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Abstract. The pap er concerns 2D-3D p ose estimation in the algebraic

language of kinematics. The p ose estimation problem is mo delled on the

base of sev eral geometric constrain t equations. In that w a y the pro jectiv e

geometric asp ect of the topic is only implicitly represen ted and th us, p ose

estimation is a pure kinematic problem. The dynamic measuremen ts of

these constrain ts are either p oin ts or lines. The authors prop ose the

use of motor algebra to in tro duce constrain t equations, whic h k eep a

natural distance measuremen t, the Hesse distance. The motor algebra is

a degenerate geometric algebra in whic h line transformations are linear

ones. The exp erimen ts aim to compare the use of di�eren t constrain ts

and di�eren t metho ds of optimal estimating the p ose parameters.

1 In tro duction

The pap er describ es the estimation of p ose parameters of kno wn rigid ob jects in

the framew ork of kinematics. P ose estimation is a basic visual task. In spite of

its imp ortance it has b een iden ti�ed for a long time (see e.g. Grimson [5 ]), and

although there is published an o v erwhelming n um b er of pap ers with resp ect to

that topic [9 ], up to no w there is no unique and general solution of the problem.

P ose estimation means to relate sev eral co ordinate frames of measuremen t data

and mo del data b y �nding out the transformations b et w een, whic h can subsume

rotation and translation. Since w e assume our measuremen t data as 2D and

mo del data as 3D, w e are concerned with a 2D-3D p ose estimation problem.

Camera self-lo calization and na vigation are t ypical examples of suc h t yp es of

problems. The coupling of pro jectiv e and Euclidean transformations, b oth with

nonlinear represen tations in Euclidean space, is the main reason for the di�-

culties to solv e the p ose problem. In this pap er w e attend to a p ose estimation

related to estimations of line motion as a problem of kinematics. The problem

can b e linearly represen ted in motor algebra [8] or dual quaternion algebra [7].

Instead of using in v ariances as an explicit form ulation of geometry as often has

b een done in pro jectiv e geometry , w e are using implicit form ulations of geom-

etry as geometric constrain ts. W e will demonstrate that geometric constrain ts

are w ell conditioned, in con trast to in v ariances.

The pap er is organized as follo ws. In section t w o w e will in tro duce the mo-

tor algebra as represen tation frame for either geometric en tities, geometric con-

strain ts, and Euclidean transformations. In section three w e in tro duce the geo-

metric constrain ts and their c hanges in an observ ation scenario. Section four is

dedicated to the geometric analysis of these constrain ts. In section �v e w e sho w

some results for constrain t based p ose estimation with real images.

2 The motor algebra in the frame of kinematics

A geometric algebra G

p;q ;r

is a linear space of dimension 2

n

, n = p + q + r ,

with a ric h subspace structure, called blades, to represen t so-called m ultiv ectors



as higher order algebraic en tities in comparison to v ectors of a v ector space

as �rst order en tities. A geometric algebra G

p;q ;r

results in a constructiv e w a y

from a v ector space I R

n

, endo w ed with the signature ( p; q ; r ), n = p + q + r b y

application of a geometric pro duct. The geometric pro duct consists of an outer

( ^ ) and an inner ( � ) pro duct, whose role is to increase or to decrease the order

of the algebraic en tities, resp ectiv ely .

T o mak e it concretly , a motor algebra is the 8D ev en algebra G

+

3 ; 0 ; 1

, deriv ed

from I R

4

, i.e. n = 4, p = 3, q = 0, r = 1, with basis v ectors 


k

, k = 1 ; :::; 4, and

the prop ert y 
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4

= 0, G

+

3 ; 0 ; 1

is called a

degenerate algebra. The motor algebra G

+

3 ; 0 ; 1

is of dimension eigh t and spanned

b y qualitativ e di�eren t subspaces with the follo wing basis m ultiv ectors:

one scalar : 1

six biv ectors : 
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one pseudoscalar : I � 


1




2




3




4

.

Because 


2

4

= 0, also the unit pseudoscalar squares to zero, i.e. I

2

= 0. Re-

mem b ering that the h yp ercomplex algebra of quaternions I H represen ts a 4D

linear space with one scalar and three v ector comp onen ts, it can simply b e

v eri�ed that G

+

3 ; 0 ; 1

is isomorphic to the algebra of dual quaternions

b

I H [11].

The geometric pro duct of biv ectors A , B 2 h G

+

3 ; 0 ; 1

i

2

, AB , splits in to AB =

A � B + A � B + A ^ B , where A � B is the inner pro duct, whic h results in

a scalar A � B = � , A ^ B is the outer pro duct, whic h in this case results in

a pseudoscalar A ^ B = I � , and A � B is the comm utator pro duct, whic h

results in a biv ector C , A � B =

1

2

( AB � B A ) = C . In a general sense, mo-

tors are called all the en tities existing in motor algebra. They are constituted

b y biv ectors and scalars. Th us, an y geometric en tit y as p oin ts, lines, and planes

ha v e a motor represen tation. Changing the sign of the scalar and biv ector in the

real and the dual parts of the motor leads to the follo wing v arian ts of a motor

M = ( a

0

+ a ) + I ( b

0

+ b )

f

M = ( a

0

� a ) + I ( b

0

� b )

M = ( a

0

+ a ) � I ( b

0

+ b )

f

M = ( a

0

� a ) � I ( b

0

� b ) .

W e will use the term motor in a more restricted sense to call with it a screw

transformation, that is an Euclidean transformation em b edded in motor alge-

bra. Its constituen ts are rotation and translation (and dilation in case of non-unit

motors). In line geometry w e represen t rotation b y a rotation line axis and a ro-

tation angle. The corresp onding en tit y is called a unit rotor, R , and reads as

follo ws

R = r

0

+ r
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+ r
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3




1

+ r

3
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= cos
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�

+ sin

�

�

2

�

n = exp

�

�

2

n

�

.

Here � is the rotation angle and n is the unit orien tation v ector of the rotation

axis, spanned b y the biv ector basis.

If on the other hand, t = t
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is a translation v ector in

biv ector represen tation, it will b e represen ted in motor algebra as the dual part

of a motor, called translator T with

T = 1 + I

t

2

= exp

�

t

2

I

�

.

Th us, a translator is also a sp ecial kind of rotor.

Because rotation and translation concatenate m ultiplicativ ely in motor alge-

bra, a motor M reads

M = T R = R + I

t

2

R = R + I R

0

.

A motor represen ts a line transformation as a screw transformation. The line L

will b e transformed to the line L

0

b y means of a rotation R

s

around a line L

s



b y angle � , follo w ed b y a translation t

s

parallel to L

s

. Then the screw motion

equation as motor transformation reads

L

0

= T

s

R

s

L

e

R

s

f

T

s

= M L

f

M .

F or more detailed in tro ductions see [8] and [10 ]. No w w e will in tro duce the de-

scription of the most imp ortan t geometric en tities [8 ].

A p oin t x 2 I R

3

, represen ted in the biv ector basis of G

+

3 ; 0 ; 1

, i.e. X 2 G

+

3 ; 0 ; 1

,

reads X = 1 + x
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= 1 + I x .

A line L 2 G

+

3 ; 0 ; 1

is represen ted b y L = n + I m with the line direction

n = n
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and the momen t m = m
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.

A plane P 2 G

+

3 ; 0 ; 1

will b e de�ned b y its normal p as biv ector and b y its

Hesse distance to the origin, expressed as the scalar d = ( x � p ) , in the follo wing

w a y , P = p + I d .

In case of screw motions M = T

s

R

s

not only line transformations can

b e mo delled, but also p oin t and plane transformations. These are expressed as

follo ws.

X

0

= M X

f

M L

0

= M L

f

M P

0

= M P

f

M

W e will use in this study only p oin t and line transformations b ecause p oin ts

and lines are the en tities of our ob ject mo dels.

3 Geometric constrain ts and p ose estimation

First, w e mak e the follo wing assumptions. The mo del of an ob ject is giv en b y

p oin ts and lines in the 3D space. F urthermore w e extract line subspaces or p oin ts

in an image of a calibrated camera and matc h them with the mo del of the ob ject.

The aim is to �nd the p ose of the ob ject from observ ations of p oin ts and lines

in the images at di�eren t p oses. Figure 1 sho ws the scenario with resp ect to

observ ed line subspaces. The metho d of obtaining the line subspaces is out of

scop e of this pap er. Con temp orary w e simply got line segmen ts b y marking

certain image p oin ts b y hand. T o estimate the p ose, it is necessary to relate the

observ ed lines in the image to the unkno wn p ose of the ob ject using geometric

constrain ts.

The k ey idea is that the observ ed 2D en tities together with their corresp ond-

ing 3D en tities are constrain t to lie on other, higher order en tities whic h result

from the p ersp ectiv e pro jection. In our considered scenario there are three con-

strain ts whic h are attributed to t w o classes of constrain ts:

1. Collinearit y: A 3D p oin t has to lie on a line (pro jection ra y) in the space

2. Coplanarit y: A 3D p oin t or line has to lie on a plane (pro jection plane).

With the terms pro jection ra y or pro jection plane, resp ectiv ely , w e mean the

image-forming ra y whic h relates a 3D p oin t with the pro jection cen ter or the in-

�nite set of image-forming ra ys whic h relates all 3D p oin ts b elonging to a 3D line

with the pro jection cen ter, resp ectiv ely . Th us, b y in tro ducing these t w o en tities,

w e implicitly represen t a p ersp ectiv e pro jection without necessarily form ulating

it explicitly . The most imp ortan t consequence of implicitly represen ting pro jec-

tiv e geometry is that the p ose problem is in that framew ork a pure kinematic

problem. A similar approac h of a v oiding p ersp ectiv e pro jection equations b y

using constrain t observ ations of lines has b een prop osed in [2].

T o b e more detailed, in the scenario of �gure 1 w e describ e the follo wing

situation: W e assume 3D p oin ts A

0

i

and lines L

0

Ai

of an ob ject mo del. F urther

w e extract line subspaces l

ai

in an image of a calibrated camera and matc h them

with the mo del.

Three constrain ts can b e depicted:
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Fig. 1. The scenario. The solid lines at the left hand describ e the assumptions: the

camera mo del, the mo del of the ob ject and the initially extracted lines on the image

plane. The dashed lines at the righ t hand describ e the actual p ose of the mo del, whic h

leads to the b est �t of the ob ject with the actual extracted lines.

1. A transformed p oin t, e.g. A

1

, of the mo del p oin t A

0

1

m ust lie on the pro jec-

tion ra y L

a 1

, giv en b y C and the corresp onding image p oin t a

1

.

2. A transformed p oin t, e.g. A

1

, of the mo del p oin t A

0

1

m ust lie on the pro jec-

tion plane P

12

, giv en b y C and the corresp onding image line l

a 3

.

3. A transformed line, e.g. L

A 3

, of the mo del line L

0

A 3

m ust lie on the pro jec-

tion plane P

12

, giv en b y C and the the corresp onding image line l

a 3

.

constrain t en tities dual quaternion algebra motor algebra

p oin t X = 1 + I x

p oin t-line

line L = n + I m

LX � X L = 0 X L � LX = 0

p oin t X = 1 + I x

p oin t-plane

plane P = p + I d

P X � X P = 0 P X � X P = 0

line L = n + I m

line-plane

plane P = p + I d

LP � P L = 0 LP + P L = 0

T able 1. The geometric constrain ts expressed in motor algebra and dual quatenion

algebra, resp ectiv ely .

T able 1 giv es an o v erview on the form ulations of these constrain ts in mo-

tor algebra, tak en from Blasc hk e [4 ], who used expressions in dual quaternion

algebra. Here w e adopt the terms from section 2.

The meaning of the constrain t equations is immediately clear. In section 4

w e will pro ceed to analyse them in detail. They represen t the ideal situation,

e.g. ac hiev ed as the result of the p ose estimation pro cedure with resp ect to the

observ ation frame. With resp ect to the previous reference frame, indicated b y

primes, these constrain ts read

( M X

0
f

M ) L � L ( M X

0
f

M ) = 0



P ( M X

0
f

M ) � ( M X

0
f

M ) P = 0

( M L

0

f

M ) P + P ( M L

0

f

M ) = 0 :

These compact equations subsume the p ose estimation problem at hand: �nd

the b est motor M whic h satis�es the constrain t. W e will get a con v ex optimiza-

tion problem. An y error measure j � j > 0 of the optimization pro cess as actual

deviation from the constrain t equation can b e in terpreted as a distance measure

of misalignmen t with resp ect to the ideal situation of table 1. That means e.g.

that the constrain t for a p oin t on a line is almost ful�lled for a p oin t near the

line. This will b e made clear in the follo wing section 4.

4 Analysis of the constrain ts

In this section w e will analyse the geometry of the constrain ts in tro duced in the

last section. W e w an t to sho w that the relations b et w een di�eren t en tities are

con trolled b y their orthogonal distance, the Hesse distance.

4.1 P oin t-line constrain t

Ev aluating the constrain t of a p oin t X = 1 + I x collinear to a line L = n + I m

leads to

0 = X L � LX = (1 + I x )( n + I m ) � ( n � I m )(1 + I x )

= n + I m + I xn � n + I m � I nx = I (2 m + xn � nx )

= 2 I ( m � n � x )

, 0 = I ( m � n � x ) :

Since I 6= 0, although I

2

= 0, the aim is to analyze the biv ector m � n � x .

Supp ose X =2 L . Then, nonetheless, there exists a decomp osition x = x

1

+ x

2

with X

1

= (1 + I x

1

) 2 L and X

2

= (1 + I x

2

) ? L . Figure 2 sho ws the scenario.

1

2

n

Lx

v

x

x

Fig. 2. The line L consists of the direction n and the momen t m = n � v . F urther, there

exists a decomp osition x = x

1

+ x

2

with X

1

= (1 + I x

1

) 2 L and X

2

= (1 + I x

2

) ? L ,

so that m = n � v = n � x

1

.

Then w e can calculate

k m � n � x k = k m � n � ( x

1

+ x

2

) k = k m � n � x

1

� n � x

2

k

= k � n � x

2

k = k x

2

k :

Th us, satisfying the p oin t-line constrain t means to equate the biv ectors m and

n � x , resp ectiv ely making the Hesse distance k x

2

k of the p oin t X to the line

L to zero.



4.2 P oin t-plane constrain t

Ev aluating the constrain t of a p oin t X = 1 + I x coplanar to a plane P = p + I d

leads to

0 = P X � X P = ( p + I d )(1 + I x ) � (1 � I x )( p � I d )

= p + I px + I d � p + I d + I xp = I (2 d + px + xp )

, 0 = I ( d + p � x ) :

Since I 6= 0, although I

2

= 0, the aim is to analyze the scalar d + p � x . Supp ose

X =2 P . The v alue d can b e in terpreted as a sum so that d = d

01

+ d

02

and d

01

p

is the orthogonal pro jection of x on to p . Figure 3 sho ws the scenario. Then w e

p

d

02

d

d

01

p
P

x

Fig. 3. The v alue d can b e in terpreted as a sum d = d

01

+ d

02

so that d

01

p corresp onds

to the orthogonal pro jection of x on to p .

can calculate

d + p � x = d

01

+ d

02

+ p � x = d

01

+ p � x + d

02

= d

02

.

The v alue of the expression d + p � x corresp onds to the Hesse distance of the

p oin t X to the plane P .

4.3 Line-plane constrain t

Ev aluating the constrain t of a line L = n + I m coplanar to a plane P = p + I d

leads to

0 = LP + P L = ( n + I m )( p + I d ) + ( p + I d )( n � I m )

= np + I mp + I n d + pn + I n d � I pm

= np + pn + I (2 d n � pm + mp )

, 0 = n � p + I ( d n � p � m )

Th us, the constrain t can b e partitioned in one constrain t on the real part of the

motor and one constrain t on the dual part of the motor. The aim is to analyze

the scalar n � p and the biv ector d n � ( p � m ) indep enden tly . Supp ose L =2 P .

If n 6? p the real part leads to

n � p = �k n kk p k cos ( � ) = � cos ( � ),

where � is the angle b et w een L and P , see �gure 4. If n ? p , w e ha v e n � p = 0.

Since the direction of the line is indep enden t of the translation of the rigid b o dy

motion, the constrain t on the real part can b e used to generate equations with

the parameters of the rotation as the only unkno wns. The constrain t on the dual

part can then b e used to determine the unkno wn translation. In other w ords,

since the motor to b e estimated, M = R + I RT = R + I R

0

, is determined in



its real part only b y rotation, the real part of the constrain t allo ws to estimate

the rotor R , while the dual part of the constrain t allo ws to estimate the rotor

R

0

. So it is p ossible to sequen tially separate equations on the unkno wn rotation

from equations on the unkno wn translation without the limitations, kno wn from

the em b edding of the problem in Euclidean space [7 ]. This is v ery useful, since

the t w o smaller equation systems are easier to solv e than one larger equation

system. T o analyse the dual part of the constrain t, w e in terpret the momen t m

of the line represen tation L = n + I m as m = n � s and c ho ose a v ector s

with S = (1 + I s ) 2 L and s ? n . By expressing the inner pro duct as the an ti-

comm utator pro duct, it can b e sho wn ([1]) that � ( p � m ) = ( s � p ) n � ( n � p ) s .

No w w e can ev aluate

d n � ( p � m ) = d n � ( n � p ) s + ( s � p ) n .

Figure 4 sho ws the scenario. F urther, w e can �nd a v ector s

1

k s with

a
p

n

L

Pd p
1

b

s

s

Fig. 4. The plane P consists of its normal p and the Hesse distance d . F urthermore w e

c ho ose S = (1 + I s ) 2 L with s ? n . The angle of n and p is � and the angle of s and

p is � . W e c ho ose the v ector s

1

with s k s

1

so that d p is the orthogonal pro jection of

( s + s

1

) on to p .

0 = d � ( k s k + k s

1

k ) cos ( � ). The v ector s

1

migh t also b e an tiparallel to s . This

leads to a c hange of the sign, but do es not a�ect the constrain t itself. No w w e

can ev aluate

d n � ( n � p ) s + ( s � p ) n = d n � k s k cos ( � ) n + cos ( � ) s = k s

1

k cos ( � ) n + cos( � ) s .

The error of the dual part consists of the v ector s scaled b y the angle � and the

direction n scaled b y the norm of s

1

and the angle � .

If n ? p , then p k s and th us, w e will �nd

k d n � ( p � m ) k = k d n + ( s � p ) n � ( n � p ) s k = k ( d + s � p ) n k = j ( d + s � p ) j .

This means, in agreemen t to the p oin t-plane constrain t, that ( d + s � p ) describ es

the Hesse distance of the line to the plane. This analysis sho ws that the consid-

ered constrain ts are not only qualitativ e constrain ts, but also quan titativ e ones.

This is v ery imp ortan t, since w e w an t to measure the extend of ful�llmen t of

these constrain ts in the case of noisy data.

5 Exp erimen ts

In this section w e presen t some exp erimen ts with real images. W e exp ect that

b oth the sp ecial constrain t and the algorithmic approac h of using it ma y in-


uence the results. In our exp erimen tal scenario w e to ok a B21 mobile rob ot

equipp ed with a stereo camera head and p ositioned it t w o meters in fron t of a



Fig. 5. The scenario of the exp erimen t: In the top ro w t w o p ersp ectiv es of the 3D

ob ject mo del are sho wn. In the second ro w (left) the calibration is p erformed and the

3D ob ject mo del is pro jected on the image. Then the camera mo v ed and corresp onding

line segmen ts are extracted.

calibration cub e. W e fo cused one camera on the calibration cub e and to ok an

image. Then w e mo v ed the rob ot, fo cused the camera again on the cub e and to ok

another image. The edge size of the calibration cub e is 46 cm and the image size

is 384 � 288 pixel. F urthermore, w e de�ned on the calibration cub e a 3D ob ject

mo del. Figure 5 sho ws the scenario. In the �rst ro w t w o p ersp ectiv e views of the

3D ob ject mo del are sho wn. In the left image of the second ro w the calibration

is p erformed and the 3D ob ject mo del is pro jected on to the image. Then the

camera is mo v ed and corresp onding line segmen ts are extracted. T o visualize

the mo v emen t, w e also pro jected the 3D ob ject mo del on its original p osition.

The aim is to �nd the p ose of the mo del and so the motion of the camera. In

this exp erimen t w e actually selected certain p oin ts b y hand and from these the

depicted line segmen ts are deriv ed and, b y kno wing the camera calibration b y

the cub e of the �rst image, the actual pro jection ra y and pro jection plane pa-

rameters are computed. In table 2 w e sho w the results of di�eren t algorithms

for p ose estimation. In the second column of table 2 EKF denotes the use of an

extended Kalman �lter. The design of the extended Kalman �lters is describ ed

in [6 ]. MA T denotes matrix algebra, SVD denotes the singular v alue decomp o-

sition of a matrix to ensure a rotation matrix as a result. In the third column

the used constrain ts, p oin t-line (XL), p oin t-plane (XP) and line-plane (LP) are

indicated. The fourth column sho ws the results of the estimated rotation matrix

R and the translation v ector t , resp ectiv ely . Since the translation v ectors are

in mm, the results di�er at around 2-3 cm. The �fth column sho ws the error of

the equation system. Since the error of the equation system describ es the Hesse

distance of the en tities, the v alue of the error is an appro ximation of the squared

a v erage distance of the en tities. It is easy to see, that the results obtained with

the di�eren t approac hes are close to eac h other, though the implemen tation leads

to di�eren t algorithms. F urthermore the EKF's p erform more stable than the

matrix solution approac hes.



no. R | t Constrain t Exp erimen t 1 Error

1 R t EKF | R t EKF XL-XL R =

�

0 : 987 0 : 089 � 0 : 138

� 0 : 117 0 : 969 � 0 : 218

0 : 115 0 : 231 0 : 966

�

t =

�

� 58 : 21

� 217 : 26

160 : 60

�

5 : 2

2 SVD | MA T XL-XL R =

�

0 : 976 0 : 107 � 0 : 191

� 0 : 156 0 : 952 � 0 : 264

0 : 154 0 : 287 0 : 945

�

t =

�

� 60 : 12

� 212 : 16

106 : 60

�

6 : 7

3 R t EKF | R t EKF XP-XP R =

�

0 : 987 0 : 092 � 0 : 133

� 0 : 118 0 : 973 � 0 : 200

0 : 111 0 : 213 0 : 970

�

t =

�

� 52 : 67

� 217 : 00

139 : 00

�

5 : 5

4 R t EKF | MA T XP-XP R =

�

0 : 986 0 : 115 � 0 : 118

� 0 : 141 0 : 958 � 0 : 247

0 : 085 0 : 260 0 : 962

�

t =

�

� 71 : 44

� 219 : 34

124 : 71

�

3 : 7

5 SVD | MA T XP-XP R =

�

0 : 979 0 : 101 � 0 : 177

� 0 : 144 0 : 957 � 0 : 251

0 : 143 0 : 271 0 : 952

�

t =

�

� 65 : 55

� 221 : 18

105 : 87

�

5 : 3

6 SVD | MA T LP-XP R =

�

0 : 976 0 : 109 � 0 : 187

� 0 : 158 0 : 950 � 0 : 266

0 : 149 0 : 289 0 : 945

�

t =

�

� 66 : 57

� 216 : 18

100 : 53

�

7 : 1

7 M EKF | M EKF LP-LP R =

�

0 : 985 0 : 106 � 0 : 134

� 0 : 133 0 : 969 � 0 : 208

0 : 107 0 : 229 0 : 969

�

t =

�

� 50 : 10

� 212 : 60

142 : 20

�

2 : 9

8 M EKF | MA T LP-LP R =

�

0 : 985 0 : 106 � 0 : 134

� 0 : 133 0 : 968 � 0 : 213

0 : 108 0 : 228 0 : 968

�

t =

�

� 67 : 78

� 227 : 73

123 : 90

�

2 : 7

9 SVD | MA T LP-LP R =

�

0 : 976 0 : 109 � 0 : 187

� 0 : 158 0 : 950 � 0 : 266

0 : 149 0 : 289 0 : 945

�

t =

�

� 80 : 58

� 225 : 59

93 : 93

�

6 : 9

T able 2. The exp erimen t 1 results in di�eren t qualities of deriv ed motion parameters,

dep ending on the used constrain ts and algorithms to ev aluate their v alidit y .

Fig. 6. Visualization of some errors. W e calculate the motion of the ob ject and pro ject

the transformed ob ject in the image planes. The extracted line segmen ts are also sho wn.

In the �rst and second ro w, the results of nos. 5, 3 and nos. 7, 8 of table 2 are visualised

resp ectiv ely .

The visualization of some errors is done in �gure 6. W e calculated the motion

of the ob ject and pro jected the transformed ob ject in the image plane. The

extracted line segmen ts are o v erla y ed in addition. Figure 6 sho ws in the �rst

ro w, left the results of nos. 5, 3 and nos. 7, 8 of table 2 resp ectiv ely . The results

of no. 7 and 8 are v ery go o d, compared with the results of the other algorithms.

These results are in agremen t with the w ell kno wn b eha vior of error prop-

agation in case of matrix based rotation estimation. The EKF p erforms more

stable. This is a consequence of the estimator themselv es and of the fact that

in our approac h rotation is represen ted as rotors. The concatenation of rotors is



more robust than that of rotation matrices.

6 Conclusions

The main con tribution of the pap er is to form ulate 2D-3D p ose determination in

the language of kinematics as a problem of estimating rotation and translation

from geometric constrain t equations. There are three suc h constrain ts whic h re-

late the mo del frame to an observ ation frame. The mo del data are either p oin ts

or lines. The observ ation frame is constituted b y lines or planes. An y deviations

from the constrain t corresp ond the Hesse distance of the in v olv ed geometric

en tities. F rom this starting p oin t as a useful algebraic frame for handling line

motion, the motor algebra has b een in tro duced. This is an eigh t-dimensional lin-

ear space with the prop ert y of represen ting rigid mo v emen ts in a linear manner.

The use of the motor algebra allo ws to subsume the p ose estimation problem b y

compact equations, since the en tities, the transformation of the en tities and the

constrain ts for collinearit y or coplanarit y of en tities can b e describ ed v ery eco-

nomically . F urthermore the in tro duced constrain ts con tain a natural distance

measuremen t, the Hesse distance. This is the reason wh y the geometric con-

strain ts are w ell conditioned (in con trast to in v ariances) and, th us b eha v e more

robust in case of noisy data.
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