
Skewnessof GaborWaveletsandSourceSignalSeparation

WeichuanYu GeraldSommer KostasDaniilidis
Dept.of DiagnosticRadiology Institut für Informatik GRASPLaboratory

YaleUniversity UniversityKiel Universityof Pennsylvania
weichuan@noodle.med.yale.edugs@ks.informatik.uni-kiel.de kostas@grasp.cis.upenn.edu

Abstract

Responsesof Gaborwaveletsin themid-frequencyspacebuild a local spectral representationschemewith
optimalpropertiesregarding the time-frequencyuncertaintyprinciple. However, whenusingGaborwavelets
weobservea skewnessin themid-frequencyspacecausedby thespreadingeffectof Gaborwavelets.Though
in mostcurrentapplicationstheskewnessdoesnot obstructthesamplingof thespectral domain,it affectsthe
identi�cation andseparationof sourcesignalsfromthe�lter responsein themid-frequencyspace. In thispaper,
we presenta modi�cation of the original Gabor �lter , theskew Gabor �lter , which correctsskewnessso that
the�lter responsecanbedescribedwith a sum-of-Gaussiansmodelin themid-frequencyspace. Thecorrection
furtherenablesusto usehigher-ordermomentinformationto separatedifferentsourcesignalcomponents.This
providesuswith an elegant framework to deblur the �lter responsewhich is not characterizedby the limited
spectral resolutionof otherlocal spectral representations.

1 Intr oduction

Gabor�lters [13] arevery attractive due to their optimal localizationpropertiesboth in spatialand in spectral
domain. Accordingto the well known uncertaintyprinciple, the productof the spatialandthe spectralsupport
of a �lter hasa lower bound. BecauseGaussiansandmodulatedGaussians(Gaborfunctions)canachieve such
a lower boundthey arevery usefulin many spectralanalysistaskssuchasimagerepresentation(e.g. [20]) and
thespatio-temporalanalysisof motionsin imagesequences(e.g. [1, 15]). Besides,Gabor�lters wereshown to
approximatebiologicalmodelsof vision (e.g. [7, 19, 16]). In thespatio-temporalmodelsfor motionestimation
[1, 2], theenergy spectrumof a constanttranslationalmotioncanbe characterizedasan orientedplanepassing
throughtheorigin in thespectraldomain.Samplingthespectrumwith asetof Gabor�lters atdifferentfrequencies
andorientations[15] mayhelpusto estimatetheorientationof thespectralplane.GrzywaczandYuille [14] further
arguedthatthespectralsupportof aGabor�lter is ameasureof uncertaintyandtheanglebetweentwo tangential
linesof the support,which passthroughthe spectralorigin, representsthe uncertaintyof orientationestimation
(see�gure 1). This angleis desiredto bethesamefor �lters at differentfrequencies.Thus,thespectralsupport
shouldbeproportionalto thedistancebetweentheorigin andthesupportcenter.
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Figure1: Themotivationof applying2D Gaborwavelets(redrawn from [14]).
We representthe spectralsupportof a 2D Gabor�lter with a circle. Apply-
ing a setof �lters with constantscalemaycauselargerangularuncertaintyat
lowerfrequencies(asshown by theanglebetweentwo dashedlines).Thus,the
spectralsupportof �lters shouldbedirectlyproportionalto themid-frequency.
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In Gabor�lters, impulseresponseshave thesamesupportin low andhig frequencies.However, we would prefer
the supportto be inverselyproportionalto the mid-frequency. The coupling of the bandwidthwith the mid-
frequency yields Gaborwavelets,a combinationof Gabor�lter andwavelets[21, 6], extensively usedin signal
analysisandimagerepresentation(e.g.[20, 27]).

In applyingGaborwaveletswe observe a positive skewnessin themid-frequency space[14]. This skewnessdid
not draw considerableattentionin thecomputervision communitybecausemostapplicationsof Gaborwavelets
areclassi�cation tasks. Being awareof the non-symmetricallyspreadingeffect of Gaborwaveletsin the mid-
frequency space,wearguethatanisotropicdisseminationof themid-frequency representationof the�lter response
(wecall this localspectralrepresentationthemid-spectrum) mayfacilitatethedeblurringof �lter responsessothat
we no moresuffer from thelimited resolutionof frequency-basedapproaches.This is especiallyusefulin source
signalseparationandmultiple spectralorientationanalysis.Basedon this motivation we designa new �lter to
correctthis skewnesseffect (section2). In section3 we furtherdescribethe 1D correctedmid-spectrumwith a
sum-of-Gaussiansmodelandusehigher-ordermomentsto identify differentsourcecomponents.Thedeblurring
of themid-spectrumis alsodemonstrated.In section4 we extendtheanalysisto 2D spectralorientationanalysis.
Thispaperis concludedwith somediscussionsin section5.

2 The Skewnessof Gabor Wavelets

We �rst explain thepositive skewnessof Gaborwavelets.For simplicity we begin with a 1D Gabor�lter whose
impulseresponsereads
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with bandwidthinverselyproportionalto �
� . In applications,weusuallycalculatethespatialconvolutionbetween
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At a �x edposition �
� , the�lter responseis simpli�ed asaninnerproduct
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�9��	�� (hereR denotesconjugation)theabove inner
productcanalsoberepresentedin thespectraldomainaccordingto theParseval theorem([4], pp.113-115)as
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Here

S

��	�� is thespectrumof 6

����� . Thus,for �U�V�
� (for simplicity we set �

�
�VW ) we obtaina local spectral

representationwhich is a function of the mid-frequency 	
� and the scale �

� . We call this representationthe
mid-spectrumof thesignal.
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Themid-spectrum
8

� ��	 � 
�� � � spreadsevery spectralDirac componentof thesourcesignalinto a functionof 	 � .
Assumethat thespectrumof a sourcesignalis a Dirac function:

S
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�

��	 F 	�� � originatingfrom a complex
harmonic.Equation(5) thenturnsout to be
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Whentheparameter� � is a constant,
8

� ��	 � 
�� � � is a Gaussianspreadingof
�

��	TF 	�� � andthereis no skewness.
But if thewaveletpropertyis preferred,i.e. if � � is inverselyproportionalto 	 �

� � �

�

	 �

(7)

with
�

asaconstant.Then,we observe thepositive skewnessof 	 � [14] (seealso�gure 2)
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We maystraightforwardly extendtheabove analysisfor n-dimensionalGaborwaveletswith isotropicenvelope.
For 2D Gaborwaveletsin thespatio-temporaldomainwehave thefollowing relation
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Themid-spectrumof a2D spectralimpulse
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Figure 2: The skewnessof Gaborwavelets.
Left: The solid curve denotes
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In many Gaborwaveletapproaches,this skewnessseemsharmlessbecauseit doesnot obstructthedescriptionof
differentsignalswith asetof samples[18, 22]. Themainattentionwasattractedto theef�cient covering/sampling
of thespectrumaswell asthecoef�cient estimationof theGaborbasis[3, 20]. But weshouldkeepin mindthatthe
spreadingeffectof Gaborwavelet�ltering (seeequation(8)) reallyblurstheinputsignalnon-symmetricallyin the
mid-frequency space.For thesake of sourcesignalidenti�cation andseparation,we preferto have a symmetric
spreading.In thefollowing we presentanew �lter to correctthispositive skewness.

2.1 Corr ecting the Skewness

In orderto achievesymmetryin themid-spectrum,weintroduceanew skew Gabor�lter whosespectralde�nition
reads
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Thereexistsnoanalyticalexpressionof theskew Gabor�lter in thespatialdomainbecausethereis noclosed-form
representationof theinverseFouriertransformof

!=.

� ��	�� . But wemayobtainanFIR versionof boththerealand
the imaginarypartof theskew Gabor�lter � � � ����� using�lter -designin theFourierdomainanddiscreteFourier
transform.In �gure 3 we displayoneexampleof theskew Gabor�lter . It is similar to a Gabor�lter with subtle
shapedifferencesinsidetheGaussianenvelope.
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Figure3: Top: The real
partsof a 1D skew Gabor
�lter (left) andof a Gabor
�lter (middle) as well as
their even-symmetricdif-
ference(right). Bottom:
The imaginary parts of
both�lters (left: skew Ga-
bor; middle: Gabor)and
their odd-symmetricdif-
ference(right). The pa-
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Similarly, wemaycorrecttheskewnessof 2D Gaborwaveletsby usinga2D skew Gabor�lter
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Themid-spectrumcorrespondingto
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� is thenanideal2D Gaussian(cf. equation(10))

�

8

�

��	
� �



	��
�




�

�0�������"�:F �

�

�

�

���

��	
� �

FL	
�

� �

�




��	��
�

FL	���� �

�

	
�

�
�




	
�

���

�

�

+

(14)

In �gure 4 wedisplaya1D cosinesequenceandthecorrectionof theskewnessin themid-spectrum.Hereweuse
only oneconstant

�

to keeptheGaussianenvelopeisotropic. It is alsopossibleto apply two differentconstants
(i.e.

�

���
�

�

� ) in orderto form a mid-spectrumwith anelongatedGaussianshape. But this is beyondthescope
of thispaper.

3 1D SourceSignalSeparation

In the following we demonstratethe merit of correctingthe positive skewness.We startwith 1D sourcesignal
separation.Weassumethatthespectrumof aninput signalis composedof two Diraccomponents

!

��	��0���
�

�

��	OF	�
�

�




�

�

�

��	 F	�

�

� 
 (15)

4



x

t

w

wt0

x0 w

wt0

x0

Figure 4: Left: Cosinesequence
�

����
����=�

�������

� � 	 ���




W

+��

���
� . Mid-
dle: Mid-spectrumusing Gabor
wavelets with

�

� �

+��

. Right:
Mid-spectrumusing 2D skew Ga-
bor �lters with the same

�

. The
skewness in the middle image is
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wheretheiramplitudes( � � and �

�

) andoffsets( � � and �

�

) areunknown. Ourgoalis to estimatetheseamplitudes
andoffsetsfrom themid-spectrumsothatthesourcecomponentscanbeidenti�ed andseparated.Herewe donot
discussthetraditionalFourieranalysis,but focuson thecomparisonwith Gaborwavelets.

If we applyplain Gaborwaveletsfor �ltering, themid-spectrumis anoverlapof two skewnesscurves(cf. equa-
tion (8)). Thoughiterative algorithms(e.g. [8, 23]) or learningmethods(e.g. [9]) may be usedto extract the
desiredparameters,suchnon-analyticapproachesarecomputationallyinef�cient andaresensitive to initial val-
uesandrelatedparametersin the costfunction. Besides,they aresusceptibleto local minima in the regression
procedure.Thus,we preferto useananalyticframework for parameterregression.

The correctionof skewnessmakesthis ideapossible.Under the sameassumptionas that in equation(15), the
mid-spectrumof skew Gabor�lters is thena sumof two differentlyweightedandshiftedGaussianfunctions(for
simplicity weomit thecoef�cient term
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The scaleparametersin above Gaussiansareproportionalto the meanvalues. In �gure 5 we demonstratethe
mid-spectrumof plainGaborwavelet�ltering aswell asthemid-spectrumof skew Gabor�ltering.
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Thesum-of-Gaussiansmodelis well studiedfrom statisticaspectandis widely usedin neuralnetwork approaches
(e.g.[9, 23]). Onemorebene�t of thismodelis thatweareableto usehigher-ordermomentinformationto extract
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parameters.Accordingto AppendixA weobtainthefollowing systemof equationsin � � , �
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Here � � denotestheintegrationof � ��	 � � and � � , �
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, and �
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denotethe�rst threeordermomentsof � ��	 � ���	� � .
Without lossof generalitywe assumeW�
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. Solvingtheseequations(AppendixB) yields
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where �
� , �

�

, �

�

, and �

	

arede�ned in (18) andthevariables� , � , and � arede�ned in (B.6) (AppendixB). The
term �

�

F�� �

� is guaranteedto beno lessthanzero(seeAppendixB). If �

�

F�� �

�

� W , thereis only onesingle
Gaussian(i.e. �

�
� �

�

) andwe canestimateits meanvalueandamplitudedirectly usingequations(A.1) and
(A.2).
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In �gure 6wedisplayanexampleof sourcesignalseparation.Theinputsignalis composedof twocosinefunctions
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� . Now we samplethe positive spectralspacewith Gabor
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boundariesin themid-spectrum.Usinghigher-ordermomentsweestimatetheamplitudesandthelocationsof two
positive Diraccomponents
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In thenegative frequencies,we mayperforma similar procedureto extract thedesiredparameters.Then,we are
ableto identify the sourcesignalcomponentsin spiteof the blurring in the mid-spectrum.In otherwords,this
methodcan“deblur” themid-spectrum.Taking into accountthat a lot of efforts hadto be madein �lter design
so that the blurring after �ltering doesnot signi�cantly affect the identi�cation of signalsor orientations(e.g.
[25, 28]), this framework providesanelegantsolutionwhich increasestheresolutionin mid-frequency space.

4 Orientation Analysis in 2D SpectralSpace

In this section,we analyzetheappearanceof multiple orientationsin 2D spectralspaceusingskew Gabor�lters.
An importantapplicationof this analysisis multiple motionanalysisin xt-space.Accordingto [11, 12, 2], both
1D occlusionandtransparency maybemodeledasmultiple linesin thespectraldomain,with somedistortionin
caseof occlusionandwithoutdistortionin caseof transparency. Thus,theproblemof motionestimationturnsout
to beanissueof orientationanalysisin thespatio-temporalspace.As theanglebetweentwo spectrallinescanbe
arbitrary, eigen-analysis(e.g. [24, 17]) cannotproperlydeterminetheorientationof multiple lines. Samplingthe
spectrumwith Gabor�lters [15] provideda goodmotivation,but sufferedunderthe limited resolution.Herewe
prove thatthis limitation maybeovercomeusingskew Gabor�lters.

As the energy spectrumof eitherocclusionor transparency is mainly a superpositionof two spectrallines, the
correspondingmid-spectrumafter skew Gabor�ltering is then the sum of differently weighted2D Gaussians
centeredon two spectrallines. Along eachspectralline, theseGaussianshave thesameangularuncertaintydue
to waveletproperty(cf. �gure 1). Thoughtheangulardistribution �

8

�

�

�

� of a 2D Gaussianis no moreanexact
1D Gaussian,we still can approximate�

8

�

�

�

� using a Gaussianwith appropriateparameters,especiallyif
�

is adequatelylarge (e.g.
���

� ). Due to the spacelimitation we won't delve into the mathematicderivation,
but usean examplein �gure 7 asan intuitive proof. The readeris referredto [29] for moredetails. After this
approximation,all 2D Gaussianscenteredon the samespectralline have the sameangularmeanvalueandthe
sameangularscaleparameter�

�

. Consequently, afterpolar integration1 we obtainone1D Gaussianfrom all 2D
Gaussianscenteredon thesamespectralline andtheangulardistribution of themid-spectrumis thesuperposition
of two 1D Gaussians.Thus,we areableto extract the exact orientationof the spectrallines from the blurring
mid-spectrumusingtheframework introducedin section3. Theonly differencehereis thattheparameter�

�

is no
moreproportionalto

�

� , but aconstantdeterminedby
�

.

4.1 Examples

To evaluatetheperformanceof our framework properly, weusesynthesizedexamples.The�rst exampledemon-
stratesthedeblurringability of our framework. We usea 2D signalwhosespectrumis composedof two spectral
lines passingthroughthe origin (�gure 8). The anglesbetweenthesetwo lines andthe 	

� axis are
�

�

degrees
and ��W degrees,respectively. Themid-spectrumafterskew Gabor�ltering is stronglyblurreddueto thespreading
effect of �ltering andtheoverlappingof two neighboringGaussians.Thesourcesignalcomponentsarehardlyto
observe in this mid-spectrum.Usinghigher-ordermoments,we arestill ableto determinetheorientationof the
original spectrallines: �

�
�

�

�

+

�

!��

and �

�

� ��W

+

W

!��

. The relative large error in �
� is causedby the discrete

approximationof thepolar integration(e.g. at W degreewe have moregrid pointsthanat
�

�

degrees).We may
reducethis errorby increasingthegrid densityor by interpolation.But wewill notenterthis topichere.

1This integrationis well known asRadonTransform[26].
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intersectionbetweena integrationpathandthesolid circle lies on thedottedcircle with a diameter

�

� . Middle:
Thesolidcurve is theplot of �
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� . For comparisonweplot anidealGaussianwith crossesaswell. Thescaleof
this Gaussianis �
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. Right: ThemaximaldifferencebetweenthenormalGaussian
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Figure 8: Left: The spectrumof a 2D
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Right: The angulardistribution of the
mid-spectrum.

Thesecondexampleis to estimatemultiple motionsin a transparency sequence(�gure 9). In this sequencewe
have onerandomdot sequencemoving at

�

+

W!W [pixel/frame]andonesum-of-cosinessequencemoving at W

+

�IW

[pixel/frame],respectively. For clarity of displayingwe arrangethe maximalamplitudeof the cosinesequence
to be twice themaximalamplitudeof therandomdot sequencesothat thecorrespondingspectrallineshave the
sameamplitudes.The spectrumdisplaysthe superpositionof two motionsclearly. The mid-spectrumspreads
this distribution. This is clearly to seein theplot after thepolar integration. As thespectrallinesaresymmetric
with respectto the origin, we only needonehalf for estimation.Herewe usethe higher-ordermomentsin the
angularspacebetween

�

W degreesand
�

�

W degreesto determinetheorientationof spectrallines: �
�

�

�

� �

+

� �

�

and �

�

�

�

�

�

+ #

�

�

. Thenormalvectorof thesetwo linesindicatethevelocities: �

�/�

����


� �-��F

�

W

�

���

�

+

W

�

and
�

�

�

����


� �

�

F

�

W

�

� � W

+

�

�

.

5 Discussions

Theskewnesscorrectionof Gaborwaveletsresultsin aGaussianspreadingof theinputsignalin themid-frequency
space.After thecorrectionwe areableto modelthedistribution in theparameterspacewith a sumof Gaussian
functions.Comparingwith thenon-symmetricskewnesscurve, thebene�t of usingGaussianfunctionsfor distri-
bution descriptionis obvious: Gaussianshave goodlocalizationability andarecapableof providing simpleyet
rich descriptionsof signals.Fromthepointof view of probabilisticsignalprocessingandpatternrecognition,this
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Figure9: Top: Thetransparency sequence(right)
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. Theamplitudes�
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��
 ��� F���� moveswith
�

[pixel/frame].
Bottom Left: The spectrumof the transparency sequence.Bottom Middle : Mid-spectrumusing2D skew
Gabor�lters with

�

�

#

. Themiddle frequency satis�es
�

�

�

#

�
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� � 


	��

�
�

�
�

�

�	� . Bottom Right: The
angulardistribution of themid-spectrum.

correctionsimpli�es the tasksof signalanalysissigni�cantly. For example,theanalyticalframework for source
signalseparationbene�tsfrom thestatisticalsimplicity of Gaussiansin calculatinghigher-ordermoments.

Higher-ordermomentinformationis alsousedin independentcomponentanalysis(ICA) approaches[5, 10]. In
ICA approachesweneedanumericalsolution(e.g.singularvaluedecomposition(SVD)) becausethedistribution
is unknown. In our framework, however, thesum-of-Gaussianmodelmakesan analyticsolutionpossible.It is
alsoworth mentioningthat we needonly onesuperpositionof the sourcesignalsto separatethem(In [10], for
example,two linearly independentsuperpositionareneededto separatesourcesignals).

Anotherpoint of our sourcesignalseparationframework is thatmostfrequency-basedmethodssuffer from low
resolutiondueto spreadingandoverlapping.By achieving thespreadingto haveaGaussianshape,wecanseparate
two overlappingGaussiansin themid-frequency space.Thisenablesusto reachvery�ne resolutionin thespectral
domainandthereforesolve thealiasingproblem.

In thefuturework thefollowing pointsareworthstudying:

 Extendtheframework to 2D multiple motionanalysis,wherethesourcesignalitself is a sumof 2D Gaus-

sians.

 Reducethecomputationalloadby usingelongated�lter masksandby studyinghow sparselywecansample

thespectrumwithoutaffectingtheparameterregression.

 Develop ef�cient estimationalgorithmsfor the spectrumwith multiple harmonics(more than two Dirac

impulses).

 Studythesensitivity to noise.
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Appendix A

For conveniencewe changethevariablein equations(16) and(17) to � andnormalize� � ���7� , �

�

���7� , and � ����� to
obtainthecorrespondingdistribution densityfunctions
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Reformulateequations(A.1), (A.2), (A.3), and(A.4) yieldstheequationsystem(18).

Appendix B

After de�ning �
�

� �
�

�
� , �

�

� �

�

�

�

, we getanequationsystemof variables�
� , �
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, �
� , and �

�

from (18)
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From(B.1) and(B.2) we obtain
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Wemultiply bothsidesof (B.3) and(B.4) with � � � F	�

�

� andsimplify themas
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Submitting(B.3-1) into (B.4-1)yields
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This is astandardonevariable,two orderequationwhosediscriminatorreads
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Theequalityis attainableonly when �
�

� �

�

, i.e. whenwehave only onesingleGaussian.Thenweonly needto
use(A.1) and(A.2) directly to extractparameters.In caseof �
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W , we have two realroots(without loss
of generalitywe assume�
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Submitting �0� and �
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into (B.1-1) and(B.2-1) andfurther taking into accountthat �=� � � � �-� , �

�

� �

�

�

�

we
solve �

� and �

�




�

�

�
�

�
�

"

�

���

$

�

���

�

�

�

�




�

$

 

	

���

&

�

$

 

	

���

 

�




�

$

 

	

���

�

�

�
�

"

�

���

$

�

���

�

 

�

�




�

$

 

	

���

&

�

$

 

	

���

�

�




�

$

 

	

���

+

(B.9)

References

[1] E. H. AdelsonandJ. R. Bergen. Spatiotemporalenergy modelsfor theperceptionof motion. Journal of theOptical
Societyof America, 1(2):284–299,1985.

[2] S.S.BeaucheminandJ.L.Barron.Thefrequency structureof 1doccludingimagesignals.IEEETrans.PatternAnalysis
andMachineIntelligence, 22:200–206,2000.

[3] A. C. Bovik, M. Clark,andW. S.Geisler. Multichanneltextureanalysisusinglocalizedspatial�lters. IEEETrans.Pat-
tern AnalysisandMachineIntelligence, 12(1):55–73,1990.

[4] R. N. Bracewell. TheFourier TransformandIts Applications. McGraw-Hill BookCompany, 1986.

[5] J. Cardoso. Sourceseparationusinghigherordermoments. In IEEE InternationalConf. on Acoustics,Speech and
SignalProcessing, pages2109–2112,1989.

[6] K. Daubechies.TenLecturesonWavelets. Societyfor IndustrialandApplied Mathematics,1992.

11



[7] J. G. Daugman. Uncertaintyrelation for resolutionin space,spatial frequency and orientationoptimizedby two-
dimensionalvisualcortical�lters. Journalof theOpticalSocietyof America, 2(7):1160–1169,1985.

[8] J. G. Daugman.An information-theoreticview of analogrepresentationin striatecortex. In E. L. SChwartz,editor,
ComputationalNeuroscience, pages403–423.MIT Press,1990.

[9] J.G.Daugman.Completediscrete2-dGabortransformsby neuralnetworksfor imageanalysisandcompression.IEEE
TransactionsonASSP, 36(7),1988.

[10] H. FaridandE. H. Adelson.Separatingre�ectionsfrom imagesusingindependentcomponentsanalysis.Journalof the
OpticalSocietyof America, 16(9):2136–2145, 1999.

[11] D. J.Fleet.Measurementof ImageVelocity. Kluwer AcademicPublishers,1992.

[12] D.J.FleetandK. Langley. Computationalanalysisof non-Fouriermotion. VisionResearch, 34:3057–3079,1994.

[13] D. Gabor. Theoryof communication.Journalof theIEE, 93:429–457,1946.

[14] N.M. GrzywaczandA.L. Yuille. A modelfor theestimateof local imagevelocity by cells in thevisualcortex. Proc.
RoyalSocietyof London., B 239:129–161,1990.

[15] D. J.Heeger. Optical�o w usingspatiotemporal�lters. InternationalJournalof ComputerVision, 1(4):279–302,1987.

[16] F. Heitger, L. Rosenthaler, R. Von derHeydt, E. Peterhans,andO. Kuebler. Simulationof neuralcontourmechanisms:
from simpleto end-stoppedcells. VisionResearch, 32(5):963–981,1992.

[17] B. Jähne.Spatio-Temporal ImageProcessing. Springer-Verlag,1993.

[18] A.K. JainandF. Farrokhnia.UnsupervisedtexturesegmentationusingGabor�lters. PatternRecognition, 24(12):1167–
1186,1991.

[19] J.J.KoenderinkandA.J. VanDoorn. Representationof local geometryin thevision system.Biological Cybernetics,
55:367–375,1987.

[20] T. S. Lee. Imagerepresentationusing2D Gaborwavelets. IEEE Trans.Pattern Analysisand Machine Intelligence,
18(10):959–971,1996.

[21] S. G. Mallat. A theory for multiresolutionsignaldecomposition:The wavelet representation.IEEE Trans.Pattern
AnalysisandMachineIntelligence, 11(7):674–693,1989.

[22] B.S.ManjunathandW.Y. Ma. Texturefeaturesfor browsingandretrieval of imagedata.IEEETrans.PatternAnalysis
andMachineIntelligence, 18(8):837–842,1996.

[23] T. PoggioandF. Girosi. Networksfor approximatationandlearning.Proceedingsof theIEEE, 78(9):1481–1497,1990.

[24] M. Shizawa andK. Mase. A uni�ed computationaltheoryfor motion transparency andmotion boundariesbasedon
eigenenergy analysis. In IEEE Conf. ComputerVision andPattern Recognition, pages289–295,Maui, Hawaii, June
3-6,1991.

[25] E. P. SimoncelliandH. Farid. Steerablewedge�lters for local orientationanalysis. IEEE Trans.Image Processing,
5(9):1377–1382,1996.

[26] J.Radon,translatedby P. C.Parks.Onthedeterminationof functionsfrom their integralvaluesalongcertainmanifolds.
IEEETMI, 5(4):170–176,1986.
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