv es

X = ( X � A

�

a

) A

�

= ( X � A

�

) A

�

a

whic h is the same as equation (21).

3.5 Cameras and Pro jections

A pinhole camera can b e de�ned b y 4 homogeneous v ectors in P

3

: one v ector giv es the

optical cen tre and the other three de�ne the image plane [6], [7]. Th us, the v ectors needed

to de�ne a pinhole camera also de�ne a frame for P

3

. Con v en tionally the fourth v ector

of a frame, eg. A

4

, de�nes the optical cen tre, and the outer pro duct of the other three

de�nes the image plane.

Pro jection of some p oin t X on to the image plane is done b y in tersecting the line con-

necting the optical cen tre with X , with the image plane. In tersections are calculated with

the me et op eration. As an example, consider a camera de�ned b y the A -frame. The line

connecting some p oin t X with the optical cen tre is then giv en b y X ^ A

4

, and the image

plane of the camera is giv en b y ( A

1

^ A

2

^ A

3

). Therefore, the pro jection of X on to the

image plane is giv en using equations (17) and (27) b y

( X ^ A

4

) _ ( A

1

^ A

2

^ A

3

) = [ [ X A

4

] ] � ( A

1

^ A

2

^ A

3

)

=

X

i

3

[ [ X A

i

1

A

i

2

A

4

] ] A

i

3

=

X

i

3

h

X � [ [ A

i

1

A

i

2

A

4

] ]

i

A

i

3

= ( X � A

i

) A

i

(32)

Supp ose that X is giv en in some frame f Z

�

g as X = �

�

Z

�

. Then the pro jection X

a

of X on to the A -image plane can b e written as

X

a

= ( X � A

i

) A

i

= ( �

�

Z

�

� A

i

) A

i

= �

�

K

i

�

A

i

; K

i

�

� Z

�

� A

i

(33)

The matrix K

i

�

is the c amer a matrix

7

of camera A , for pro jecting p oin ts giv en in the

Z -frame on to the A -image plane.

7

Note that the indices of K are not giv en as sup er- and subscripts of K but are raised (or lo w ered)

relativ e to eac h other. This notation w as adopted since it lea v es the sup erscript p osition of K free for

other usages.
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In [3] the deriv ations b egin with the camera matrices b y noting that the ro w v ectors

r efer to planes. As w as sho wn here, the ro w v ectors of a camera matrix are the recipro cal

frame v ectors f A

i

g , whose dual is a plane.

With the same metho d, lines can b e pro jected on to an image plane. F or example, let

L b e some line in P

3

. Then its pro jection on to the A -image plane is

( L ^ A

4

) _ ( A

1

^ A

2

^ A

3

) = ( L � L

a

i

) L

i

a

(34)

4 The T rifo cal T ensor

B4Lb^

Lc C4^

4
ac

ab

ba
b bc

4

c

4
ca

cb

E

E

X

Y

L = X^Y

E E

E

E C

L

B

A

L

Figure 1: Line pro jected on to three image planes. Note that although the �gure

is dra wn in E

3

, lines and p oin ts are denoted b y their corresp onding v ectors in P

3

.

Let the frames f A

�

g , f B

�

g and f C

�

g de�ne three distinct cameras. Also, let L = X ^ Y

b e some line in P

3

. The plane L ^ B

4

is then the same as the plane �

b

i

L

i

b

^ B

4

, up to a

scalar factor, where �

b

i

= L � L

b

i

. But,

L

i

1

b

^ B

4

= B

i

2

^ B

i

3

^ B

4

= h h B

i

1

i i

In tersecting planes L ^ B

4

and L ^ C

4

has to giv e L . Therefore, ( �

b

i

h h B

i

i i ) _ ( �

c

j

h h C

j

i i ) has

to giv e L up to a scalar factor. No w, if t w o lines in tersect, their outer pro duct is zero.

Th us, the outer pro duct of lines X ^ A

4

(or Y ^ A

4

) and L has to b e zero. Note that X ^ A

4

de�nes the same line as ( �

i

A

i

) ^ A

4

, up to a scalar factor, where �

i

= X � A

i

. Figure 1

sho ws this construction. Com bining all these expressions giv es

0 = ( X ^ A

4

^ L ) I

� 1

= �

i

�

b

j

�

c

k

h h

( A

i

^ A

4

)( h h B

j

i i _ h h C

k

i i )

i i

= �

i

�

b

j

�

c

k

h h

( A

i

^ A

4

) h h B

j

C

k

i i

i i

(35)
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where the follo wing iden tit y w as used whic h can b e deriv ed with the help of equation

(27);

h h B

j

i i _ h h C

k

i i =

D D

[ [ h h B

j

i i ] ][ [ h h C

k

i i ] ]

E E

= h h B

j

C

k

i i

(36)

If the trifo cal tensor T

i

j k

is de�ned as

T

i

j k

=

h h

( A

i

^ A

4

) h h B

j

C

k

i i

i i

(37)

then, from equation (35) it follo ws that it has to satisfy �

i

�

b

j

�

c

k

T

i

j k

= 0. This expression

for the trifo cal tensor can b e expanded in t w o di�eren t, but equiv alen t w a ys. The �rst

w a y yields,

T

i

j k

= ( A

i

^ A

4

) � [ [ h h B

j

C

k

i i ] ]

= ( A

i

^ A

4

) � ( B

j

^ C

k

)

= ( A

4

� B

j

)( A

i

� C

k

) � ( A

4

� C

k

)( A

i

� B

j

)

= K

b

j

4

K

c

k

i

� K

c

k

4

K

b

j

i

(38)

where K

b

j

i

� A

i

� B

j

and K

c

k

i

� A

i

� C

k

are the camera matrices for cameras B and C ,

resp ectiv ely , relativ e to camera A . This is the expression for the trifo cal tensor giv en

b y Hartley in [1]. Note that the camera matrix for the A -plane w ould b e written as

K

a

j

�

� A

�

� A

j

' �

j

i

. That is, K

a

= [ I j 0] in standard matrix notation. In man y other

deriv ations of the trifo cal tensor (eg. [1]) this form of the camera matrices is assumed

at the b eginning. Here, ho w ev er, the trifo cal tensor is de�ned �rst geometrically and w e

then �nd that it implies this particular form for the camera matrices.

On the other hand, equation (37) can also b e expanded to

T

i

j k

= [ [ A

i

A

4

] ] � h h B

j

C

k

i i

= L

a

i

� h h B

j

C

k

i i from equation (23-2)

(39)

This expression for the trifo cal tensor is somewhat more instructiv e than the previous

one. Recall that �

b

j

�

c

k

h h B

j

C

k

i i giv es line L up to a scalar factor. F rom equation (34) it

then b ecomes clear that �

b

j

�

c

k

T

i

j k

giv es the comp onen ts of the pro jection of line L on to im-

age plane A , up to a scalar factor. Alternativ ely , let T

j k

= h h B

j

C

k

i i . Then the pro jection

of line T

j k

on to image plane A (from equation (34)), denoted b y T

j k

a

is

T

j k

a

= T

i

j k

L

i

a

(40)

Since epip oles are not essen tial in this rep ort only a short de�nition will b e giv en here.

More details ma y b e found in [6].

An epip ole is the pro jection of the optical cen tre of one camera on to the image plane

of another. F or example, the epip ole E

ba

is the pro jection of the optical cen tre of camera

A ( A

4

) on to the image plane of camera B ( B

1

^ B

2

^ B

3

). That is, from equation (32)

E

ba

= ( A

4

^ B

4

) _ ( B

1

^ B

2

^ B

3

)

= ( A

4

� B

i

) B

i

(41)
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F rom the de�nition of the camera matrices as giv en in equation (33) and equation (38) it

then follo ws that

E

ba

= K

b

i

4

B

i

In other w ords, the fourth column of the camera matrix giv es the co ordinates of an epip ole.

5 Constrain ts on the T rifo cal T ensor

By transforming the trifo cal tensor in to an epip olar basis, it can b e sho wn quite easily

(see [7]) that the trifo cal tensor only has 18 degrees of freedom (DOF). This also yields

a minimal parameterisation of the trifo cal tensor in term of its epip oles. Nev ertheless,

this approac h has t w o big problems. Firstly , the epip oles are only kno wn once the tri-

fo cal tensor has b een calculated. Secondly , preliminary attempts ha v e sho wn that this

parameterisation is v ery non-linear. That is, a tin y c hange in the v alue of one epip ole

app ears to result in a large c hange in the comp onen ts of the full trifo cal tensor. There-

fore, an iterativ e minimisation routine that tries to �nd the correct epip olar v alues, w ould

ha v e to searc h o v er a v ery non-linear surface in 18 dimensions. Nonetheless, the epip olar

parameterisation is an easy w a y to pro v e that the trifo cal tensor has indeed only 18 DOF.

A p oten tially b etter approac h for calculating the trifo cal tensor is to use all 27 com-

p onen ts as free v ariables, but to restrain the whole system through some additional con-

strain ts. These constrain ts ha v e to de�ne the structure of the trifo cal tensor without

dep ending on an y v alues other than its comp onen ts.

Suc h constrain ts are deriv ed here follo wing the approac h giv en in [3]. Ho w ev er, not

only has this approac h b een generalized but the argumen ts used are also of purely ge-

ometrical origin. In particular, the deriv ation giv en here do es not in v olv e w orking with

an y p olynomials.

The underlying ide a is to �nd r elations b etwe en the lines T

j k

which also hold for their

pr oje ctions T

j k

a

. R elations b etwe en the T

j k

a

c an in turn b e dir e ctly r elate d to the c omp onents

of the trifo c al tensor. There are t w o t yp es of constrain ts.

5.1 Constrain t T yp e 1

In the fol lowing, the f i

1

; i

2

; i

3

g , etc. ar e no longer assume d to b e any p articular kind of

p ermutation.

The constrain ts w e are lo oking for someho w ha v e to relate the lines f T

ij

g . Finding

relations b et w een the in tersection p oin ts of these lines seems to b e a promising idea.

Ho w ev er, there is no guaran tee that an y t w o lines of the set f T

ij

g do in tersect, i.e. are

co-planar. Therefore, it is b etter to �nd the in tersection b et w een a plane A

4

^ T

i

1

j

1

and a

line T

i

2

j

2

whic h is alw a ys w ell de�ned, as long as A

4

do es not lie on the line T

i

1

j

1

. In the

follo wing w e will assume that A

4

^ T

i

1

j

1

6= 0.

T o simplify the notation, the in tersection b et w een A

4

^ T

i

1

j

1

and T

i

2

j

2

is written as

p ( i

1

j

1

; i

2

j

2

) and giv en b y
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p ( i

1

j

1

; i

2

j

2

) � ( A

4

^ h h B

i

1

C

j

1

i i ) _ h h B

i

2

C

j

2

i i

=

D Dh h

A

4

h h B

i

1

C

j

1

i i

i i h h

h h B

i

2

C

j

2

i i

i i E E

=

D D�

A

4

�

h h

h h B

i

1

C

j

1

i i

i i �

B

i

2

C

j

2

E E

=

D D�

A

4

� ( B

i

1

^ C

j

1

)

�

B

i

2

C

j

2

E E

=

D D

( A

4

� B

i

1

) C

j

1

B

i

2

C

j

2

� ( A

4

� C

j

1

) B

i

1

B

i

2

C

j

2

E E

= "

i

1

ba

h h C

j

1

B

i

2

C

j

2

i i + "

j

1

ca

h h B

i

1

C

j

2

B

i

2

i i

(42)

where "

i

ba

� A

4

� B

i

and "

i

ca

� A

4

� C

i

are the image p oin t co ordinates for epip oles

E

ba

and E

ca

, resp ectiv ely .

Consider the follo wing t yp es of in tersection p oin ts.

p ( i

1

j; i

2

j ) = "

j

ca

h h B

i

1

C

j

B

i

2

i i
(43-1)

p ( ij

1

; ij

2

) = "

i

ba

h h C

j

1

B

i

C

j

2

i i
(43-2)

Using just this t yp e of in tersection p oin t a v ery simple constrain t can b e found. First of

all consider

p ( i

1

j

1

; i

2

j

1

) ^ p ( i

1

j

2

; i

2

j

2

) = "

j

1

ca

"

j

2

ca

h h B

i

1

C

j

1

B

i

2

i i

| {z }

grade 1 v ector

^h h B

i

1

C

j

2

B

i

2

i i

| {z }

grade 1 v ector

= "

j

1

ca

"

j

2

ca

�

h h B

i

1

C

j

1

B

i

2

i i ^ h h B

i

1

C

j

2

B

i

2

i i

�

I

� 1

I

= "

j

1

ca

"

j

2

ca

�

h h B

i

1

C

j

1

B

i

2

i i

| {z }

grade 1 v ector

� ( B

i

1

^ C

j

2

^ B

i

2

)

| {z }

grade 3 v ector

�

I

(44)

Using equation (16) w e get

p ( i

1

j

1

; i

2

j

1

) ^ p ( i

1

j

2

; i

2

j

2

) = "

j

1

ca

"

j

2

ca

�

B

i

1

� h h B

i

1

C

j

1

B

i

2

i i ( C

j

2

^ B

i

2

)

� C

j

2

� h h B

i

1

C

j

1

B

i

2

i i ( B

i

1

^ B

i

2

)

+ B

i

2

� h h B

i

1

C

j

1

B

i

2
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i

1

^ C

j

2

)

�
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j

1

ca

"

j
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�

h h B

i

1

B

i

1

C

j

1

B

i

2

i i

| {z }

=0

h h C

j

2

B

i

2

i i

� h h C

j

2

B

i

1

C

j

1

B

i

2

i ih h B

i

1

B

i

2

i i

+ h h B

i

2

B

i

1

C

j

1

B

i

2

i i

| {z }

=0

h h B

i

1

C

j

2

i i

�

= � "

j

1

ca

"

j

2

ca

h h B

i

1

B

i

2

C

j

1

C

j

2

i i

| {z }

scalar

h h B

i

1

B

i

2

i i

(45)

Note that only the term h h B

i

1

B

i

2

i i is not a scalar. F ollo wing a similar analysis it can

b e sho wn that

h h B

i

1

B

i

2

i i ^ p ( i

1

j

3

; i

2

j

3

) = "

j

3

ca

h h B

i

1

B

i

2

i i ^ h h B

i

1

C

j

3

B

i

2

i i = 0 (46)
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Therefore,

p ( i

1

j

1

; i

2

j

1

) ^ p ( i

1

j

2

; i

2

j

2

) ^ p ( i

1

j

3

; i

2

j

3

) = 0 (47)

and similarly

p ( i

1

j

1

; i

1

j

2

) ^ p ( i

2

j

1

; i

2

j

2

) ^ p ( i

3

j

1

; i

3

j

2

) = 0 (48)

These t w o constrain ts simply express the fact that all three in tersection p oin ts (all the

p 's) lie on the same line. It is fairly simple to see whic h line that is. Just as h h B

i

1

B

i

2

i i is

the in tersection b et w een planes h h B

i

1

i i and h h B

i

2

i i , h h B

i

1

C

j

1

B

i

2

i i is the in tersection b et w een

the three planes h h B

i

1

i i , h h B

i

2

i i and h h C

j

1

i i . Therefore, equation (47) can also b e written as

�

h h B

i

1

B

i

2

i i _ h h C

j

1

i i

�

^

�

h h B

i

1

B

i

2

i i _ h h C

j

2

i i

�

^

�

h h B

i

1

B

i

2

i i _ h h C

j

3

i i

�

= 0 (49)

That is, w e tak e the outer pro duct of the in tersection p oin ts of line h h B

i

1

B

i

2

i i with the

planes h h C

j

1

i i , h h C

j

2

i i and h h C

j

3

i i . Ob viously all three in tersection p oin ts ha v e to lie on line

h h B

i

1

B

i

2

i i , hence their outer pro duct is zero. This construction is sho wn in �gure 2.

B4

B1

B2

B3

<< >>B1

<< B2>>

C4

C3

C1

C2

B1B2>><<

C1>><<

>><<C
2

>><<C4

>><<C
3

p(11,21)

p(12,22)

p(13,23)

Figure 2: This demonstrates the constrain t t yp e 1 for i

1

= 1, i

2

= 2 and j

1

= 1, j

2

= 2,

j

3

= 3. F or example, p (12 ; 22) ' h h B

1

C

2

B

2

i i ' h h B

1

B

2

i i _ h h C

2

i i .

These c onstr aints also have to hold for the interse ction p oints of the pr oje cte d lines

T

j k

a

. Let the in tersection b et w een lines T

j

1

k

1

a

and T

j

2

k

2

a

b e written as p

a

( j

1

k

1

; j

2

k

2

). This

in tersection p oin t lies on the A -image plane b y de�nition, and can therefore b e giv en in

the A -line basis (equation (40)). With the help of equation (25) w e get
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p

a

( j
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; j
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2

a
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4

a

i i

(50)

follo wing a similar analysis as in equation (45) it is p ossible to sho w that

p

a

( j

1

k

1

; j

2

k

2

) ^ p

a

( j

3

k

3

; j

4

k

4
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T
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2
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T
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3
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3

k

3
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1
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a

A

i

3

a
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a

i i T
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a
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a
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1

j

1

k

1

T

i

2
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2

k

2

T

i

4
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4
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4

h h A

i

1
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A

i
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a
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i
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a

A

4

a

i i T
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3

j

3

k

3

h h A

i

3

a

A

4

a

i i

(51)

F rom the de�nition of the angle brac k et it follo ws that for an y scalar comp onen ts f �

i

g ,

f �

j

g and f �

k

g

�

i

�

j

�

k

h h A

i

a

A

j

a

A

k

a

A

4

a

i i

a

= �

i

�

j

�

k

�

ij k

= det( �

i

; �

j

; �

k

)

ij k

(52)

where �

ij k

is +1 if f ij k g form an ev en p erm utation of f 1 ; 2 ; 3 g , � 1 if they form an o dd

p erm utation, and 0 if an y t w o indices are equal. det( �

i

; �

j

; �

k

)

ij k

denotes the determinan t

of a matrix with ro ws giv en b y f �

i

g , f �

j

g and f �

k

g in exactly that order from top to

b ottom. The subscript giv es the indices that are used to form the matrix ro ws. If the

f �

i

g , f �

j

g and f �

k

g are written as v ectors a = �

i

e

i

, b = �

j

e

j

and c = �

k

e

k

then w e de�ne

det ( �

i

; �

j

; �

k

)

ij k

� det ( a ; b ; c )

� j abc j

(53)

Therefore,
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(54)

Using this notation, equation (51) ma y b e written more concisely as,
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(55)

Therefore, expressing equation (47) in terms of the p

a

giv es,
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(56)

and the constrain t in equation (48) b ecomes,
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(57)

5.2 Constrain t T yp e 2

The second t yp e of constrain t is sligh tly more complicated. Here, the follo wing t yp e of

in tersection p oin t is needed
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Therefore,
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i i (59)

Comparing this with equation (45) it can b e seen righ t a w a y that as in equation (46) the

follo wing has to b e true
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= 0 (60)

This constrain t simply states that the p oin t ( p ( i
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). Or, writing equation (60) in terms of in tersections of lines and
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= 0 (61)

whic h is ev en more trivial than equation (49).

T ranslating this in to relations b et w een the comp onen ts of the trifo cal tensor giv es,
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(62)

The constrain ts found here w ere inspired b y w ork done b y O.F augeras and B.Mourrain

in [3 ]. Ho w ev er, the constrain ts giv en in [3] form a subset of those giv en here. F urthermore,

here the constrain ts w ere deriv ed through mainly geometrical argumen ts, rather than

through the in v estigation of p olynomials as in [3].

The constrain t equations (56) and (57) are not giv en in determinan t form

8

in [3]. The

constrain ts giv en in [3] as equations (12) through (15) are a subset of equation (62) as

giv en here.

8

These constrain ts are basically the same as the relations b et w een lines detailed on page 26 of [3].
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6 Computations

It is in teresting to see what e�ect the determinan t constrain ts ha v e on the \qualit y" of

a trifo cal tensor. That is, a trifo cal tensor calculated only from p oin t matc hes has to

b e compared with a trifo cal tensor calculated form p oin t matc hes while enforcing the

determinan t constrain ts.

F or the calculation of the former a simple linear algorithm is used that emplo ys the

trilinearit y relationships, as, for example, giv en b y Hartley in [1]. In the follo wing this

algorithm will b e called the \7pt algorithm".

T o enforce all the determinan t constrain ts, an estimate of the trifo cal tensor is �rst

found using the 7pt algorithm. F rom this tensor the epip oles are estimated. Using these

epip oles the image p oin ts are transformed in to the epip olar frame. With these transformed

p oin t matc hes the trifo cal tensor can then b e found in the epip olar basis.

It can b e sho wn [7] that the trifo cal tensor in the epip olar basis has only 7 non-zero

comp onen ts

9

. Using the image p oin t matc hes in the epip olar frame these 7 comp onen ts

can b e found linearly . The trifo cal tensor in the \normal" basis is then reco v ered b y

tranforming the trifo cal tensor in the epip olar basis bac k with the initial estimates of

the epip oles. The trifo cal tensor found in this w a y has to b e fully self-consisten t since

it w as calculated from the minimal n um b er of parameters. That also means that the

determinan t constrain ts ha v e to b e fully satis�ed. This algorithm will b e called the

\MinF act" algorithm.

The main problem with the MinF act algorithm is that it dep ends crucially on the

qualit y of the initial epip ole estimates. If these are bad, the trifo cal tensor will still b e

p erfectly self-consisten t but will not represen t the true camera structure particularly w ell.

This is re
ected in the fact that t ypically a trifo cal tensor calculated with the MinF act

algorithm do es not satisfy the trilinearit y relationships as w ell as a trifo cal tensor calcu-

lated with the 7pt algorithm, whic h is of course calculated to satisfy these relationships

as w ell as p ossible.

Unfortunately , there do es not seem to b e a w a y to �nd the epip oles and the trifo cal

tensor in the epip olar basis sim ultaneously with a linear metho d. In fact, the trifo cal

tensor in a \normal" basis is a non-line ar com bination of the epip oles and the 7 non-zero

comp onen ts of the trifo cal tensor in the epip olar basis.

Nev ertheless, since the MinF act algorithm pro duces a fully self-consisten t tensor, the

camera matrices extracted from it also ha v e to form a self-consisten t set. Reconstruction

using suc h a set of camera matrices ma y b e exp ected to b e b etter than reconstruction

using an inconsisten t set of camera matrices, as t ypically found from an inconsisten t

trifo cal tensor. The fact that the trifo cal tensor found with the MinF act algorithm ma y

not resem ble the true camera structure v ery closely , migh t not matter to o m uc h, since

reconstruction is only exact up to a pro jectiv e transformation.

The question is, of course, how to measure the qualit y of the trifo cal tensor. Here the

qualit y is measured b y ho w go o d a reconstruction can b e ac hiev ed with the trifo cal tensor

in a geometric sense. This is done as follo ws:

9

F rom this it follo ws directly that the trifo cal tensor has 18 DOF: 12 epip olar comp onen ts plus 7

non-zero comp onen ts of the trifo cal tensor in the epip olar basis min us 1 for an o v erall scale.
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1. A 3D-ob ject is pro jected on to the image planes of the three cameras, whic h subse-

quen tly in tro duce some Gaussian noise in to the pro jected p oin t co ordinates. These

co ordinates are then quan tised according to the sim ulated camera resolution. The

magnitude of the applied noise is measured in terms of the mean Gaussian deviation

in pixels.

2. The trifo cal tensor is calculated in one of t w o w a ys from the a v ailable p oin t matc hes:

(a) using the 7pt algorithm, or

(b) using the MinF act algorithm.

3. The epip oles and the camera matrices are extracted from the trifo cal tensor. The

camera matrices are ev aluated using Hartleys recomputation metho d [1].

4. The p oin ts are reconstructed using a v ersion of what is called \Metho d 3" in [10 ]

and [11] adapted for three views. This uses a SVD to solv e for the homogeneous

reconstructed p oin t algebraically using a set of camera matrices. In [10] and [11 ]

this algorithm w as found to p erform b est of a n um b er of reconstruction algorithms.

5. This reconstruction still con tains an unkno wn pro jectiv e transformation. There-

fore it cannot b e compared directly with the original ob ject. Ho w ev er, since only

syn thetic data is used here, the 3D-p oin ts of the original ob ject are kno wn ex-

actly . Therefore, a pro jectiv e transformation matrix that b est transforms the re-

constructed p oin ts in to the true p oin ts can b e calculated. Then the reconstruction

can b e compared with the original 3D-ob ject geometrically .

6. The �nal measure of \qualit y" is arriv ed at b y calculating the mean distance in

3D-space b et w een the reconstructed and the true p oin ts.

These qualit y v alues are ev aluated for a n um b er of di�eren t noise magnitudes. F or eac h

particular noise magnitude the ab o v e pro cedure is p erformed 100 times. The �nal qualit y

v alue for a particular noise magnitude is then tak en as the a v erage of the 100 trials.

Figure 3 sho ws the mean distance b et w een the original p oin ts and the reconstructed

p oin ts in 3D-space in some arbitrary units

10

, as a function of the noise magnitude. The

camera resolution w as 600 b y 600 pixels.

This �gure sho ws that for a noise magnitude of up to appro ximately 10 pixels b oth

trifo cal tensors seem to pro duce equally go o d reconstructions. Note that for zero added

noise the reconstruction qualit y is not p erfect. This is due to the quan tisation noise of

the cameras. The small increase in qualit y for lo w added noise compared to zero added

noise is probably due to the cancellation of the quan tisation and the added noise.

Apart from lo oking at the reconstruction qualit y it is also in teresting to see ho w close

the comp onen ts of the calculated trifo cal tensors are to those of the true trifo cal tensor.

Figures 4 and 5 b oth sho w the mean of the p ercen tage di�erences b et w een the comp onen ts

of the true and the calculated trifo cal tensors as a function of added noise in pixels. Figure

4 compares the trifo cal tensors found with the 7pt and the MinF act algorithms. This sho ws

10

The particular ob ject used w as 2 units wide, 1 unit deep and 1.5 units high in 3D-space. The Y-axis

measures in the same units.
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Figure 3: Mean distance b et w een original p oin ts and recon-

structed p oin ts in arbitrary units as a function of mean Gaussian

error in pixels in tro duced b y the cameras. The solid line sho ws

the v alues using the MinF act algorithm, and the dashed line the

v alues for the 7pt algorithm.

that the trifo cal tensor calculated with the MinF act algorithm is indeed v ery di�eren t to

the true trifo cal tensor, m uc h more so than the trifo cal tensor calculated with the 7pt

algorithm (sho wn enlarged in �gure 5).
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Figure 4: Mean di�erence b et w een elemen ts

of calculated and true tensors in p ercen t. Solid

line sho ws v alues for trifo cal tensor calculated

with 7pt algorithm, and dashed line sho ws v al-

ues for trifo cal tensor calculated with MinF act

algorithm.
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Figure 5: Mean di�erence b et w een elemen ts

of true trifo cal tensor and trifo cal tensor cal-

culated with 7pt algorithm in p ercen t.
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7 Conclusion

It w as sho wn here ho w the GA approac h to the trifo cal tensor problem leads to a clear

geometrical understanding of the same. In particular, constrain ts on the in ternal structure

of the trifo cal tensor could b e deriv ed through mainly geometrical argumen ts. The use of

r e cipr o c al fr ames and esp ecially their extension to line frames clearly sho w ed the adv an tage

of the GA approac h o v er a GC algebra approac h, due to GA's inner pr o duct .

The data presen ted in section 6 seems to indicate that a tensor that ob eys the determi-

nan t constrain ts, i.e. is self-consisten t, but do es not satis�es the trilinearit y relationships

particularly w ell is equally as go o d, in terms of reconstruction abilit y , as an inconsisten t

trifo cal tensor that satis�es the trilinearit y relationships quite w ell. In particular the fact

that the trifo cal tensor calculated with the MinF act algorithm is so v ery m uc h di�eren t

to the true trifo cal tensor (see �gure 4) do es not seem to ha v e a big impact on the �nal

recomputation qualit y .

One p ossible explanation for this is that all the di�erences b et w een the reconstructions

are ev ened out when the �nal pro jectiv e transformation is applied. That w ould mean

that to striv e for a v ery go o d estimate of the trifo cal tensor is not actually necessary since

an y reconstruction will alw a ys include a pro jectiv e transformation that can b e c hosen

arbitrarily

11

.

11

In fact it w as found b y the authors that an initial reconstruction is almost alw a ys 
at and lo cated

at one of the camera image planes. A pro jectiv e transformation w as then necessary to \unfold" the

reconstruction.
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