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Abstract

Responseaf Gaborwaveletdn the mid-frequencyspacebuild a local spectal representatiorschemewith
optimal propertiesregarding the time-frequencyuncertaintyprinciple. However, whenusing Gabor wavelets
we observea skewnessn the mid-frequencyspacecausedy the spreadingeffect of Gaborwavelets.Though
in mostcurrentapplicationsthe skewnessdoesnot obstructthe samplingof the spectal domain,it affectsthe
identi cation andsepaation of souicesignalsfromthe Iter responsén themid-frequencypace In thispaper
we presenta modi cation of the original Gabor lter, the skew Gabor Iter, which correctsskewnessso that
the lter responseanbedescribedvith a sum-of-Gaussiansmodelin themid-frequencyspace Thecorrection
furtherenablesusto usehigherordermomeninformationto sepaatedifferentsouicesignalcomponentsThis
providesus with an elegantframevork to deblurthe Iter responseavhich is not characterizedby the limited
spectal resolutionof otherlocal spectal representations.

1 Intr oduction

Gabor Iters [13] arevery attractive dueto their optimal localizationpropertiesboth in spatialandin spectral
domain. Accordingto the well knowvn uncertaintyprinciple, the productof the spatialandthe spectralsupport
of a Iter hasalower bound. Becausdsaussiangnd modulatedGaussiangGaborfunctions)canachie/e such
a lower boundthey arevery usefulin mary spectralanalysistaskssuchasimagerepresentatiofe.g. [20]) and
the spatio-temporaanalysisof motionsin imagesequence¢e.g. [1, 15]). BesidesGabor lters wereshawn to
approximatebiological modelsof vision (e.qg. [7, 19, 16]). In the spatio-temporamodelsfor motion estimation
[1, 2], the enegy spectrumof a constantranslationaimotion canbe characterizeds an orientedplanepassing
throughtheoriginin thespectradomain.Samplingthespectrunwith asetof Gabor Iters atdifferentfrequencies
andorientationg15] mayhelpusto estimateheorientationof thespectraplane.GrzywaczandYuille [14] further
arguedthatthe spectrakupportof a Gabor lter is ameasuref uncertaintyandthe anglebetweerntwo tangential
lines of the support,which passthroughthe spectralorigin, representshe uncertaintyof orientationestimation
(see gure 1). Thisangleis desiredto be the samefor Iters at differentfrequenciesThus,the spectralsupport
shouldbeproportionalto the distancebetweerthe origin andthe supportcenter
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Figurel: Themotivationof applying2D Gaborwavelets(redravn from [14]).
We representhe spectralsupportof a 2D Gabor lter with a circle. Apply-
ing asetof Iters with constaniscalemay causdarger angularuncertaintyat
lower frequenciegasshovn by theanglebetweenwo dashedines). Thus,the
spectrakupporiof lters shouldbedirectly proportionalto themid-frequenyg.




In Gabor lters, impulseresponsebave the samesupportin low andhig frequenciesHowever, we would prefer
the supportto be inversely proportionalto the mid-frequeng. The coupling of the bandwidthwith the mid-
frequeny yields Gaborwavelets,a combinationof Gabor Iter andwavelets[21, 6], extensvely usedin signal
analysisandimagerepresentatiofe.g.[20, 27)).

In applyingGaborwaveletswe obsere a positve skeawnessin the mid-frequenyg spaceg14]. This skewnessdid
not drav considerablattentionin the computervision communitybecausenostapplicationsof Gaborwavelets
are classi cationtasks. Being aware of the non-symmetricallyspreadingeffect of Gaborwaveletsin the mid-
frequeny spaceweamguethatanisotropicdisseminatiorof themid-frequenyg representationf the Iter response
(we call thislocal spectrarepresentatiothe mid-spectrummayfacilitatethedeblurringof Iter responsesothat
we no moresuffer from thelimited resolutionof frequeng-basedapproachesThis is especiallyusefulin source
signal separatiorand multiple spectralorientationanalysis. Basedon this motivation we designa new lter to
correctthis skawnesseffect (section2). In section3 we further describethe 1D correctedmid-spectrunwith a
sum-of-Gaussiansiodelandusehigherordermomentdo identify differentsourcecomponentsThe deblurring
of the mid-spectrums alsodemonstratedn section4 we extendthe analysisto 2D spectralorientationanalysis.
This paperns concludedvith somediscussionsn sectionb.

2 The Skewnesf Gabor Wavelets

We rst explain the positive skewnessof Gaborwavelets. For simplicity we begin with a 1D Gabor Ilter whose
impulseresponseeads

_ Q)
Here denoteghe mid-frequeng and s the scaleparameter The spectrumof is a Gaussian
centerecdat
(2)

with bandwidthinverselyproportionalto . In applicationswe usuallycalculatethe spatialcon/olution between
andtheinputsignal

(3)
At a x edposition ,the lter responsés simpli ed asaninnerproduct

(4)

Usingthefactsthat and (here denotesconjugationtheabove inner
productcanalsoberepresenteth the spectradomainaccordingo the Parseral theorem([4], pp.113-115ps

(5)
Here is the spectrumof . Thus,for (for simplicity we set ) we obtaina local spectral

representationvhich is a function of the mid-frequenyg andthe scale . We call this representatiorthe
mid-spectrunof thesignal.



Themid-spectrum spreadsvery spectralDirac componenbf the sourcesignalinto a function of
Assumethatthe spectrumof a sourcesignalis a Dirac function: originatingfrom a comple
harmonic.Equation(5) thenturnsoutto be

(6)

Whenthe parameter is aconstant, is a Gaussiarspreadingof andthereis no skewness.
But if thewaveletpropertyis preferredj.e.if  isinverselyproportionalto

— (7)
with asaconstantThen,we obsere thepositive skewnessof  [14] (seealso gure 2)
(8)

We may straightforvardly extendthe abore analysisfor n-dimensionalGaborwaveletswith isotropicenvelope.
For 2D Gaborwaveletsin the spatio-temporatiomainwe have thefollowing relation

9)
Themid-spectrunof a 2D spectraimpulse reads

(10)
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Figure 2: The skawnessof Gaborwavelets.
Left: The solid cune denotes
and the dottedcurwe is a Gaussiarfunction
centeredat  with the scaleparameter—.
—. Right: 2D skewness
WXO . —.
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In mary Gaborwaveletapproacheghis skewnessseemsharmlessecausdt doesnot obstructthe descriptionof

differentsignalswith asetof sampleg$18, 22]. Themainattentionwasattractedo theef cient covering/sampling
of thespectrunaswell asthecoefcient estimatiorof the Gaborbasiq3, 20]. But we shouldkeepin mindthatthe

spreadingeffectof Gaborwavelet Itering (seeequation(8)) really blurstheinputsignalnon-symmetricallyn the

mid-frequenyg space.For the sale of sourcesignalidenti cation andseparationye preferto have a symmetric
spreadingln thefollowing we presentanew lter to correctthis positve skewness.

2.1 Correctingthe Skewness

In orderto achieve symmetryin themid-spectrumye introducea nen skew Gabor lter whosespectralde nition
reads

— — (11)



Thereexistsnoanalyticalexpressiorof theskew Gabor lter in thespatialdomainbecausé¢hereis noclosed-form
representationf theinverseFouriertransformof . Butwe mayobtainanFIR versionof boththerealand
theimaginarypart of the skew Gabor lter using lter -designin the FourierdomainanddiscreteFourier
transform.In gure 3 we displayoneexampleof the skew Gabor Iter. It is similarto a Gabor Iter with subtle

shapeddifferencesnsidethe Gaussiarervelope.
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Replacing in equation(5) with yieldsa mid-spectrunwith anidealGaussiarshape
(12)

Similarly, we may correctthe skewnessof 2D Gaborwaveletsby usinga 2D skew Gabor Iter

— (13)

Themid-spectruntorrespondingo is thenanideal 2D Gaussiar{cf. equation(10))

— (14)

In gure 4 we displaya 1D cosinesequencandthe correctionof the skewnessn the mid-spectrumHerewe use
only oneconstant to keepthe Gaussiarervelopeisotropic. It is alsopossibleto apply two differentconstants
(i.e. ) in orderto form a mid-spectrunmwith anelongated>aussiarshape But this is beyondthe scope

of this paper

3 1D Source Signal Separation

In the following we demonstrateéhe merit of correctingthe positive skewness. We startwith 1D sourcesignal
separationWe assumehatthe spectrunof aninput signalis composeaf two Dirac components

(15)



Wio Wio Figure4: Left: Cosinesequence

- . Mid-
dle:  Mid-spectrumusing Gabor
wavelets with . Right:

Mid-spectrumusing 2D skew Ga-
bor lters with the same . The
skewnessin the middle image is
corrected.

wheretheiramplitudeq and ) andoffsets( and ) areunknavn. Ourgoalis to estimateheseamplitudes
andoffsetsfrom the mid-spectrunsothatthe sourcecomponentganbeidenti ed andseparatedHderewe do not
discusghetraditionalFourieranalysis put focuson the comparisorwith Gaborwavelets.

If we applyplain Gaborwaveletsfor ltering, the mid-spectruris anoverlapof two skewnesscurves(cf. equa-
tion (8)). Thoughiteratve algorithms(e.g. [8, 23]) or learningmethods(e.g. [9]) may be usedto extractthe
desiredparameterssuchnon-analyticapproacheare computationallyinef cient andare sensitve to initial val-
uesandrelatedparametern the costfunction. Besidesthey are susceptibldgo local minimain the regression
procedureThus,we preferto useananalyticframewnork for parameteregression.

The correctionof skewnessmakesthis ideapossible. Underthe sameassumptiorasthatin equation(15), the
mid-spectrunof skew Gabor Iters is thena sumof two differently weightedandshiftedGaussiarfunctions(for
simplicity we omit the coefcient term —— of Gaussian)

(16)
with

17)

The scaleparametersn abore Gaussiangre proportionalto the meanvalues. In gure 5 we demonstratéhe
mid-spectrunof plain Gaborwavelet Itering aswell asthe mid-spectrunof skew Gabor ltering.
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AN well asthe meanvalues and . The
scale parameterof thesetwo Gaussians
aredeterminedy — and—, respectiely.
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Thesum-of-Gaussianmodelis well studiedfrom statisticaspectindis widely usedin neuralnetwork approaches
(e.g.[9, 23]). Onemorebene t of thismodelis thatwe areableto usehigherordermomentinformationto extract



parametersAccordingto AppendixA we obtainthefollowing systemof equationsn  , , ,and

(18)
Here denotegheintegrationof and , ,and denotehe rst threeordermomentsof
Withoutlossof generalitywe assume . SolvingtheseequationgAppendixB) yields
- (29)
where , , ,and aredenedin (18)andthevariables , ,and arede nedin (B.6) (AppendixB). The
term is guaranteedo be no lessthanzero(seeAppendixB). If , thereis only onesingle
Gaussiarfi.e. ) andwe canestimateits meanvalue and amplitudedirectly using equationgA.1) and
(A.2).
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In gure 6 wedisplayanexampleof sourcesignalseparationTheinputsignalis composeaf two cosinefunctions

- — (20)
with the spectrum - - — . Now we samplethe positive spectralspacewith Gabor
waveletsandskew Gabor Iters. We startthe mid-frequenyg at — andincreasdt with a stepof — to
geta densesampling.Herewe setthe highestmid-frequeng as — sothatwe do not needto considerthe

boundariesn themid-spectrumUsinghigherordermomentsve estimateéheamplitudesandthelocationsof two
positive Dirac components

(21)



In the negative frequenciesye may performa similar procedurdo extractthe desiredparametersThen,we are
ableto identify the sourcesignalcomponentsn spite of the blurring in the mid-spectrum.In otherwords, this
methodcan“deblur” the mid-spectrum.Taking into accountthata lot of efforts hadto be madein lter design
so that the blurring after Itering doesnot signi cantly affect the identi cation of signalsor orientations(e.g.
[25, 28)), this framavork providesaneleggantsolutionwhich increasesheresolutionin mid-frequeng space.

4 Orientation Analysisin 2D Spectral Space

In this section,we analyzethe appearancef multiple orientationsn 2D spectralspaceusingskew Gabor lters.

An importantapplicationof this analysisis multiple motionanalysisin xt-space.Accordingto [11, 12, 2], both
1D occlusionandtransparenc may be modeledasmultiple linesin the spectraldomain,with somedistortionin
caseof occlusionandwithoutdistortionin caseof transparenc Thus,the problemof motionestimationturnsout
to beanissueof orientationanalysisin the spatio-temporaspace As the anglebetweertwo spectralinescanbe
arbitrary eigen-analysi¢e.g.[24, 17]) cannotproperlydeterminethe orientationof multiple lines. Samplingthe
spectrumwith Gabor lters [15] provided a goodmotivation, but suferedunderthe limited resolution. Herewe
prove thatthis limitation maybe overcomeusingskew Gabor lters.

As the enegy spectrumof eitherocclusionor transparencis mainly a superpositiorof two spectrallines, the
correspondingnid-spectrumafter skew Gabor ltering is thenthe sum of differently weighted2D Gaussians
centeredbn two spectrallines. Along eachspectraline, theseGaussianfiave the sameangularuncertaintydue
to wavelet property(cf. gure 1). Thoughthe angulardistribution of a 2D Gaussiars no morean exact
1D Gaussianwe still can approximate using a Gaussianwith appropriateparametersespeciallyif

is adequateljarge (e.g. ). Dueto the spacelimitation we won't delve into the mathematiaderivation,
but usean examplein gure 7 asan intuitive proof. The readeris referredto [29] for more details. After this
approximationall 2D Gaussiangenteredon the samespectralline have the sameangularmeanvalue andthe
sameangularscaleparameter . Consequentlyafter polarintegration! we obtainone1D Gaussiarirom all 2D
Gaussiansenterednthe samespectraline andtheangulardistribution of the mid-spectrumis the superposition
of two 1D Gaussians.Thus,we are ableto extract the exact orientationof the spectrallines from the blurring
mid-spectrunusingtheframework introducedn section3. Theonly differencehereis thatthe parameter isno
moreproportionato , but aconstantleterminedy

4.1 Examples

To evaluatethe performancef our framework properly we usesynthesizedxamples.The rst exampledemon-
strateshe deblurringability of our framewvork. We usea 2D signalwhosespectrums composef two spectral
lines passingthroughthe origin ( gure 8). The anglesbetweenthesetwo linesandthe  axisare degrees
and degreesrespeciiely. Themid-spectrunafterskew Gabor Itering is stronglyblurreddueto the spreading
effectof Itering andthe overlappingof two neighboringGaussiansThe sourcesignalcomponentarehardlyto

obsere in this mid-spectrum.Using higherordermomentswe arestill ableto determinethe orientationof the

original spectrallines: and . Therelative large errorin is causedoy the discrete
approximationof the polarintegration(e.g. at degreewe have moregrid pointsthanat  degrees).We may

reducethis errorby increasinghe grid densityor by interpolation.But we will notenterthistopic here.

This integrationis well knovn asRadonTransform[26].
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Figure7: Left: Polarintegrationof anisotropic2D Gaussiarcenterecat canbe approximatedy an

ideal Gaussiarunctionwith meanvalue andscaleparameter . Thesolid circle representshe supportof the
Gaussian.The pencil of lines passinghroughthe origin denoteghe integration paths. The middle point of the
intersectiorbetweenra integration pathandthe solid circle lies on the dottedcircle with a diameter . Middle:

Thesolid cune is theplot of . For comparisorwe plot anideal Gaussiamwith crossesswell. The scaleof
this Gaussians with . Right: The maximaldifferencebetweerthe normalGaussian
and islessthan  of

Figure8: Left: The spectrumof a 2D

Wy f Yo 0025 signal is composedof two spectrallines
0.02 passingthroughthe origin with an angle
W, w,, 0015 of degreesbetweenthem. Middle:
o T om Mid-spectrumusing 2D skew Gabor |-
0.005 ters with . The mid-frequenyg
0 q satis es
-100 0 100

Right:  The angulardistribution of the
mid-spectrum.

The secondexampleis to estimatemultiple motionsin a transparencsequence gure 9). In this sequenceve
have onerandomdot sequencenoving at [pixel/frame] and one sum-of-cosinesequencenoving at
[pixel/frame],respecirely. For clarity of displayingwe arrangethe maximalamplitudeof the cosinesequence
to be twice the maximalamplitudeof the randomdot sequenceo thatthe correspondingpectralines have the
sameamplitudes. The spectrumdisplaysthe superpositiorof two motionsclearly The mid-spectrumspreads
this distribution. This s clearlyto seein the plot afterthe polarintegration. As the spectralines are symmetric
with respecto the origin, we only needone half for estimation. Here we usethe higherorder momentsin the
angularspacebetween degreesand degreesto determinethe orientationof spectrallines:

and . Thenormalvectorof thesetwo linesindicatethevelocities: and

5 Discussions

Theskewnesscorrectionof Gaborwaveletsresultsin aGaussiarspreadingf theinputsignalin themid-frequeng
space.After the correctionwe areableto modelthe distribution in the parametespacewith a sumof Gaussian
functions.Comparingwith the non-symmetricskewnesscurve, the bene t of usingGaussiarfunctionsfor distri-
bution descriptionis obvious: Gaussiandiave goodlocalizationability andare capableof providing simpleyet
rich description®f signals.Fromthepointof view of probabilisticsignalprocessing@ndpatternrecognition this

8



TWt T Wi
3
Wx WXO 2

1

100 o 10 4
Figure9: Top: Thetransparencsequencéright) . Inthe
sum-of-cosinesequencéleft)  variesfrom to with a stepof . Theamplitudes andphase
components arerandomlychosenTherandomdotsequencémiddle) moveswith [pixel/frame].
Bottom Left: The spectrumof the transparenc sequence Bottom Middle : Mid-spectrumusing 2D skew
Gabor lters with . Themiddle frequeng satis es . Bottom Right: The

angulardistribution of the mid-spectrum.

correctionsimpli es thetasksof signalanalysissigni cantly. For example,the analyticalframewvork for source
signalseparatiorbene tsfrom the statisticalsimplicity of Gaussiang calculatinghigherordermoments.

Higherordermomentinformationis alsousedin independentomponentnalysis(ICA) approache$s, 10]. In
ICA approachewe needanumericalsolution(e.g. singularvaluedecompositiorfSVD)) because¢hedistribution
is unknawn. In our framework, however, the sum-of-Gaussiamodelmakes an analyticsolutionpossible. It is
alsoworth mentioningthat we needonly one superpositiorof the sourcesignalsto separateghem (In [10], for
example,two linearly independensuperpositiorareneededo separatesourcesignals).

Anotherpoint of our sourcesignalseparatiorframavork is thatmostfrequeng-basedmethodssuffer from low
resolutiondueto spreadingandoverlapping.By achiezing thespreadindo have aGaussiarshapewe canseparate
two overlappingGaussiang themid-frequeng spaceThisenablesisto reachvery ne resolutionin thespectral
domainandthereforesolve thealiasingproblem.

In thefuturework thefollowing pointsareworth studying:

Extendthe framavork to 2D multiple motionanalysiswherethe sourcesignalitself is a sumof 2D Gaus-
sians.

Reducdhe computationaloadby usingelongatediter masksandby studyinghow sparselywe cansample
the spectrumwithout affectingthe parameteregression.

Develop ef cient estimationalgorithmsfor the spectrumwith multiple harmonics(more thantwo Dirac
impulses).

Studythesensitvity to noise.



Appendix A

For corveniencewe changethe variablein equationg16) and(17)to andnormalize , , and to
obtainthe correspondinglistribution densityfunctions , , and
— (A1)
The rst threeordermomentf read
(A.2)
— (A.3)
— (A.4)
ReformulateequationgA.1), (A.2), (A.3), and(A.4) yieldsthe equationsystem(18).
Appendix B
After de ning , , We getanequatiorsystemof variables , , ,and from(18)
(B.1)
(B.2)
(B.3)
(B.4)
From(B.1) and(B.2) we obtain
(B.1-1)
(B.2-1)
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We multiply bothsidesof (B.3) and(B.4) with andsimplify themas

(B.3-1)
(B.4-1)
Submitting(B.3-1)into (B.4-1)yields
(B.5)
with
(B.6)
Thisis astandardnevariable two orderequationwvhosediscriminatoreads
(B.7)
Theequalityis attainableonly when , I.e. whenwe have only onesingleGaussianThenwe only needto
use(A.1) and(A.2) directly to extractparametersln caseof , we have two realroots(without loss
of generalitywe assume )
— (B.8)
Submitting and into (B.1-1) and(B.2-1) andfurthertakinginto accountthat , we
solve and
— (B.9)
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